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the solution of his prealm. 


T 








s 


TABLE <g COHIBKTS (continued) 


CHAPTER IV, IHTMWCTIOJI TO THE EtEHATKTHG (THAPTF.SS ....... U 

llw cmr&iciCB chapters analys* in E Tester 
■! Htjii 1 Tjny aspects o± Lie m.hLkh p.?H Kenton in 
Chapter II and Chapter III. 

CHAPTER V. PECRUH ASFA5 ................ x ^ -Hi 


A mipiber c£ treat In .'iicLciciH.tcA should be 
iW*St lasted in order to enlarge til* r»*t'hero.tleal 
1 a.linrt-toiy, They nrc clnaalliaJ accftrd ins to the 
degree tn idiidli they appear tu teRuire cww 
heuristic nsckati. 

CHAPTER VI. DOHOCU. KEF-KESESrATIQJI Ajq> SW)IFULA'II4Jfi Of S5 

ftAIillhU: IC*L EKPRESEICOIR . ... . 

The first past of till* ohapber concalma a 
dAttfiptton of the operations rweajvarj Car 
barilpnluting TracheiMi tleal cxpnailfuf, Hrjil b«ik 
prisjitf:pi.i*.# oC the 1 expression a uhlcti da i. ermine 
sJia rimr ijf progr-sn c arena. Dpssa.LSi.inn on the 
clano-Auey fisnctiora Are aria ly 2.-nd and LiiLm the 
need £or additional natation, lot a Ltnact-uTod 
involving. Mli is ii is res sod. The raac df the 
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Chapter I 


THIHflDOCTiaH 

The purpose of tSii: thesis- lb to advance the eocrputer propratrerins, 

t*rhi>ula|{y required for the real tin solution of nra-inaK lea! p rob leu 5 

in Applied rratb.eruitics.. Generally, the first use of conpuiers in. nny 

sre-p bes beer, t'ne raectiBnlaatL-nn of the routine parte of casks in 

essenitially the sene ranter as they were formerly done by hand. Later, 

vhen the computer resources sre better understood, the netlhods of doing 

these teaks are altered to nake better use or the computer.. J. C. 3, 
i 2 1 

Lltklider' has described the "jah-toiLnicet synPiosLs' 1 Ldiieh unuld 
result fron the no-s-t ecorronlc-a 1 utilization of the abilities of nan 
soul currently aval table ranch met* In a problem solyicTR be illation, ’Tien 
Trill rake approximate and fallible t but lending oontrlbut i-frna, nod 
Mill 'l*«Fira vTlteriH and 'erv* ■»* evdhHltor # a jedjj.l-PS i.lui 

tOntribut i&na 0-f the equipment and Guiding the usnPril UM *£ thought, 
Ln ■Sdditloni men will handle the vet? i-Dw probability Situations “hen 
mseiIi ylLiiJLiL-us at'Lini. ,nTlii isflloauitiou-ptoec as lug equipment, Cur 
Its part, vll 1 eositrare li;,-iL'LlLf:iLi iiiLC testable models, and. then teat 
the node Is against data. 1 ' LLcklLder stated further that the nquipnent 
will eiguldCO, Lrattiirsrsi, [ULcrpolaEiz, extrapolate, carry out 
«utl ft teab b* cEaric.DE operations, and remember precLae veLuea and 
exact dr toil-?.. 


a 
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Iliiw denree of -Mn-nathlac conyeraLloii I: a* b«i- n j*f<i vLll continue 
to bn H|:iir:i:-L-hf,i by BtBSCSi Th L B Is because It La wAty difficult to 
dcccr-Eifae ilm muj ar»ilS features necessary to iuau worlAlil.o 4 system 
that differs greatly frott those currently in hhk, And because 
rtJL'iiOciiciLifljifi will nut uee a system which ta iuje -el-Adfly r»ire 
comp a n[ am ehmi their tried and croc aids, such da pencil nod paper, 
IturtbemorA , uOiiaIiLh male research, will he requErad tes- il« i urr i lie lus-c 
Iww tucli of cm thead-t Eos Eg EiXitinUahlc. One night ccwlalob Four rdes 
xtilch the conduce? oouLJ uln, ^*oh tetu iring Increased rAApcual hi ] I ty, 
The first stop would be to baip the mschcBBtician avereomi: 

■Jt-E#J eTi tferward drudgery. This La often dune by programing ehA iI>oU 
iterative operation* mndod in «t might forward problems En miawricel 
* r - M b=Jis. A setoed jjoat would Ur m hel p the natheaLacLeLan woii. in 
jj qhs that he understand a in pn iif.i plc. but where lie dotis iao|. I-mw the 
tgchnicnl facility, xfliiuad friMi- lum.Ji.ractic e and accurai: I-- wHIdh__freee 

Ki n Jsi-freus Qb the credtivA AAn«c^ i>r the problem . 5 ueh a sgil] i» 

required, for example, lor tha approximate aoLutlon of diriarAftElel 

equation* vbIuk aeries expansion Eedinf4|ot>«i the pr - traciT.Lne. systaai 

const rue; ml Tot thi s thesis cue rates ai ili:.* JjKJXi' A third goal ucuLd 

La 1.0 linlp the natnermlcinn in areas k-'iihch K? la only b beginner— 

uluArA he hniixa the nsnes and purposes of the algorithms, hat -doee not 

knox iEiHJT :I~ Mi ], The conpucer niai know *od apply crlcerLQ tilt leli 

date rain* uii.it ™thnda ahuutd he uacd on a ;Lvhu ex«rg> Le. Some durrani. 

research od svubol.Ee Uiiugratlan aeems to he a stop toward Systens of 

r 6 i 

ibl.A i.ypn, frr-search In conputer greliLwn-^oIvLng tactic a ece Eli* us« 

p£ fixed L'es-uiLj-eAK op spe-cifLc tasks would be usofui for rysteal at thLa 
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level, h rourth goal would be the vontE hjetion of nn aLmost ~itancrmaua 
pi-uhlan aoluen the EiochLne xuiulrL help Toitiilacc the general atrdtAgy o£ 
tlit |:betLtij solution.. It (u at, this level mac any prptfuotiva reaeureh 
in uOnrwLar chearen-provira strutejsy -wiii.1 d. he roar applitfible t-a a 
vurh i n£ eyason. 

(If euurjE., co build a working iyicesi ■which representu U ^liB.ntSLia.fit. 
ad vans* (award these goals rent'd me fl groat deal o£ research Ln uewtu-1 
id-THKH, often too ranch. for any (mt project. 1c is- difficult to vatft akitli 
in advance of the nenetsl l*v«l of p ye groaning technology ytftWI having 
CD de a lot at ground work, which only build a cooLs for the project it 
Isacc. To develop the system ln this thesis, which i-pal ices in chc 
Laboratory the ue-oGmi of Eha dLihii goals, it was necyanary eg set up 
sysEceu programs and a programing L nr.cu.ogc environment fetf rani-tlr* 
lacerate ion with lflige ujinliellc program, It required n*v EtehciqucE 
fer Iriv.iL and output of t-h£ h h re.i l ua. I eK£?rcsn Lons. Jisthematloal 
esiyrcssioDS were repreuent-ud as data Id the cwsputeri -prid we I,ad. ca 
invettlgate alEWiithmu naadad to transform then, Specific problem areas 
where mnchi-natic L«nw csuld meat bene tit tion auch a Hjttuia. hud to be 
defined. tforkLng Lu ao uauy arena, only aony :if i.ha jpausibiLities louLd 
be explored and u Eini*d strategy with respect to the trade-offs between 
programme effort h pi-ag-ami a 11'latency and use £u ln«« h , and the number ct 
new hlkcas had ca be tel Lowed. 

Tfia par c Leu 1 nr emphasis of th« that La enn best be -jnderstded I li rough 

a renew of work d-yveIcped icaaicurrcnT.ly with it, A hihLacgjaphy of che 

f 1 > 

work. in. the fluid has been prepared by gamut , and no attempt will 
be n»dy to reen-Liom every paper, lo the nyci-loris to follow some reu*«rph 
areas will be listed. Then (ha different research prujpet-a carried out 


I 
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t>y other people vilL be du:us«ed, croupe J accordLnp. to el.tir ar c* ol 
eT^h-sa-ia. In tonelusi™. the choice of research, for tbLa ebesis will 
he stated. 

To bee ter use the craputcr as on aid to the uaiLiOuia(.to:o':i > ehm-w 
are several Lines; v£ research uniot. can he pursued , each, afro I'd Jug i.liw 
possibility of da its sane chine new wLchnut nverrea-ikins fos cupranily 
unreallacic levels ol overall parlorniince:- Tims.,: am p* fnllcnrg; 

I. I'ne provision of conjurer capability Cat solMing aklaiiug 
Fcob Lens ia smthenaticsj Special pragraiis night ha yySii«n 
far « particular pribLen. The piograns would be sii^lo, i-nt 
thM prObl™ -sO-Iju tlon w^ld be new.. 

1. The dopeLO|: m*< ii i. of isOr^rles proErirnmLnj; structures and Languages 
aulcable lor ms: 1 * r.iirrplM* rrjsthvnatical algorithms. 

3. lbs development ol lnpuc-auipuc ccahntt|UHC t.a hr inn the 
THthenaticlan closer to the CKCpuiar, 

4. The discovery of procedures fen irnchAnix ini( the Hire routine 
rcLcheiHiticBl eransfortracLdihd. 

5. Tlie dovalopfipjit o| swth<iiie for solviiiE probLeuG which arc 
IiiuSifelu Only irifh computer LOTplenenratioDa 

&■ The extension at raaclinu&Lical r i v;:: r i :! r..nnjrj hnr procedures and 
languages in the canteitc of natft tactical procedures. 

TfiM.ru: is naturally sone difference of opinion as ia iI:h uaofuInes-s k 
significance, and feasibility ol yattirch in the different areas, and 
nver the pa sc tLve years niorc than. paella atk) projects have taken 


lh« 1 r Ktflnd, 




:>hvu t'u ! t : i-oeI'iius haue teen written Ln the LIS? 1.5 language v «!■ ieli 

t m 

vmm -JnvitlopbiJ l:y che H. I. T. Artlf ieial Intel llftCtlCe Clou?.' LIS? L.S 

p[-iivI lEh>! hr.I r li anil Line structure itau and o.jtrirac.Le storage 

ill local E cn. Tn add i-LiPTi, the .: pc till, tat ton of algorithms na recti r»■■ ye 

luneticns is y j r : icl L or iy suitable for operating un the j^e rmni arv fn:u:i.loiu 

in aiuLys is, which can be rep repented as a tree structure d£ aubdKpfdadL'DhAr 

To dcneois trite the capabilities of LlSf K ll-nxt J J win to -S ptcgr*= id pit 

the eiuitiihiATV functLona in a sinpliEled form. He had t* ilnfliri* A 

canonical order tor expressions representing. the elementary functions- 

and he found chit not only Here sene Biipldficntipna ^ery hard to pfe^ria,. 

biit [.hat the use or an express ion cate mined Ui '"BS.TpleHt" ff'nn, 

t A J 

Carrying op Dili vork, Hud sell and Woe Id ridge ' u t star turd i *l«i? 

Interested ir. coup Lien ted IIEP pragrans, added tiev EentuT4& to cep a with 

the Lnaf licienciea and stone omng s of Kart*a program, they las reduced 

user options, -Kith as expansion of ptiJduo t* j #w5 fipatial rapraieneitLan 

tar polynpnlaLs. They added routine* fur different idS-Idii. They h^d 

1 2 

ideas tor discovering subexpressions such hs sin r. ■* odd x Mhd rttlwnla 

to avoid simplifying identical eut-rxpre-sefend mny than oiutSj but chcy 

quit, working, and the presr-sen was not iinpruv^d rurehaqf, pratably hceauso 

each change required many snail reyipfene, A. iww *lnpliFieatioa p t og Tan 

/ ^ y 

yas written hy Kbr avoid. ' He reduced the enount of fined pri^sran 

a Lrueiuea and iua Lebented a way for adding tlirp ltf teat tan rules in thw 
fora of patterns containing a free variabl*. U« hod a complicated 
strategy far applying the ruins., kil t-li-a iiitnTiLng oi the rule to the 
data i»nly cPvttOd wsTpli* omnia. it tha sene tlu, Fonichci at 
llis-rurd rii.iior-iili-.cd che Ifpcrraacc of an explicit body of ruloa; thi* 
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fcndy ar rales wuuli provide piograpi flexibility, In sdntrast to the 
octiera, Feolohel eraphnsized cli* forral power and stfwtEiire of hit 
prDjr.au fnttfciid of ahouing how TiEa Irrplerrentatinn ua.a in Efficient 
node I rcir the data and fi L j o t l [ I : rr -, gp cnpfansizad i lip idea of critpLtJEfe-n 

hjr local trans-fomatioiis., 

TTiara e-re two note fliaapL»i of c.irplcx grcgiaciii for iratbenjitiaa I 
expression transit-mat ion. WU1« Hart was writing the first of Hit 
proprofia lor- a3gebrait :ji[(_■ Lx[ i t a | ii:n j Slagle *■ ^ urota a pr-p.re.ri wbleli 

aoived f res luma ealau-lus integration p rah lens, Although, SU«5* 
pr Ltd illy want ad to jhow how haurl*il«« and a judl-iou* choice of 
atbprob-ena toijld be used to solve exanptn nn area lor which a 
general aLgortthai was not knnwiij ha also had to Lira] jireperCtcs of 
rajcliCnaiis-Sl expressions wlilyh w*uld be ubeC-jI in electing a trial 
transtornitlor., Thus., he urota a oiantlLtated routine fur matching 
t*tficvjn 1-cgl expressions Dga|«t a pattens. Slajta'e pr-uRram 
demonstrated a working schmne for the heuristic aalaotion of tubgosla 

and provldad fncjd for thought ml.. executive i-Erueevree., but it 

rets led so™ people to think that feu integration probl-ns csuld be 
snlved algor! thrift ally. Recently hjieea has Inc raised the raise ot 
ex angles Which can be iuccgrauia with a Lgort chms- r H**ea^ * has 
toirtlfnind the work on piniin witching roucL-naa., 

Coneij. rrent with this wo eh use dir wort of theae who took a skeptical 
view of tlua possibility at etaaLlnu, carp lex progran* which were etcieient 
anieviEh for imnediaca vet. The AUAK aya*+*i^ \ develop ad at fie 11 
rcLcphons ]j(fe;iratoTied, is a pcilyiwmial niinEjmlae Ecu, package which baa 
been used to nadir* problems Enr (b* research workers d«re. It is so 
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such Dore eEf[vEaoi Elian the systonv AbMa, that It provided «■ deTinitc 

Incentive tn produce opt Lain codtH^ Iwt ectition clisw! of ptohleua. Tc 

addition, it prMid.it aatheiMticiHTi* vl Ch n useftil Encilicy, hut it La 

United to pMkm Which can he avlved by j>olyn«r.lnL nHnipo 1 aUoQ r An 

eatecilent p^ljrai^til uernip u Intion pacldfl* Hat alto been dvvvlojifd by 

Collin* 4 *t I- Fi-N. It; Hie p*p-«t > ha gives a send <Li*wa*loiL at the 

re Let imp elTIleLency of dtfEerd*l ays tens, tfie fOi&AC leaguefc 4 LlJ . alsd 

dertlOptf n I 4 BuH. p i! intended ror the efficient aolncLon of prolbl^H 

requ iripj aLfiahiate minLpuUt E-nii, FDEMf.C proKrenw ara aieiilar to 

FOFLTKAI< praaritiiii and require stAt«™«!Stt which are nc** Fpuiiiar to 

prnsr-iTm?ry than to tic LhenactcLHin), d«eh as cfcc derlHi-a(.Lon ot syubnlic 

vaiiabLcs and tl"* dLeaccLna of input-ov Lpuc* The LanRvau* 1* hat aa 

CldKlblc as the LISP tystcnit. but it is rat car. Another language it 

FORHJIA AlfiOL 412 ^ , Which lh being, developed at tarneji# Ta*h> Ic is a 

veesion rf ALGOL which centum* lilt structure and raatliKuaiLcaL 

expression JdEd types an* a hj>U-in pattern nutthing facility. It 

contains msneKopn dcaisc dec iaion.fi f auch at the use of ah addition 

operator with auly two axsvnent« k vliLeli secir: con trover a I a l » 

Durini! thi* aaue period t betsa* aia-machine cOwMinleatHHi was 

developed In certain ays tens for teaUtLEK- internet Eos' uich prosranv 

far iTuncrical ^nfilyaia. One of the ft*** prngrans v*oV ?l» -loss system, 

developad at ELAMT in ISSJ,'™ The tact th*t if waa inpleirent-d on a 

nnill machine limited its capability to iirtple caioilBtlaoa, b«jt tt 

stands aa on M-Cplt of. the attHniion to detail* of "lyjaan enginMtlPS" 

fi4l 

vAii-ch rmjikae a ays-cem plvawfidt to uao. Culler demonstrated tlva roaL- 
ttne Huliitioii oi nunerical peohlcaa by irethoda which could not he uaed 
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In h nLdmiJ ntic?ji uimp-.it facility, ain.cc they ra^nir-ad Tr^qiMfri. nan- 
nniliinti jLfl.i traps fani Culler introduced the graphical .i i k; ii.>p-f 127 
jniniB SFfrOwinat inK a fu net LOP CO be- trams formed i!Mibu i I 1 y . lie 
at i i*n|si hi! to vs* special keys pit a unci coiucl? cm s. in|s 1 i fy Che Input 
pf expressions pr.«l remarks . The pr luh cIvv* oI Culler's ayatem are 
very elementary; the jtcr tuac first eatibififi operations into 

peugrpn;; which perform the tracts tomcat ion ho tfnit-Ji. 

On-Hire miner Leal aralysm is a Isa pcrfatmvd n.y p' ' , which 

opern-teii at Frojerc aAL. Xft? contain* error-*-ditching And cc-ripwrt s to 

uu-^e the user as he learns.. Lc j» L.-,r:nLxL:11 b'ih^ p set of conventions 

for the addition of new subroucines. so elute ihsy i.jn In- i: St a 
^ 3 Ei) 

conveniently, HA THULE la Clift f LriiC WL?r k i r. v piiigrafi (of OR-Lin* 
non-ncurerit*L analysis. It is being dec* Impml a i the MITELK Corporation 
with -ccnputer suppprr iiori ?roJ-uet HACL The Initial veiilon contained 
the Hunsc 1 1 -WopI dridpc al^iplificariofl pTa B r.jn- In addition ts the 
rout ines fnr expression ejcpamBion *nd different let ion, there were 
routines for factoring and incagrgtleq- There ace ireny differences, buc 
vich the exception of the factor lug end Integration rautines, the initial 
version of HATH LAE uaa cs sandal lyr » KiibjiyiiHr of the system described 
here. 

There has been only a Lie pie uirh on the nat'heoatics associated 
with, algebraic symbol oaqlpuJ.a'tiOn- Several progestin have bean, ubictya 
lo aototpplinh a specific cask utiicti la^ulrap its t hung! Jr at manipulation, 
Imc Lliapa jito TBther simple from a prograublnp peine aF view, and there 
have nor b&sri enough of then. to change thr appllcc ujLheimtieia-n'a 
cancept of else cumicm nvotlehiy to bin, Therefore., they have not 
t*buI ted In much new na thrnatics. 
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To infiij uy* the ci t'icicncy of his polynomial rrari[pol»ChJI?i f-oc-V- 4 |tB, 

Col Him dece 1 iypatS n oau greatest c terror. divisor fax p<i 3 yxn:ini.#l b 

with ;nt Mgn: Liciuf r iLitidca . Hi;,ni. lias ixivci t iptted a luroithtrs for ao lying 
systems Of ( 4 lyo£Uilil equations And tar 3 r t e q"c c ian, Ha crave hss 

rneuh onload xlna. txieagratlon at tatlanal functions, ttrciloping -s prpgi-em fox 
the fiiaticm ot polynocnie la In several variables over the integer* 
vr I f t-lij- ^^ j EngeLnan ' " ' is expend I he his W.TRTA& through 

the IntlrraiW nr thane rout Inca ab well as othe ts tli-st lief tee" w Iclao 
for the ifenEpvlijtLeifL a? bdtrlccBi direct and inverse Lop-3a=* trade farina , 
the snluLixon crt hi|-jh: ion* r and the typewriter dloplay end Hiring ol 
mathenat ic-a3 as.pre.KHii:■■«. Ail interesting theoretical resole v>s ntt-pi-iad 
by MrfiardlsGn. whs racantly proved chnt the quest Ions of vb*tli#e (i) 
an eleireniary finioLLoii la idantiealLy zero or (.id.) ti integr-iibl# In 
closed forTT ? ;r« racMV*tvaly icnaaivabLc. 

That nntliuuLLeil laboratory deaerlbed in this tht-sl* in v«:t 
ronrieK and h:-..|i l.-oy ao s e jj.be x of new ideas a bout liaah £Odtng, descriptive 
properties of m thanut iejl depress lens , and syst-m oraaciitadd-xi. Ait. 
exenln.it inn is nad0 -ot the types of piogratminii strvsiurea nended in 
no n-r lem- i it a 1 analysis . Same very complicated rout lines for -exp: esilon 
iris 1 7 * ti and display stv explained . Cm the other hand. n> naw 
natlheiiaLtesl jilgarltlhua axe Introduced and tht progim* «jk eKptalncd 
ulxtioui naihaaatica 1 f annal i sn. *s ^ippueaJ to tha ocliax complex LISP 
I'fs tens i the system vsa mnsti uclcJ to he irmedfntely useful as «r. a id 
ta applied ira t h mat ic 3 bob in rlie a a l ut tern at ccxtAln problems. A* 
opposed to 5 iHTH of i Iih othar problem salving system h it d^op not nolva 
tiiapia probJiina ii . an economical T»nner. Tnsiead , attisnriQn its a been 


t 



concentrated on providing a rUta enough not,clan Foi input and d lj.pl ay 
■ nd e ureat enotinb. variety pf nath.enntic.ai Et ana Fo-raut inns to 
fettler nan-canputer eynbii.-.j Is during tba problem aolviup procedure, in 
h JeuirnatT-niion of chli nan- na-rnine intErnctlott, ■■ will pre-aem "'ecript 
nh.oa.J.r,.g ibe solution nr aot>a non- trivial problcti* to epplfed natbeantice 
Thi syrreot h*rduara configuration lor tba fi* Hieratic a 1 laboratory 
-f* ilviion in Figure 1. 



■ihc nyaton 4 inefficient, in, ferita of the Anounc of l>ie 

total compute Llo.t time required by tba air™ transmit* ion of Infoi-nation 
oi'cr the dat aphona, the frequent dink ato-eares necciatraced by ilie 
tnnll 7094- cor a ntnfcry, end the fact that many of the routines ran, 
ipte-rpretivcly., lliesa Ii-HffCotenrLca could be eliminated by tiicict£iioJ:n& 
fhc *ntfn> system into the PDF.*, n-tth the larpe core <m V myry nov 


available. 
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llie c-otif Iguta tlnn in figure 1 was s-rai initially »c Et ''os tint only 
LCJT 13 Chen OT*ii leTsle ten obenintns the -*iirtl.niu requirements for ths 
syaten: a Ur»a-shared nncMue mI tli a 1**3* memory cornier t erf t« e 
iiipLny with fast light p-en response, TIi* use af a peripheral n cnp-ycar 
for input haa tSm disadvantage Cl'at the- Enpiii signals cannot lie 
latr-epreted 1iy the pMtipbarsl conputer in tSrn^l oi the whole -d-at-s hne-a, 
which is in Che painmachissc, ihis Unite rhs i«fCdiJtK feedlmci uliieh 
ui t»a uced to aljipSiry tde user's wnput i-aeV- In addition, the i=s«* of 
-.•xo machines cwp 11<--arSS the day-ta-day rost ins required to -develop a 
e^iSCKii.., ihe Jija-cifir-aC inn f-a-r two ranchincs vos-ld be the ran re eooum L-Sa 1 
nt' the different types of rcroputatiws to M done., or C'iie ns«3 
t(j li*v« the uoec located hi a terriinal remote feum else main nachine- 



CIiiipt-Hr IX 


A SCEP BY! StRP SUUTTEMI C1F 
LHH.Eii PH.0B-1.EH5 IX ItOOf-HlIHESIdyU. AliAlYiSIE 


lhs rathoiutiUtl laboratory eoflAltitfl of n PDP -6 toatju ter LieiV^J h f 
AMXphtro* with chu Project MAC tiu* ah-riiiE altera. Uhen the Laboratory 
it in op e-rat ion. ua-srilanjs of tilt L1JP v ro B r«n,in S ianguag* 

In Uai-h tt-E EOF-5 C3npnt*r Hod the Pt:dJ 6« HAL' 70W tempter,. The uaur 
ccimjE-iQ6 1 -6/) viL a the PIiP-^A , which is- used enly for lopuL’Oijtput i by’ 
atAiL6 of p teletype, • DEC T^e 50 aiB W lty, a. ll^ht P 6* f u^d □ ciltnap 
ploctwr. The- PEP-fe r»ljyt rwssages co and iron the Fzx.jH.-t MAC tine 

J .1 fc i " ^ jyjteiTi, UhetW I. I A n K f.i TTT . 1 C L O L'l 1:111! : n-- wrj tE£b 1 M ll I £i L[PF 
I 11 £-.!*.!: r- me appLied to the- nath-cjiiciuy L cvpresslona. Hn thesfiatteal 

c*pHMefAnn can be ']l*|>].«ye<J and pEntcs.l in standdird t^Ktbet* fortinc. 

]n E Fiit of EsprEssioru And elands 1c iffln the tElctype, hut subejtprciiioh* 
ot displayed rupee 66 Ida* can be iciciSttped du.ri.nA Input.. If the light 
pen la pointed at the train. connective a-E a subexpression, the 
EiibAMp^ieiitiH can ™ hi ref created in [lit typEd input airinit. TAc 
exBPt rurmut of the Input c-unmands and h brLef uteserlptlon nf the 
Available liJehunui leal, tramtomattuns wlII be pEasented in the n*Kt 
MtCt-Afi. This dosoriptL-un Is Xollaved by the 5.top*fey- 5 tep solution of 
thiHiu prub Lens In *p P ll«d rr-j.ch cnntioa, Vhe detoLis oJ the p rear Ant u L 31 
be preatntdd in latEr OhaptAtfc 


LU 





j!.o sathe"a.t : i^L_Dj£I21£IE 
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I'he cynmsiiid* typed at the PT1 P-(i arc si-nilar ip *14^1 Btatemerta, 

The cctiwi "!n are typed and rxe-eatad ane at a ti™ r Htore complex 
operations involving the definition and alteration of t&miihdt ard !h* 
intcodmrtion nr more pmeum*Hi Ins and rar. machine tnWSffietina “itl b.,' 
descr-lhad later. The rymatnda tonal: c of inf-l* operators,, funccitra-, 
arid variables. Tunc t ions and variables eem hn subscripted Bid any 
3 ubeKpE«i 6 #lon can be quoted, A aatepie conraud vhLeh raijiiLEeE -nost of 
the rotation is: 

fBW-'tK + V) * 'MLVfililpDftvrn.a.El)) + !K,2I> * 

In wurila; the nnnr EL ;[■$ ns ai toed to the exp man E an which ie the 
a Lit of three t#nai. The first tet" S« tbn product of (X + Y i utttl tne 
uftcvaluated first derivative vith rappeat to Linerr cnee 7 nr the second 
derivative with reaped to U of fM> express Lnn currently named EL, 'The 
tECorei tern [* tls* 2llth. eubeKprta*ton o-C a displayed nxprcsnLan currently 
named E3; tilth anbexpresaitn hnb ’ucusn LTuEiteted bit'll tba light pea, Ibn 
final term is clue squart of a e.ubPK.t'Sptcd! function, v£ K and T, The 
notation ndy sauce aenewhat coiijiIkk, gut aa will be esn.-n, a complex 
notation iu required ro expreas in * ennpact vny the- many email steps 
repaired M> solve a pactictiler pyohlntL* 


■' T 
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Ike in ilk operators -art: 


AMI 

11 is jjtvpn njrc A. As suck It is wcI'cca an. the 

diet, the ■ualue- of +- is S. 


'Ihv Kth vtH«Kpr«sr-JLon ?f A la the value of L 

Inte-n-sify tbs -deaLred subexpression of A bjy 

polfitlug I'd its rwir. c-ownective with, else Light pen. 

Tlscii typ* ‘ A, and thw OCTrputor will type If^ if the 

l-*n no nmir. connect ivo* point to one of 

its Argin.urifA imJ typM J.IA instead of LAl -Consider 

ail r(i=mi. si ;jni in ha iumrj, 

A-J 

Equate A JivJ H 

a+b 

A plus R 

A-B 

A : i i f. i H & 

A*B 

A CS™** B 

A/B 

A divldVd hy 5 A/E*C Ls equivalent to A^{B*C) 

A+R 

A ti? the pmrr i 

The i jniiiciifl]. 

iiiiltiiefLpi;lna h end set notaticn is: 


* Li s furnSE 1 m wLth urinme-ntE i-.JJ. and E_ 


4j j it J tuLiCLion oEch .[pmntj C..D, and E. 

All,.T] 

A is a 'jjirl.iihl-ti, 

1 1 J 

(1.1.c> 

T^ls ic a. act ■wicTi Lhn i u± rislKTiHnitv. &y cg-ti vent ion 

(A) " &■ 






n 


Either >'<[1 extiKeflalon or £ variable imm con he quoted 

A function nATKl «l*S_yS HUUlllli luf ir*ClC r Quoting 

a function. n-tnte rip-sr* thst tfc» n.rz"'»fnt* will hs 
evaluated but that t'he function will am l *u' m-slnaitnl 
¥vt example let f (K t 1> “ X-f bn h fumellm and let 
K and ¥ be rumen for then 
Fi>:,j’> evaluates to 3 
'FOtjT) evaluates to :-'(A,.A> 

FC'K.'f) evaluates co SC-A 
’CfCH-plJl evaluates to 

Quoting a itmctlah or variable Tisrrp does not noutp 
its subscripts-. Huntress are tacen as quoted 
automatically. 

Causes the L4ttt>r* uhEcti iollov It tb be lower case 
for pneppera of display. 


As lr CTSB , there ace two editing ohan'tters; 

T Deiecos all the characters of a turmand back to th« 

Initial 0V 

Delates only tie 1 erred Lately preceding c'nnrnctor. 

M 0 11 must he the first and last character of every esminj. 11 ; 11 
causes the current intensified su'hejipreewi>™ to b« ralasd uhk lsval r For 
exairplv i if tin*, A. Ln A*'4 C (a ln.tansi.risd, then when ; is typed, A M will 
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IhA i i .l.t nS i f i l-J . 
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Cl :jil: r I'lf-nr uL:irH *rc: 


ALLEliHEKFAHDtlXP) 

A-ppl I-** JIJHEJUPAhiT tv vvery n uniat loci in exprof aEon 

ex?, 

imRMJVEK{EJ[P, Xj 

S-jl:-i:-Lpr-uaHL-:in ;( t which hat head iruSioacBd uLth Eh* 

Ligliit pAn Ls bnwRht Co the- ocher tide ef Aquation 

EKP, 

CCn.LZCTfEXP.SET3 

Top level cents In ESP .ui« !':i:l"L+ic.i. n H:l cm powers □■£ 

che expressions L:i aal 3ETJ r 

HEPEHIKPCE<EKt) 

Roccitns a soc af i In.: vurlah ln »nH f-jr.cCion naics 

111 EKP. 

BEMBBSKKP. OldiaJL. 

KEtfDEL'J dx _l dx for each euoIl 

d (VLIBFJ. ri MEHDBL 

iiiE'EKprcsa Ion 1 b EXP, 


>>t, ^ filiftrentlflEt V cin»i* with ce-specc to 



1st #a>5h 1. 

MffMCBIP.X) 

Alt EndieflLAiS dArLvHtlvvs uith rcspeoc to X let EX? 

j.lc caifLud. out m f BI K S poanihlc. 

wnTAcmatBaP', i, m 

d fHW f d h d^i 

"*■ h ^ i ) for eaell iin-Ti Huliy;-:pTfHrior in 

d« tine d:t 


np. 


UttVZEHfl (EKP „JC) 


AH dc-rlvatlvQB with fySfiitt tv K in JSXt? nra see 
equal co zerni 








EVALUATE (UCT P SET) 


z4 


EXCHANGE i.F-X P.) 


EJtfAitU(BIP) 


SET Lb a set of equations} vtujri*nrHr t'n* LaFe hEJb. 
o£ one at these cquatioTiH can be mfcciliiiKl (.n a 
auhciipicssLoA [n EX1 ! , the- right hand unit? iu 
lutntiiiiudj The Left sides nust be vari«nlK£i or 
r-.iciLLlonj. A notch occurs whenever * bind ing dF fha 
FuiWtlon ■.•at -1 abLea ond eubfferipts own be 
II Ll.e cop level connective of EXP is diner/, led 
*c^niHiiiiCi C.SC- exchanged, right to left. 

HuIciplies flue nil expression!] of the form A*(.1r*v) 
in EXP. Jn Addition.! 

4_ t#ft) -1 is. + ak 

dK. dn d* 

FACTCRCET (EX.F .rAClM, 1 3 ThA fAitoi FACTOR is factored fron each tern 1 of 
EXE. Thu i.liln'l iTu Liiii nL t is op c i m n. 1. I£ ¥ is 
present, the factor FAGTOf Id reiiAnad If. 

GEKKIPCHET') The set SEf of term tfllith have been indicated by 

the light -pea in EXT *r* gfdupad uichic the associated 
sen nr product. The value OF GROUP Fa clic emu pc d 
sec sE terms. 

LELVffXT} RecuEEis ctie left aruuTent of fchu n-Ain binary 

coni'icecive of LLKf. 

:jHirtEXP,S,K) Decentines Ch* lCir.[!.[ng value oi EXP as X approaches 

rj. 

HL'iiTLFLYVHMCt'oll(SSt?, XI Ttlcipl Lea each cop level tern of F.XF bv X, 


KEUhXTEQ 


Creates a name af the form Pn. abaca a la an lneep.er .1 






tHWMPOLViEIPjXj 

Every *ii>i |n FJCp l# treated aa a polynonia 1 in X 

jtnd * pi:hht of X is factored cue so that the isweat 

pwrir of X in the- palynprilni vill be aero. 

EIPLACJ (E, J h Y} 

Expression X rep. aces ? Ln l!.o cxpHnofon i^miI F., 

'{ is a m:ti lhc Lea ted with Lite J [£l: l ;jen -j± a priKip 

of terns lndLtated vLtl: GROUP. IC LliO 1 LjKl jiAn 

ha* teen used :a -conetruat X, tha resulting 

expression position is n sited HOLE. HQCa aati ilim 

be used toi the chlrd ar|,uwiu r TI X Is *ipae) to 

KILi then the third arpi.uient is emitted frrn■ Lit a 

H-EprC-FSBiun mmed £. 

richi ( fxf ) 

fi-Mturoti thrH right nrEUitent. of the fliiiui binary 

connective of EXP 1 .. 

£ixpi.rFV{EXP) 

Slupliffes expression EXP* 

SOLVE (EXP 

Sol'rtiti y^u-sttioTi EXE for vart-iClc K a* £ar as 

pvaalblu. 

EPLIE(EXP) 

Sn':iptari.« cf EXP *w hunt*? ant replaced by their 

MON* in EXTj if that EXT will contain iess than 

SflO aubexpreaa Laos. 

snasrTTiirEHEJfp.XiSt) 

Substitute X for each occur ranee oi If lit ECT, 

HtlHF.ACR(ejiP3 

ffodbj -Ha * fb 

SUHEXTAMDiEUP) 

Lxpar.ds the finite ^uiwiitian EXJ 1 , 

■TERHCZKP,,N) 

liRtorno the Xth argiinent. oi the top level aoimAcLf va 

•aF EXP, tit HU if there la tw Xth arKtratentj 

IMimGMEfEKFjVAmH) 

Expands EXP up to poucr M ini vjuriHtile VAtk. 

Eimfl h Hl jlf2 

Sun- enpreasior. t for vs Luca of I few* tit te >13, 







LI 
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IntitfcrWCw V wlih r».apA-eL tu X TuiCWiiLn limits LI 

«-nc3 U. 

ExprcasLans which «rb aas: nm-fi a»n«« am tape mi lIi* <l(ak, Die 
expression most recently cwipiifcAtf uluHjti h.iH (lift r-Ami PAST, Wlitcn AtH it 
executed, Li A la not. and is already the name of an expression , 

lVic.ii this old vaLue ol A Is given the nont: OLD. Kies, Lf * la 
IWie-Au tT d Ami t'-iim :H ftnjjftd fO bA LrtCOmAI, 1.1 «M value SI J. can 6c 
rat rL+iv-sii, 

Ly h i *i I :i n: ijaAti t U “r i 11!:-11I.-LIII L ||'.I F _ u:ul UiSd. A " :'i; jt aces 

SC'lSPlATiRJ UlsfilAyA the Axpraasion iiiAcd E on Lite RD7-6 scope. 

SESllbl (.£) Ps-sill, A Cn.lL Hilfl LnCi'l'nia.l fora Of EllL expression 

tmrwd f. with PLS, PKP, Rqn h ami FUR. in Infix fornj 
the other operators in prefin font. 

ELfiLtlti (t> Deletes egression nawd 3 Eton toe di&h. 

this completes the de-stription of the PDP-6 cinnijrA, 

the Fiiincare-Llchthtll Procedure Apr1 1 >••• t-: * + 

The Polntare-Lighthill procedure id typical Of a DAa^ae o Z procedures 
used to find the first few terna in the *a.ynp lii-Lle Kxpaiia Ion of tlie 
function which is the solution to a nifdly n.on-1 lti*at dtirossncLa!. equation. 
The equation chosen here 1e that for a harmonic osci!In-tor with * niul] 
torciiL.q iu.net Lon. these aaUition procedures iiwolv* Aa-Ai-iinEnp a sat lea 
enpansle-n In powers of the anall r'HrAneter £ for nils at ciota at the 
parameters and ’tarlabLea In the djiji.iAtji.in,. MulistlEucliLg tliese aeries Into 
the di fferent Lai e-qtbitirn, And i hue nbLiinlng a air lea of reunions 
between the cetiff EoIaacc of like' powers nC £ . Ineh of thene equatlonp 


t 





[a lI;hii LiesLud iLi turn by yTiitt'ret mtliDd* .seen appropriate^ Thus it is 
in Mptmiuy to gas :Y»ci,c equations but ore chc oext step? in t lie 

ablution p-ruceas can be deteiwLTipd, 

Mill’ll a typed i:OtiiH.iiiL I-Hi, Vrtbii CMplfiFfid , LlLd OOCtllEU likOJ d response 
dT UekllOvlni'griS-l'lE, tlllfl S C Slid At il reopODBB Mill bC emitted III the dUll'SUC 
(O icillbw; duly Till- typ-Sd frOixiUOrfS ,i:i:l Cl.t displayed cqu.it lOCi- WLJ L Sd 
Hh.iun, 11 tuiIiiLuj. discussion. of the Ci Lei og.ua Lb Included, j.nd ue di ;jL jytd 
I'qriai : i:uh art 1 allOvr i ..p 3 11 1. e - :l by liir: C^l.CXlTO plotter cn the .•■! a ;L & fOlLowing 
theil USVr A pfciati’Rrsph l! -f tile smith (-gust Ion* dispiny hJ do [hs kuOpu ta 
aKdun. h l : . 1 Ilh ■<=,:! d f [lid HBCtSori, Tire as uds r aTiOU Ld bi AMS re tliSI Ln tils 
cquatiirn syntax used , wire t^ian $ne lme Of an espreusidn. c-mi occur usner 
h divide buc nr ul thsn hrm-hi'i«, Ihl* fs 11 lu$ trSMd by eqptetoM (Jib In 

lb* l-H*t auction, 

Enter the illTlereatleL equation., 

# ’ El*- 1 fBffVt:7,2,1(:Tl) + QH&HAti*! (iT) - EP* (K C i rJ >+3 J *+' 

If mibpiav (' EiJtf 

A llStw i mUqi-SiL-dv ill vh r'i A hi M 7 is i ilI i vIiIili’ ril L i'i d r:l ir E Fd SFri'li'':i I. Il-h 

tinn, Typn ini hup rU6d.JOn* Far ssrldH Snpdn*lort* fotf X "nd t in Ihcti* dF 
functions <►* "t- * feat is* a aclut ion for Kfl-> rntXer than icr X(t> vill 

Hw fuLinil, Sicca t H,Hp-Hn:i.s flntj cqu&tion 61 qan b» i.>*nd tu find a-n 

equation in dsrLuecFus-s or X(i->, As a final srep tlie lihiiris eslatLouAMp 
r£t) vEll I is Found , ao tine K(y) nil l give H(f). 

# ’E2*’ CX(TJUr) - SURE I IHF, ETt I*l[ I] (TAlf) ) ) ft 

# EDISI?LAK( r E.c>K 

tt 1 El*- 1 £ ; T (TAJL 1 ) a riiU + SUM [J . 1. IMF : T[ J| (riUJ>J 

4fEDTS['lJIV( , F.l><T 
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In crier ta sUMCieisec dr for dt it Ls nc£c*:i ary tu apply ••!« 
traru-f emotion 

^J 

dt dt dt 

to equation Li. 

0 1 BUmVFACIGR CE L a 1 ! T, L) d 

I j J :; _j lay Kd L l: i iflija vith l.lii: ki:1ih U l t ■at* .:l regult OS lev. 

rtPUfiAYC&tj# 

N™ aub-stitute dr for dt,. and for K,(t) 

* ■ K5H-autsnnjTE (tensuissr (sa h 1 (del ( :t) >, 1 (i^slciau? > fv *tv{ 1 tad r l .hicei as) >), 

1 0 !C 1 AH>J 1 1 £K£rl»)f 

lEMSKASfES)# 

f)w -subHti.tu.te me aeries for XCt} Anti perform the IndLcasoJ dlf Cerent lacton. 
Milth reHpect to v . 

■* 1 EfrHuwrMCSuBSTtTim (£5 „ kicki ££2), 1 Oi(taitj >i . 1 tadj p- 

Mum expand bot'i -sides to first order in £. 

P' STt73I[MCKTZ (ED , 1 EF, 1># 

#\E3IEPlAl('ET}£ 


T 
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00 
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The aeeo otder tcnui f»n tim harmonic oaeil later equation; die HolueJoci 
can be vrittari Je-uii. Iiy ai: kpjn.-t Lor. us Acs* ur, Esc the LifcVit pen t-a.> forn 
•nr. equation at 1 the drat EirdOr terns. 

# r J!S< [J-?+S-; JEJjftSf 
*EDISFLA¥ ( ' 


Eiing the taTiifi in {r 3 to the Left side of the first order equation, 

Substitute for Kg (j-) Apd curry out the ltidlcjited diffusootldtlun. 


*' BP-eSUeUIY (DRVIW (SUSSEIPITEE CSOE.VE{EH , 1 {> L1J (PAU) )),' (4*003 «MBtiA*l-AL’) > , 


SEPISrLAYCtfJfl 


[K[OJ C.TWf) » „ -TAliJ }4 


It in now necessary co siiiiatltubU «ti identity £or ces'iif nd to eollect 
tostia an s I mu r ..mi c-n4 


f ' Tip*COLLECT (.EKPfciU (SUBSTITUTE (KVJ (COS (3*t™GA*TAD)+- H*ED5 (CHEGA*TAUJ )/4), 
' (<oaa (OKEG.ISTAUJ 1 ((3D?(PHTGA±TAU? h OOS(0H2&A Tftid»>)f 

J E-Til SPLAY C 1 L'lDJt 1 

IHsorcciraL ton-side rations require that the eccf detents ol coaiur eml 
»inWr nuit be sere if there in to be a periodic aolutiuui for Fseyj™ 

tiM coefficient of ninturit in aipparett diet L.J (V) mitt he se™» uunst-int C. 
Plil» eouteant is duturninej fcon the coefficient of con-i’. 


•0 ’ C-lV-li IHPLIFY (SOLVE (SDB5TITUIE (..Eli! ,44 , ‘E, ' (D3V(TJM; j L , :T I 1. ] (PAL)} J » -0 , ’ CJ }* 
0£Dl£ PLAY (' IS L i)$ 
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£d 5f — jCl cobi*! and co first order t ■ T + f -z A , 7 ' 

10 SuT 

2 2 

Thu* to lime order ''l"CCl - 3 and )(_ * h vvv - ' J \ )t 

&J * fiu 

On* effect of i.lvrf nun-1 linear cent Lb ct*is seen to fc-e an alteration 
in the frequency of thy toCO Wdase unt. 

In conclusion., note the 1-Srne [WJubO-r uT sma.ll Jitfeps t’lBeossary to 
solve tills problexi., These ace the reault of dorna *liwse Sha BncJsM 
solution in the itacliire. ir. the case of a snail problen .tuch «« L-liiSj 
COM nr lIiCihC: tcopA eould he (Lnc.c by Itatsd, the object here la to 
HlviCr-StO b lit scons which vauidi be required for a larijer praalen. 
ttiie problm ol*o 11 lattices how tocher lon^thy into med in te 
caiculgtipna rj»n Load to homo richer eonclae results. The perturbatLan 
of che frequency in tho fcOfo oedst (unccLon [a found co Ildvo a single 
exp re as ion. 

Piaana. Accelerator ilecLro.ilu. Biy-ir.dsrjr 1jj_- «r» 

l’ae second pn»Sl«in Lo a duplication of the work in the first three 
section* nf fhapceif Three of o 19L2 hlascers Thee Lb by J* S. Deeper for 
the H.I.l. liypHri iti'til »f Aarona-urico and AscvcnaucLcs. Inis che sis 
Investigate* frhO loutnae coapreuilbie boundary Layer act the electrode 
ws.ll* ul s dlracc-current crossed. field plasrui accelerator under 
BfHcciai physical eaziditions.. H«c.y ef the *m*u™ji tiun* wSfii undor these 
conditions are set forth in th" paper "Rloeceoda Rounder* Lnyoes in 







Direct-Current ?h«M Acculurutow” by Jack L* Kjerrebroc.it in the- August 
] Wl lB$v# bf Ebf JtmltTni-1 of AjroBpgce Sciences . K,e r re brock 1 a paper 
in.ve-stiuStoB « eoLutiun invoivLiie. Itie 7BtcheiHitl.cal iTanlpti.lat.LoD titan 
i.mH>irtaken by ttj.pters Ike-sis student llreper. 

In surrrary. the entire solution procedure Is as to Lieuat 
i. V!rtte derntt 3 noc-Llt'dar partial J[1 re rent;a 1 aq^atldutt 

Homan! ma 

Suu 

ClthI. fruity 
Lowry'-- 

LL.dctrijin nobility SB n function of terrperatu.ee. 

TIlOllO CiqiliC [-:'irLt tu ]“!■■« V St-rw-Hn velocity 

V LStc-rSl velocity 
t temperature 
p density 

jl electron nobility 
P prnsurc 

in tnrrte i.:£ the mdep’Pr.di'Tit u-.nri.ibEe* x -and y. 'I tie con a cams ore: 

1 -current 
8 n\ngrvHtic field 
Cp Bpeclfi-c nejit 
J{ ciMrprHualbi. I it y 

It -;.i: :i!luf L i v I l.y 


£: yu.s conpLonr. 
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Z r The absence of variation ir, the y direction In th® ft** flLttaii ia 
eccd to find the Ttnientun and S-Cdt* e-qu*tipn4 CliO-ta, Thn.an tvo 
reduced equations act sotve-d foe ~ which Lb *1 rti cat aul Fre™ 
the five tuiin equations. since P is rot a function nf y, 

:t. The relation H m L'^t + U ft ib used to Bubal Shut* iSHriv-fitirta oj Ji 
ter chose of t in the energy equation uhith Chun *n 

enthalpy equation, t lg thus elinin-sted fron thi* a quieten. 

£ tup 111 lent ten ol the resulting eieprea sion requires introduction 
til tiit EuwcDtucn reiatiati., Vais step Li performed bee umbo the 
enthalpy equation has s tern proportional to |1 - “ | «h*rt T is 

v 

—— unit an 1 h approving tcdl a* 1, thus e llnltiut log this cctttu, 

4, )le bi i h i:S*neir: of Independent tnij dependent variables la nade. 

Tie. ul.iini;.t: of I rid ependant variabl.es is such ttiaL Lt approxlmcvc 

h eiiii I .parity t if an*.For icjo l I on tor low Hath number. Tlicsc 

cranufurnatiptifl chunk* it and y to tt and n. Ioi addition jj- Is 

defined as f . ~ as Gj Pnd |{- a* g, Tit* ncmiiitiia and 

enthalpy equations are transformed. ijeios the continuity And 

state equations as side twvdlfcionsr n id then changed ti> H_ 

There result tws non-linear differential equation* in f ami t. and 

rticlr derivatives with respect to t and H- 

„ 2 

i. f and g, are then appro^insted as - h(H^n + c(KJn , 

2 

a rf-^lh + ffK^Jh . these appCoit£.n*iii[vniS *rt PuhsttCiiCnd 
into t he tkKi nun* 1E nanr d.1 L'leeiiiitlal aquarians. Tim equation! ere 
than Integrated with respect to r. between the uall and the ccye of 
the velocity boundary layer fiu and the edge of the enthropy boundary 





layer &e respectively., b(H.Ji and e(fO arc cl [rai-natod frijn the 
re-sult by the reLationa f( 6 u,Mj - 1 and. - l, r ltwr-w 

■ras-nlt twa ordinary linear dLrlerer.LlsL c-quatifrufl f<i¥ the 
itwiwatiww pi iu, c P he K arid 1 wteh rcopect tt ■ 

6. 'Iw© twtb linear dif fercntial equation* fnr Sy., c , £*<> And f are 
Kener-sted by chocs injE tbc c c« f I ic l« » c * of fhn Approximations in. 
dten i js at tn AatlAfy th-A ™*™fmtwn and! enthalpy equationi 
produced in a up <t e*e*;tly at tho estrenat points f" - £) and g 1 ‘ 0 L 
?- The lour reeuE cl'jig l>n*nr differentIjil equations are solved tor clit 
■daelvatlucA *njd by fisusainn reduction,. Ihcae 

(taiy AnprASSionH »r? then numericaIly integrated with a lunge'Up. 114 

■■* thod r. 

"hie pT-cblen haa several interesting ic aturns, It 1 « a ■lAuRqetrdtion 
<■ F the nut-Htion use by workers in this ares. Tlic algal vale AStprAkdionb 
in Af x. aitA -difficult tv nanipulste by hand, but wi :1i[n tits napalii 1 
=iT rtKAnt o^rhines. the final symbol it reauLt id Lnigej it is dLiricuLc 
vrite She corresponding nmeric*l Integration preplan correctly When 
this coualt must be input by hand , but here it is developed in. the ■■actifoe 
kiiti i^.milri then he tcanaforned Into the required numerical progL'om, Nr la 
chat r.l,A Ayvbolic atii’pa are needed in otder ta cant the problem in terms 
of tliA h il. ;u iid-mt und dependent variables ct Interest l XI.c prableai is 
characterised by tlat- Application) of uiiipl ify Ing eiri'e st-nditiona and 
physical es stiff Lions. As aucl) p It Lnvsivae a i-.in.i-r of ntripclstions 
for the purpose of expression condensation, ThSe will oh App^rnnh from 
the f ol 3 >:ui-i|{ step by step reproduction or the fir At unfit: eocriiM# uf 
£hape*c III. 'll"ear steps bring the de-sc rLbed solution tliroiigli i Ik 



upp-li/CnclaC: of the sLmiletLUy t rji’ifl f OtTUI lOTi to the ncnoatun «qnHl. E-:in>. 

Input Ct.-C TBHH-nt un i- :|ijH I i i 'll : 
r'EK ' . ■) - ■ i-V , I , 1 - 

MVlXUlDJ ■ 

Input tne enert?' eqoitlihiti 
#'Dd*-'' !■] *<U*BR.V<X*\ * ST> + ■ 

DKY Cf . 1. K*imv ff, ] , !T.) ) + (¥, L , U) 

4 irUStVCK.l.P) + :J+?/SIO«# 

the hinLiuJury layer HolutlKlB HUB t natch the ErpP pi. r*-Hn acn-]i.iL|,Liii r 

'Line free «tr*4n arc indicated bjr the subscript ” • At t.h« £rw* 

gtream, there I h no variation In cl c bcjrJarv Layer vith respect te y. 

To save rervrLtiTiK, define S#*e sonia L ntflg tlic variables to be aubscrLpted.. 

f 1 D3f' (IHO^SKHft.V,: T, K) f 

ff'DSe' (EBtf[Ibl?J h SLGHMlKF|,V[IWF] h iT[JHF] >B\ZKF\)4 
T-:u::i lit tiit tree tcrciji Ul end ii2 betoner 

if 1 B* tIMFLItT C£bilSiriIl?TEiBRraBW><D1 , 1 1 ), M . D3} J f- 
4 1 Ud+aiMPllPTf i[SUiiTITOTB< LTVfl ETO (D2, 1 If), DA, D3> )i*- 
(Iec.'lsfu.’j: < 1 n5 )■# 

UEDTSFLA^ i [ 1 Pb} t 

Q5 and D6 will nw be used to erp-r«ee Sr™ =■ T the ij.prLisi£nia Ln Ul and 
D2 in. terns oS the £ree stream. quentit tea. In order to Snlp*Elt«W for 
gone of the ternp In * ii.ni., elm Ectua rust be grouped ibLiik the light 
p. ii. Thi* ie miraiwliac iiicenucnieiit. 

JED7S?tAViDl)^ 
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How tli* l6iC Eut rema In El are replaced by Cha Ictt side et Ei- 
■f 1 Q?< fcEPlAJCE {"m.L'EFTdH), HUjrjF(:tJDl h 3i, Tin 
frEEISfiAT (■ D7)P 

(f'EHtLEFIfESJ - mAMHMfflffmTIBC 

BLIfrllT (D2} , tlflin tSQLVI (K 3 ' <□**<*, L,F))1K a (JHlV(X»l.?»>]# 
iEETEFLAY (' 

The 1 (urt EttrciH in EH arc m put Ln £ fa^Lured lorn* 

4 ' MeREFIJUIE ( ‘ ns pTACTP&lUTT (CHlQLr ( {! EB , SJ1 1 D3 h 75J > 3 1 { i | TUT I 3 )• 

1 HDLE)# 

In order tc effect a i-nnoelJstion, aquarian DS will now be 
tranafarirad ay replacing one tenp6r«t'jr'e , C, tflih the enthalpy, :l. 

V|Sin,g I 1:0 deEtnltiOD 

K ■ Cpt + nPfl. 

First R ■"■ tpt + il^Ji 36 aalvad Ear benperature t. 

d"Wt-S0LVK(' (t)(X.pT) . ■■ Cl F 1*3X01, Y) * 

Hew Cbe EubatLtuticin £v ™<1* FOf £ end c_ < 
t 1 d iCH- ekfahdCSqb iTTiuns (□& „ (dry ('X F i ,lIlGtfrCJ») j,stiasTimrE (devC ' it K 1 tSicm (E3) >, 
DM^ERTrY^lMtftm))), r ( DKT0£ 3 i 3 ;T}, ER¥(I f 1 f ;T|IHF]), 
rsv<Y 3 i 3 :r^jlJJ 
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tow, thero s ituiPct of tedious urwpi^t steps. 

First, factor Kit& ant pf two or the tenra cor the left a-idw of uhw equation 
*' PL U-RZFUi£t< ' JJlQ ^FACKJRQUI (GFWI.T 1 C (' DLU ,4S,: DSil, 2 If) , ’ KH&) t ’ HOLE)* 
■dEPTKPLAYi'ELl)* 

Nor fat toe PHO'D ffIM tl,e other two Lems and DrinK bh*n v> Cb* selgiit side 
f' Dll* B.E.IHGLA'L5: ('Dll, ?MTOWWT<OHHJr ((! D1 L T i , l Dll ,iS » f ■ (Silt™ (.fl r Tf>J> J f 


A Tmehi-iiH maieltiiLg operation would bo better for the. nestc laetoriLie 
atop which mia-t "be deo* twice wLita lijTit-peri pc-intins is usud, 
♦HblSFLAYCDlL)? 


The- qvWitlEy Is fa-rcared out of two of tlifc and sec equal 

to I/S t . 

4 ■B11*‘RZHACE{ 1 Pi1 ,7Ad7TOGOUr(inl l >34, 1 {Kf (£ i 2 | *KfU> ),’(1/Pl Rl )■) , "TOE*)# 


fEHtSPLAlfClHl)# 

t ’ Dii^uusf lale (■ dii I ricndwifr< mi 1 , 21 , - (k/ fcl 2 \ *muj h'd/Hiln,' iujle 


Cpii/K Is Che Frandtl ntirtber P f » 


It iu elt**(L re 1 , and setting it to 
L will e Elect a ilrr.pl tf teat tun If thr identity 

u As _ jL [m . v0e yi TKt.Tl] . o , 41,^| 

jr L jfv ay 


dr 


dY 


drV dY 


la alas BobdCituSd, 71 'Is a lira Li tic a Lion .wring that th.-r le^t ctmdLittidft 
auny £Et j Ti h point lb lu.it equal lc tire v ise cub diaslpotfan at i'ihi. polos,. 
4 ‘PL IS- HTHFLTFT (EUBSTITLTt (Hi 1 h " (1 h MV (1,1 , Y1*E«Y<Y, 1, 

II (x,rj » - L’is, v 5 1 ‘Cftv (y, l ,wu*iiftv (y„ l *11) j > * r (Pi R] ,>«*<'*''<?, \, y))+ i ))) f 

tfEDlSFLAY! ('DLi)v 
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Ifeatt,. the auttcicucictti In Dll i>f i.Ln right oi ^nation HI lor 

Ilea life a E-da- iciratEi » hIcja 4Sm.c«llitLim J 

#■ 1 Dll^SIMPLIFlf(KEPUiCE( 1 Dll., (-HfflH(D7J) l tiMDP((!dll. p L17 ;l [I>ii,i22))))fr 
fr'pi l*-LIFTQ>11) - &IHPLIFiCEH l A]lD{S«EarinirEiREHTi£l>ll) „■ fD,ll[TW] j , 1 (IMKjlJ h 
ULIHP.I 

fEPISPLAlCPll}* 

The iuorbeuii Ai^iincii:n J)7 anil the enthalpy equation D1L arc- riau 
ready lor the b UttEUtlcjr ifAna function. 

rnc. irAiialiJtnAii&nfl ia£ independent va.c tables area 
* 1 HIZf' (Jtfl.{5y - ITC (K >0 h E >r*D [IHP ] f (P [&]*tH0 1 J 
* 1 m " (.E-EAQtj KJ - (U | trip ] , r U (G | >■* (<11 [OI / <2*m [Cl ]*KH f*J) t (t ft )) * 

nc cv, o, ¥, kjio/kjio [ 01 > >#■ 

J)ent, Co compute the required d[ JTm-Hiit i a! s, 

F1*.BE — ■ — ■■ -i- + n L 

dl d3£ d* dl£ dJC 

I h D34*nRV ( 1 Jt „ I h KIGILT (PI J» *' (PEL (LTA»t MV fa, I, RIGHT (Dl2» *• CEL(XE> )# 

lEnsKArCBit}# 

□ 14 ik'iL' Lcmi..H.i i-.h the tn-rprefl-nlon for " «a a factor.. 

1 1 D14*J!PPWCE t 1 DM j FACTG!RlMJT( EHL4,4 .HfilH (HU) „' (EIA(I ,*))),' HOLE) f 
fEPISFUirC^DW)* 

Hi* acu substituted Eor les definition and (T ■. PL)/( p q - >1^,) J* 

FacEuev^I 1.1 Ijt p 

y 1 lUtSIMPLIFif(PJCTPWWI(SUBSTITUTE (IU4 h BfcY< - Ji, 1,RKBT<MZ) > , 

1 ClWVCK., 1 ) f T P F*U[IHF | ( <P [Q|*Q| 0 ] J » }# 


miISPLMf< r PL4>S 
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"Ihe d iff* rant S.al Ear 1/dY is 
* 1 B15H)ft.V V 'i 3 1 J.SICFT (DlH-5 > *' {D£L{ErXAJ 
■dKlilSPLiiC 1 BUI* 

d dl 

■EKriMtflicna Dl4 and B15 ftfi fM staqulrad differentials for — and ^ 
reapers i'**! Jr 

jIctc to te*™*tosii the ncrrcrit'i-n ■equStitwi E7- FLirtc, subatitiie £tr 
the different 1*1* at the Independent variables *nd- iJi* norrmilEcd 
at pendent variab-ls Tj JiifLncd "by LVL"_> — £'{I T *i3r 
* 'iH^EIHFLmr (S DESTITUTE (BSLSVB3T (EELSDBST £DJ „ ' (E£L fl» h DlH 3 , 

1 CDCL(YJ3 3 DI=) f0[ l«rj {XH>*C*.V(B1A 1 1, 

; J (JCB a FTA J > , L1| IMF! (XE) „XE. BlAJ t 1 (.(I t Uj IKTj , SR <Jf) , 

EIA<1>T)»>* 

bkTK *s*i,irw |J - |Jgt/tp + 

f 1 HT'-fiHfflinf(MBETmjil t ■ D16 J 1 {KJf 0] *iT/ ;T| D; , 1 muJ 3 * 

Uke the equation <>F a Lace to recognize ch-Ht 

t <*>-8 -* 

nkice F ia taker, indetp-wndsui: o£ V T A siitsa tltutica for P abSwld char-clart 
be trade. 

i3lDI5FLAY{ r ltL7)-f 

l"he nariiln* rtt*pu"da wlch "EKFKlSSIfiW I&3 LARGE" 

rher*for» ( Ch* Life aide el equation Dl7 will ha tc-auLud Eisrai,, chc 

gubMLlc.ut.lon. lor ? will be d*f-srF>»dr 


J 1 El fie LEFT {□!?)■# 
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An cspn: pb i'Tii fi>r V ulll now Le developed and substituted Into DIB. 
It ua.s shwn lr. Chapter 13 -iT cfca. then Lb ttiat tbc continuity equation 
yields 

i, I 

v - - (*v* e M 

F.n l v r 111 II A KH.jr r fiJnS E 1:11. 

* 1 D-l 9 *-' (■ (3YCi[ Q'| /HBO) *BftV (SC p 1, ( (2*TJ 10 J-*KU 10 ] *JiJJ >+ f 1/1) ’*tP (!tfl r ElA) ) )fl 
Key substitute tba rev i-nil*-percent mtrifllilAa i 

4 1 H2<V snsiITL’IEldELSllBSl (M S„ 1 0®t (JO) ,M4) , f (U| IBF] (KB) P KB ,SU) P 
' (11 r lHf ] P itll CK> , BTA{S ,Y)»# 

bli'u f U tut itw this tHpscsi ion tor V into me part Lilly cransfcneJ 
le£t ylitii «r the Miiattituii ecjicl^r., LLH, the entire expression is 
diiferenti^ttid sih fnp a* pu*a Ltl*, cupaod&d ntvd slop 11. lied.. 

4 r M ltBKTAO CDKTcg<DK7i}0 (substitute(dlh, m.;i,'v),' sta) ,' se> ) f 

You done: shorthand will be introduced Co ruKe 1)21 Easier to rend. 
(:F f a,Fl,Fl,Ffll.m p U(II5T|) 

t'paj**' (tr(HjEfA) _E1 (IH) p HavriTA,l F ;F) p I&V(ffrJt p 2 h :F) P DK.Y (AIJ, 1, 3P). DOT 
{ETA, l, 5CE p 1 P !F) p Sir 1 KT] 

4 ■ Kle S0BSTI1VII (M 1 P B2E P E2 3}| 

^SCslSPLAY <'^3* ># 

It is tuxi convenient to iacter m l«st cooffisiOTt Fco™ «a<sK Ktm 

Hill H#ir J, h fiq-.in.} hr> 1 h i iv:cm. I t will ■ l 1 :*:i !ili Fiii: Luc'it-J f i. :’ni 1 iiii i^Ctacr 3id-C 

anil Htii: c.o 1 tlLerc„ 

#' D24eaiHFt,lF\ (YAtTtlKIHJI 0>21„ ' (KlK>*U[ IMF]* 3*f / ftl *L«i Ql ‘KS)) * 3 


fEtUSfLAYCMJP 







fietuEEiinf to :hc ri^lii ahU of D17. 

f r nU*UStITftn7)# 

YECT3FLAY( 'DE5)P 

L jC deleircd 3.i]bH Li tilt foil r I ■■ r P i .■ r : i:ij I'l'l 'I I- 

* 1 H2 f* bJiffAci; (■ U2J jFA-rrcisciiTf (J nzs ,4*,' ({HuiO^t) / fKBd- oJ^:TJOJ)) h 

r Dg > S , 'HCli-E)* 

"I'* 1 OKprrHElorc le now dlElcrcr.tlaEed a. a 5a r ** poaBible. as yn lIm’i 
liift *13*. 

t ’Bf-EXPwujC dkvdo( jK.viio[Dir /eta) , 

The a Eanpl Hying m.si Hfeior Is snbBtltuted., 
r Bi*-3i:BH7TTI.J7EH;OI8, D?2 ., D23) i 
#E3HgPlAY C'M8J# 

finally clic larja fiL-uvr Eb pe-roved Iron each cera u U ua.a Jj-ym 

the- right *ii3a, 

f 1 Q29r S THPa.IFV (FfcCIOELOlfl (D2S b 1 (HBXJn'L IKFJ f !■*?! ( 2 *P[ 0 ] * 1 j[ 0] *MS)) h 1»4 

Tile two aides of the transloriiAd ■•■iiie-ntim equation -are now teeoaibliMd, 

$ ' U3(K HLHFLIFY (D24-Il23j =• 

JEDISPUJl^D'IDJ# 

Up ins aonu n»re rcLations dcvcLoged udrllOr in the tSeel*. a linaL 
stiltsctcuclau -will lie ipt.de-» fnn the equation ot suu at cutnetAiit ptpjb sure. 
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11-iH rtri*T frjtifiFurasad iiuui :[geti La. 

* 'KICSIHFilIJTL C'STf Btf 1'I'llTHI c KU-Uf .£ ('TO(I , FACTCRn.’rt J I|30 ,J &, 1 (BflD| tUFi /THOy , 

"tiUHE-IAISl ~ ’ffleTAlU) j*G * 7HSM(Ul - CTUETA(E] - O+PL'K)) , 'HOLE) , 
"(3 + {*AmA - l)*H[IHP]tZ/2J,'(THErA|S])>)» 

* ED 1BPLH (' [SI I * 

In coti cl us Lor., gLncc physical approx laut Lens are involved in the 
expression coDdcnsatlcm, close nar-mcnmc- interacti"-n iv xeqplrtdi Ihe 
RrEacest dra.v bs.rk.ts tt* auffi-risr'S InterPcLloi* urn lira Input dotation jcCi 
the lack Of sufficient Eecilititfl fo* ftMLe#vUstiLW. tin. output. 

A rtiltir.Le ^Jl^niri'J^lNg.ijHiTHL 

The third pxoblen is taken friar Inter tv- T*tbin[e*l Reposct Ha, R or 
the H. I.T. Centex fdr Operations Re Bearish fcnt-i i..lml ^ Class oX t)iiOb£iti$ 
Problems", Thin work 1 b m ]?55 lisJctbr'H Ihu^lu My H, H» Cache*, Tha 
u.iu-juibt situation al-..,b!i by the example Ln. Figure SL is treated. 
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« 
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Injure 1 

CliAlifiA 9 l 


Channel J 


thnnriel 3 


Arrival tinea at the queue mu couptax ace exponentially distributed with 
iiiiTi Vj ArrivaLs enter any uhAAiial vti tch tcLOfti:; vacant and protreas 
LTiraiigls cfKrtl phases me servico ulfli A*poneocl.oU]p distributed service 
tines- with i>ean iqj.,. There. ACA H chAn&ALs and It phases of uervlce In slw 
g.ujuiial case. It Is- de-s-ired t* find th* probability d Lain but Lon of the 
nin rri?-H r of unit a In the syste®. The B“ Lust i'J-n cdfi h* efurrlad a run bee nf 
Hi.-npH lor cht ccncraL case. A set of equation* rAlALing the proPa-bllitles 
of tlhe At-ctua ArA written, where a state of the *y «i™ I fc talc a a as a 
tiSPEAla lumber h In the system and a deacripfcioa of which phases of which 
ch&iiaAlA Are occupied. Sac a cquati-un in then ini lip] i nil by the 
Approprla.ce variables su that the mioviAtlon of tAA equations will yield 
an lijai ia ji with the gener-atinE function far tilt sute piobabil ities a-s 
Its lc11 aide, Udzat tunate1 y j the EertAt-At-iai function aLao Appaara in a 
AniixiA tion on the right site, The independent vASti AhtAi ol etc general lug 
funatLot: At e cans trained tv nake each tet"-. of thCa Mimuatior. equaL to 
zero. Thte esm-rtrnir»6 in **p-eAasfld in a change ol Independent variable?. 
It tr then ahum iIiai a iumjcLon over values of the new mdependinnt 
uarLAtles will yield the old generat ins funrtLtin. 


Arrivals 
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This gt at s' i i L btf iii'ii ^ tl 11 involves the state probabilities Ear 

a partially lull ,iys.ccui u oarintwnts t« he- d stemmed. There are a nim*ar 
of relations uhLth cert b« ua-ml to deteminf tbeae Initial probabilities. 

As the Third pro-blAn ihle 4v*liiution will be carried out lor the east. of 
cwo etuanma Ja wish, two phaiuea -nt serv-Lce,. 

The sauce el expression ia differccit in this problem. 

In the firat probicn eetp 1 1 tv 4 too* hbtB-uae a snail paratuctr a! lewd 
■nr: onaolvablc problftit to Im *plft into a Bpeccriut oi solvable dues. Iji 
the second prat leu emplaxltyr uhi the result at the nunbez aC JL if orient 
phenomena la the phyalepi ptoefeps being described:, Kara, coup 1**1 Ly U 
the vAftult of i he rubber of stares it the process being d4y^rib-Pd» till 
bf which tin? vet/ s mi Lai. In this problet. Eliers would he the best 
cSnatite tor reduc e ion in, coapLexSty ilim'ipi- proper poeatioin. 

this problem has been Lneluda-J go that the tender tan better refine 
his intuitive notion, oi the types or cmtliuirut.i^rtl operaiiona and notation 
■needed to scJ'« prohleiis to dlfr^rtnit sres-s of applied m the net lea. 
Surmaclen cxm ssleA, funetloo an*l mu tion , llnltUj end anise to re grouping 
operations nre incrodiicea. 

The function in the dsu-is Ri msd vitr Cul--1 e k Ijj 

t'Ql^OtCZ^llLfillJ) - 1{Z*(Z*W + l,tH,(EfBJ* 

AlH i * ( : El (2*Vl*t*q [ 1 ] *K/; HJ +; B+ U*T1 *1 *0 [ 2 1 *3/: K J >3 >/ 

- ALTHA(li I LI ,Q[ !i I) JJ, )-# 

Uhcze ll, it, and urn defined by; 

(B (2,4 :K3 - 1 + THETA - THETA*2s iJtJ-f 
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- (!Eff-i*PI+I*t|Sl]/riO+ 

:Sii-I*1PI*I*<K «/ =101/21# 

#'q44-'{A[IJ: (Z) - PCl,P.4l,&) - 
#ED[jspuw:(‘<Sl>f 

|L 

II is me ini tr> have th e dem™ i natoe e* (fl eentaim only poweii of £ . 
Ihii te doiiHi hy us lag cIlc Identity (3S-Y> EH* 1 * -‘-Y* 1 - (.it** - Y^l- At 

praiHui tl.K s>st*n contain! no operators f-or n^liiening ihi.fi SgaI, bo it 
iiifc Pc done &v brjtc forte. 

t "(pfLEirrtoll - 1 (siraC j, 0*;K-1,,;K)Jdtf*fliIi»E*<q[l],q<- k-L-j)))* 
SUBSTITUTE (KlGilY (Q1,3 , ' <.[3HF:K3*(WC2r :K3^;K3 - AiFKAiqi 1] „ 
t?| i||f :Kj, 1 tZ^CJEl- ;BC> - UJtlACQlUl ,Q[i] )>!)# 

i ROIfiPEJiY ( 'Q'jIJB 

Hi™ HiLhscLcuto 2 tor the timber of phase! nf sere Ice j t,. limn 
ejep-and th e buhtvi t i on*, 

4 ‘ Q&eS IMHIFf {tfJt-SiJIWMMIl (3 UfXXfY(SDESrmnt (Q5 >2 ,'; K) ) 5 >* 
sJEDis-riftift'qft)* 

Thie sub it LtMt pur- h p ] ■ k irod* Ln uL] the initial equations as veil 
since they will be used. sivStAi l in*», 

< 'qRfiiHFLinrfSuiStmflfiCtHKl/ ;K3>f 
t ' Q2+ £ IHFLIFT(aBStlUJTiPH: „ i / (E3.3# 

4 'qSefiiHFLiFKSnfcStllMTBtq:! 

V ' Qi+ S EdPLIFY (El BBIITOTK w > *' :K)J# 

h>-™ vH.t* Jl-wti an K j.|iiftttftfan tor the acncratlni; function ae h 


tuixnac inn oi QP oner the irons fonied independent -virLiihl**, the <t't- 
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M**-' <H{2* 2 ,fl[ 1} ,V| 2] > - { 11,0,1, 

aTMfQL2),a,l, t<V[1^2)+f‘i)+<rtl] * 

((7|2] + V[2if i/(Zf2)>*K(3,Qt 1J 
#iPI9PUffl('Q7J* 

ttau oHpQivJ [ ng L-l'e ■svre T '«e l-voe , suba tit Lining iiiu appropriate tiIdcd 
■uf Qfc, [J.1, *nif h ,. v urplLf/iniR, 
iT gflt HE-IFLIFf [sv*UJATH(jU,L5llttHiPAHD (qi 1 ). f qb ,q2) 3 ] i 
d BeIeplat{ r qS)f 

To frv*liHite f(l,1,0) and F[l ,2,0) chi tain known condLtLpna arc next 
Lujios«d, <JS 1? known to liai.it a i-arc of order fixrr In Z for oil ualuaa 
■if V x Wod V ?t so one Yraald ILL* to collect ternd cm ZTTia ainpUet way 
to explore tilLwould bo to 4xpMkd QB end collect termr on. Z 4 . 
OHitrrbJMtely, this load a co rajtftly 4 sixteen-Sold jrmjcli ta Sprees Lon 
sise and to nereory naiatTlou, 

Iaspdctlon of q3 stiowc thne 1? itfilit be rearranged while in lattoi*d 
rntm, i- irJ'* f i c*t step, nifecxp nufMi Wiich m potynPDlaL* in 2, V ^, 
ot Vj, hJ'.'ii rjutof* uf gj v 1 i or V 7 TBWwftd ao that finite Imrest order 
tern. is ce taro order Ln thtiif, 

t "qjBlf- s IMP Li I Pit (JiOitnPOlV (MCJHHFtJLV (HDRHPOT.lf'lQfl, ' 2} , ' <V| 11» . ! (V[ 2] ) } 'if 
+EI>ISFUat'QBl>f 

hept the tenter two terms a to eenlhined. 

# ' qa 2t HEFI4CK c 1 1131. „XJU2IUKLUriDR0UP< (.' 1>H I ,»5 . - QH ] , 3 IIS) 5 , 

* B»ISHJW<'QS2)#i 



A3 






































i.lV 


The Hulling t«™ 1 3 then cup-Micec. 

V 'q«J*HIPLACE( 'QH2 h BIPAH)'(rCJ8! 3 W> J 'hGLIS}* 

#EDISPLHf( ' Q03 J#- 

Kdh the other uud tern* nm cfinbmed. 

4 r qm REPLACE ( ' QRT J^'KMDDTfOfjXIPl ( ' tjS3 h lll „! q61 ,10)) „ L/Qi J 1 70) „ r ilOI.E)f 

f EDT3PLAY (EXPRESS LON MO LAP.uK 

iJSh vtI. 11 m?t display, 5-7 It Ls reduced in site by nauing a AuhpArt, 

* 'qre-spuTtQcwn 
#nnspiiVi‘(S5jtf 

Kent the tniiei-aioic ai (he larger tenr ip iJ35 is arranged on peswer* of Z, 

#■ 1 qHh*MPLACE ('<IS5 ,C0LLEtl'(.E3i:f APB (Su HST [TUTEi ! qii,11, Fi, 1 Fi))," 1 ), 'HOM)# 
t K'ESPLAYt SK PK RId i iOt- BOO [JtRjCE 

A 'QBJ'-SPLIT^QHSJi 

*EBISeLjw{‘OS)M 

rorrtrsu a -crri Iron ike sefic.j*. d perts ai QH7 orie Lhk for the 
coefficient ol Z' Ln qttf, 

*■ 'qfl^EIHPLTFV(F2 * T1 i F4 * 1 {£**1 J * 15 + P6J# 

*EDT£PLA'i , ( l qaa;W 

U'"kirt; at equation qu?, one can use that Its » dsuble pOmcr m^Ihjc 

I I 

PKpanaiqn Ln V. end Vj. only the coefficient nf Joes tiet have a 

icro at order 4 u 2 • 0, Setting thi* cn*fficient equal tw aero one 

obtains by Inspection of QH7 : 

A? + Ki + t 1 ’ _ D 

2w{z'ty z(z £ . u^z*) -i) 
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Eneas (In* nquaciPTi into cbc ouchlM. 
n"Q9*-' <A| *|/<8*H(at 2)) +■ {A[L] + HZ+UCZu Z}**[:2j)/ 

(2*(Z-*Z*fV{E+2)}t2 -1» - 0># 

£vql Jdtlllg 11', *1 Bill] A; LINK I "ll I. H LP-l K ! i t 
f G r S IHI'LIFY (ELaSririlPE (EVALTIATefflP „ «JS »Cj2>> , 0 ,'Z))* 

iEnSfLAiCiJlOJf 

R*e4£TH;[TiE that by definition ?(1,3,0) » P(1jl,*) 
clilfl aquae i-i™ caci be solved for F(L f l,Dj r 

*' ^SlHTLIyii CSUL'/E (£L-BS7ITUlE{9U> a * { P{1, Q, 0) J , r (t{I r l r 0))),' <?<1, Z J ) J 
?EEJlSEtAlf{ r (3Ll>^ 

QH iflii !iu u ■ irp.1 if i«d a incvliec. 

J'qai-LEFr(bTS) ■ f-SMlHT<PAiSniiDurf :qil ,11,^11,39}/ 

FAirrmovTf fqi 1,43,1011.44) > )f 
SEB-I£FXJMr£ , qai)|? 

Let u ** the gonoLic Lug rurictCvn foe the unconditional a lb lb. 

pto'bs.'b tilt Leo C(it) *5 u^p^ojj can •W vrLtten. Theec ore special 
n=t 

cane terns Cor « - l, and n - ?.. Iht other tcrncs ora Hound from Jltii.l.lJj 
The riOAL eiUip^u t fumila for H' JLa qSb, 

fw (6(B)) - ' <?<.q,0,0)) * 2‘' 1 D*C' fECl,i,a)) + WEHTWll)) 

+ siMPijriffarasrrniTEt?tfujiiiAsE(aicHT((W4) F cqi, , 

‘{lit(a, 

V[l|,V|jJ»>f 

The or lgliial i. r nnH i tion equal Iona give F<1,1,(]) “ ftPtdjfl.qlj anticipating 
that Pfl.J.Q) .iiy alHo occur, aobotltuce P(1,3,D> - ^1,1,0) -31*0,0*0). 
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rin*n u« QL1 co ellntJiar.ii P{ljl. jO) , 

? l 'dl>ldUB£nr;!TECqi2 t MGHT(C[llj | 

*'DffiLitnf (EussTinm (qi 3 „ * (d . a . dJ , thkja*p<c , 0. D) >, 

■tFCl.3.0). PU»l,Q))))t 

■QW coQtaittfl only cba P{fl.O„*) uhlcb cna be detenUncd ream 

ch* G(l} w i. 

J 1 ClJ’-MHPlIFK (jSUBSlITLTE<E , K5IT(?H*J „ 1„ ■ ifl - i)f 

Itie nacliinc <™t IHIfflEBitHDUaE „ Indict ltik thac-** D Eus* been 

replaced by TJHDETHEI>. 

■tf El?XJi?LA'y (■ 3 #■ 

Ihf Ijpur-Mtor LIMIT vill he iteE^i thi* opecacoe uses I'Ekipital’if 
Sii3-* r It ie aim, -and so It stau-ld rat be uaed when subatltirtlan *ili 
fluff us,. 

f ’Q3 e^LWlTtKia-irCq IA), 1 p,i >* 

■fFniSELAK'Ql 

c-Sp. be sinplieied by fseterlnji and exports iab, 
f 1 Ql ft-FACHOP.QLiT' (JU! j'AMi: ft! L b) 1 {L {( 3'*TI®rA 4 2J l-.2*wrA» ))* 
t 'U17*LEFI £fj L J> *lIKlfAKJ3 (EIUKT (pi 7))4 
faDISFLAY^'Ql 7}* 

D17 in E^aal co 1 anil un be solved lor ?(D,D,p) r 

+'qi* SOLVE <^17-1, ’ CPC0i0i0))># 

JfliUIEPLAl't'qiHJd 

T1-.n Hxpreasiar. for P<fr,P,&) shotr* that t'Jis SOLVE KOUtlna Cbii]il h* 
Improved* Thin nsprEapipn Is now euTiscElueimI into in. -order co prcKLwju 
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the final ex?rer«stor. for the pcncratir.g lancxEnei K, 
t' Ql^S-IKf LIF? <E,vAllliTt fij 14. (| li) }* 

Taking a uAcia^a -uf EJ19 ahojra t'hat it in probably cm larg-A cii 
ilisy Lay b.illicit l>ein£ spLit.. 

■fTEWSUS ffllSJ-f 

ftPKHTCLMTj# Mia 

In tbn clujiIt thin AipfAiejr.nn was evaluated miner ic ally to for* a 
cab Sc tif vaLii£A r lb la prnh!«n vculd provide -a bJbLn far CilpeIia y mirk 
in ain aaaric a iept if it« ion. 

TTit prats*] fug ptPbltfin so Lotions anew chat the currant iiiiun ur 
u±cd Tte Miirk bn *h i.a t log. prc-Olenii No one- pare of the tyics-m la 
pnrclcbiatly wuk t hat there are many Interesting sosis II: IE Itlnn foe 
Improusiioni, 
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chapter III 

ADDITIONAL LEKERAL 7EATirRF.Fi 


In chi preceding chapter a system for nanipulAtling mj-Cbmatic-nl 
eiprca.Bl.ODA "a. i a irtt reduced. In chid chdpi«e vt dl eruas additonal 
featured which would nuke this sirs ten nor a convenient b u wider variety 
of altuntimuif Heny eF the-we- vauld Let the usee reifer the proErnn to 
hi* particular needs. 

Hlveneuer a user id preyldAd uLfh TrtHne for expand Lnp, and uadi lying 
a p-fPlr-fm* the question oC cl ficlanr-.y bernneg an i up orient, one. 

BIffiO i ferity no malty read I ts Iren pi Ann ina □ proKsair: luncrtan as u unit, 
building Liie furvrtion up bit by bit usually leads to vnatc. To ait 
P st an l t thoush, it nay be pepsibla tu desisri the ayacca te guide rbA 
user, without nnijely pesetlct ins hln„ into avoiiiins =uany aasriemi 
inefficiencies. A casclnl Daily ai* oif the users 1 ' needs La required In 
osdAr td determine vlie: should be built into the proErare end whet can La 
addpd Ldtpr, Sum- of pec features which Lliia V « MT t.: uht wen t are 
dlao-utacU 1 a ill £ ti chapter. They are divided Cnte (.he** rlHesesr new 
aiarhcnALitAl AtT'jctures, algorithms., and no latJC n| biic^kerplme; -and 
"systems" Ids truerI das to the uo«r ord corrections n-C his biscaViA. 

ElEnetiLT.'A 

There axc niuiy Frequontlyueeri Tdcheraatltal stE-jecu.yii'AL .“ h 1 h , r^naa,. 
groups, fields, vector iptiiaH, him t rice a u and tensors > to mm a few. Te 
»t?he bo pdJAEhfp to define scire of these acruecuSAS pAstljr (n terns *f 
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the bthorw, but aacii structure will ptobubly im-«d let ram unique data 
roprisantatloa for re-ally efficient c 2 bnpu.tatL.cn,, Etrac very a#*d 
ni:lji-ni:™i.»l naufpulAtion proprap-? li-j'J'tf he*n v-rlcrcn (til r.o:ed In Chapter 
Hnu pp ■ > uses a special repre-Bent-Ktlon lor Unite groups, and Ktrarn f ' 1 ^ 
baa demised o data repreventHtion lor censors. Housekeeping. pr"|{rwpe 
should be written to accept ttaH vldw variety o! data £emi which ob=> 1>h 
expected. Special natli^iWttLHl seme cures tan ifum an inpormui; part 
ol at, Lnput LaoEua^-r av^p LI Lltay arc rat n&r.ipulatrH h elnc-w tbay Let 
i.lie iiar.heiriacE.cEnn state his pj-ibh-i hp Ep panels* at:-d fanil-nr terns. J-br 
a:-.jit.Lc-, the Initial etepe Ln llua solution n-t a set of equatih-na cun 
aoiEbtlDtea be expressed c a nripa-lj In vaetor ratot ion. The rrarhirre msu 
pertonri the opera ti'm-s l:n thu irkJEul-dunL conponentr. 

■ip-flLial uatlienaiicaL a tinctures will rainiira sytibois to represent 
them, n»s user shraLd he able to define "mr s j-nsbola., and, new eiraitRemnts 
rif aj-mfit! h, hand-written input uauldl rjs'jte Lt uuny to daflna tew synhuls; 

th*y cai.Lld also be assigned tc blank botfcrin* or kays. In the current 
Byet-yp, a aertng, of input characters auch u*- EH<S5A uan Tic Big Lpneii an 
buEpet syabol aucb as oa. The By-step cEmld bp a^EamSaiS an chat the user 
cQij 34 dwEE.ru: a ncu output aynbi;-] by cturOaSna; points to be displayed frvn 
h rHatar or by drowin* a series P-f Bfri-lSlit lit«s with chc lLj?bt pen. 
l^liu uidtir flil'ZHJ 111 J.1 3’H be -3 h L p M> I-Uik-H Hbl: i Kv i .lL L Z'L'i-i Siich «I5 K r t •) T “■ 

r K i 

l»*v cowilii iiatloiis of s mbc 1» HJth as wmo-tEan, ■ , era Id be 

d-r-srritrtd Err nka -pitrare langu-iEe given iHteri but * mirii into restics 
p-aesEbLlLcy would bn co genera! I oh ! rtm hand drawn, examples. 
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The uatj will want t<j fld-d new mathematical funt£Eons .nrd crana forma¬ 
lisms in sew cal wavs, Spatial properties will be important far a £l ven 

operation. Bor a simplification rauECnA nauiljt in know that 

J 3 

sin k + coa * - l, while a differentiation routlCM fields to knew that 

i a In* . 

. ' - ms*. A uui riHjr wnnt to detlnc a twivesJon only f*r certain 

arguments aad latflf expand hi* da f ini Lion. All the -nathmer^ of the 

“advice LflU.Hr 11 pr^si-sms, such ns Rithun' a BTJ,Ot^ 1 \ could be used. 

When a c L-aas fn i-rat • on reaches arguments lot which it s « undefined, it 

t.nc ask tha uaar for iid.VL.te. far CMUple, in lIwi ^-iir-otitit system the 

power series expansion eoutiw will <pjery the user about (Jim. p-nLti-s nf 

expression!, or alaiply jrah lor the expansion nt a iubu*:|: cans Sen, It 

woj Id bo Imilcot If the ouer ton Id input a gar™ tal mHliOil fcj r haDdLinj; 

su.ch express ions, Uiiwflxer k in that case he iui: dal tin* ih» oAnd Ltiumn 

ucidet uhieh It applies, nrd chia requires a which -denL b with 

concepts *u$h He lr r?,tior:ai function", 7h« pjoblHit uF cunbLnlns new 

IntiT-TTLiti-nrj uich die old IU Hp important one- and should be jnirsuad in 

the future. 

hew transformations could eEso ha defined au cwhinatlons of old 
eoihb, if the strips of nsec eouuarkla in T «nmbered by the mnrhina, etui 
user could npe« an operation Ujr ph far ini; hack to hia earlier corai Ada, 
me sLriiig of ct™wiHnds could he dlspLnyeJ, so that ilm uKur could edit 
It or odd uO:ui'3itfl r Hi. flight assign a name to a hub string a f cniKaiiea 
and give tc a ■ aim* n i» to produce a function. These eotuaiid ±tr Ing* 
t™ld fc-rn a pco^raeiAEiig. bntbl|« with the addition o£ con 11clonal 
iHpr«MHians. Furthcmore, rite eeBtudi oo*,iliH h^ tree ted aa mathematical 
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tfujisttisletts -sod should b* liiglciriaCa ilara £or the s/BtHTi, no JbiL they 
L ,;.jLd bo- simplified *r othar^Lsc transform'd. The d-eu-e IdjKuSuU ol a 
etnund l-inj.j-r.Ke will TH|ni re the Let reduce ion of pr»purtf** u.AftIu .1 lor 
duseribictE matberatiohl eK|ire*sions., For example, a method "SfcM a ? |ily 
only co eKpropo-i^nA mi ion... I i.1 :J'.1 ei and co-sine-Sp s-pa^ Lite acton of 

thin method ueold rnip.itre a check to sec 1 £ the- iHprtdfilon had this 
fern, Swvh a language would aIUm » i«thHii*(,Lclaii eo describe his 
prwplenk ?ul ntIan La die machine in the i»d*E general way, thereby 
Increaninx thd m,[ib*k at ^xoblecrs which could t*s ne-iuiid w-tcls chc sane 
etrlcE o£ csir?t?.ndfl, Te. applying the s?me c--ifwi?.hiI a re ocltcr prc-bLens, 
the ranch ire vOy-lfL 1 eueuLcr certain chnrecEBrlutic# oI" the orLg[nai problem 
and. auk the udeif Tor help when, new prubLems ce-qo-its lurcher genera.! izatiem 
or rev methods, 

KcatencaL.ALHur :- 1 g• and ’1 1 .i 1 i<-n 

A necliraiicieal Laboratory also- reed? S aiTOiig ikiuc ricol capability. 
Sven when aynboll-d mariLpulaclan Ls an essential part] "0*C piucleil (ad 
probib Ly unset th*ap* tiGfl.ll problems will require ng™eli:al tee clads 
somewhere in, (.hHLr solutions. Sometimes the equbl ic-iis describing a 
numerical method ™sc be Tailored co suit each pcohLbn, FOr cxanplc , 
an IturitCv' lauliniq.-jc nmy have n starting. pfOsiwcliiMr which depends on 
the boundary eafldicLnns. This tailorini might he done uith symbolic 
rLines. In other cane?, the eqpflclau to be oroecased numerically 
iuit be tc?n?£or«ied symbolicalLy before the tuner I pit roue lines can be 
ay pile d. -jIiIh mi the ease Lu the second pr^b-3?" eelued in chc pievtlDus 


chip 1. er. 
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Jhincrlcol evaluation *lsd be used, in order to gain Inflight 
regarding exact or approximate symbol[£ solutions.. For mine r L eal work, 
m-sthe™ tical structures! tauer bn fepmsented aa nemerlcaL arr ay a. 

Methods are needed lor donvflpetnu expressions trom dymhdEie Fam to 
numerical form and the rosarse, In addition, a nethod is needed eo 
lint with, the Large state of is tint r-unerlca L routines, Finally, 
there nest be input-output Far numerical data In the tern of tabled 
end sraphs. The US? s-ydceui end rl:« Cull«r system provide atsny ol the 
fee tares needed, such as on. toiiet i-c scaling: e£ graphs, iomatttng. ol 
tables, and the ohh oF the light pec and poroneter knoliu For describing; 
and altering mimsi'erspl functions and eonrciiiLS. 

Rjohkeminr, 

koueSilm hMkKvepkiig - a often required foe lIuh solatIdn of h large 
p rclili-n, Ihe nischinc should assune this Faflotinn in an irm-btru ilue 
manner,, Far e-xsirple,. the machine might keep a record «■£ what express lone 
had in art u4nh iiivd to firm other espies a tone and di splsy this ufonudon 
in the toru ol a yrnpli, TouchinR some part ol the grejih vith the light 
pen would, cou.se LliA. cmohiaH td display that pare in greater da tail, 

There night he a miy for the user to name pog.es of eapreaelann -nr t*'i ask 
for all ol tlue attpressions with a rertnlm property. 

'Ihe machine could find mEflilni; relations needed to solve a set of 
eij.i.Sti iieip j so that the user uecild noi. have to specify the arguments 
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That'* would probably be nany questions vhjcn chr rrarhir.T t™ld 
hiih'^uc about putt Inputs. 01 rourse. the ThSthicte tan aLso collect data 
of interest :o sysceit desiRnera, vjch as the <5istri tr.it iun *f properties 
o± uipress Lotts to whl-ch: a tiwen t cans £iir*wt io-p >* H.pp]L«d, 

Date i: rror r - 

FLnolly, the rachitis met help the uwr aw*ritontf I Is. iliTfCaulciAA 
In. using the ays ten. It minht he p-uiS ihla to dAvAlap a systinfeacLc 
re til- >d hf re lectins inputs which SrS ayntaLtcsily os arauntlcaLly 
rre-artinsleas. The iotzull S-SniCSut* nf ic* UiKiiit 1c a “afi.ii this easier 
than it would he far a*™ dth*f tHal-ti™ Parana, Tlse naohirje can use 
heorlatEc# to Jataenln* uhat Lha user itLght have i&cant. Optional 
instructive rmriunt* E1M tbaaa la Ut* HAP syiciu. would a L ao be useful. 

As C-Pp lw ...Kin r r-jn lliLs uliup Cilf , the- wj i k L up. an thcturlcal 

lAhoT«(iiy mLII bk i vtfy ecoipLicjiced ay a ten. 3eve L spore n c. of the 
ihikiis rueces taryr in older tc create such a ays ten will be one of the 
Ln porta nr stops In the next Rer.er-ntir.-Ti of j.rv.sranrmi; research. 






Chapter I'f 


TStTRiHJUrrtflM TO THU HEMMING! CUAfiaiS 


Tlii t'uLTiiidling oluipt.iiif!i describe the sytitrin Ln jjreat detail. and. 
ini&gcac. |i«s«Lli11L(i[A* Tor farther vnrk. lt(« chapter* ace Largely 
(.AiUpAAdH nf »( Ah AwatSier can be reed in any order. Each chapter 
or b Lie t i o n 1 1 U :■ 1 > n.' :* rcoeci iloiAi IhJ u.-ja nl ti'e cnH r Therefore! -rine 

wOaUI Iih to n"iil thf First part of e-acti chapter arid then read 
h»£ d£ then: ca iTifl aiiilt Cna?***- VIT, ChApCte IS h Ppd th* first part 
of Chapter VI eoDtaici the nai-t slgBificfiBC rasults. 


FRJ03LE21 hdJSAS 


[n eh is shears chapter we mention a njjnber of qlaasicaL no the oat Leal 
tr-enef^nml Coris lor which it should be p£p&ifel* to sflM eocnp-jtcr 
praffT«n5. Sww li#w» aLrccdy 'been LiwesciR-ated by cithara, hit all oi 
then need wre study-. Foe itoc area: it teens phsslbL-H ce. [ind an 
alcoritl™ vYi[«:h will handle nasiy o-E the eK-ptes-Stans ■abic'n arise In 
practice. EthupIha ol these are differentiation, solution ol cqjati-bTiS 
by C«ussisn fldattLw, and certain natriw mid t*n*oy op-crae inns _ Eveii 
though an al^orichjx any in theory handle all as^rcssLons of a given 
«laaA, Le nay In tact be linlted by *pdtd or eEw UMUentlOM. Gften , 
l.cnuaues:, It can be improved through uSd of the ifaihcrcatlcnl properties 
af tins transtoraatton to be performed-, fdr niiiifLi, a tun with a posit Lye 
i ti i«^T exponent ean always be expanded by r«p*A(,sd inj-lLiplleatton 

K 

rotlpviadhy collection of like terns, How^yee, expansion of ft,} 

in tills ttaniiet leads to {rri-LJ terns, which eUnbLna to yleLd 



mil tlnoDlal theorem; thus, in u^oaf-al, reducing, the tine and the nswimn 
storage required. lr. the co-i-b Of SauSilan, eeduccion, savinps can be 
aMwie on j'riH mvii rHfu through annlpulatlon of ser^s. 






In other [isoljt-Hn areA?t aL s'isTlthn* cnn &c used ta irAonfo-pn <in 1 y 
«*>i»e cmnpLea, biic ch* rci-igii or rvmrples which cm be transformed las= 
probably be coneLduraMy ns bended with heuristic Methods. i.i£ 

these areas ate Unit*, Laplace transforms. expansion In a Lur*nt «*r 
integration eC elcmCAtATy functions in closed loro,. e&d coIllc Lee of 
raze- d.i tie raft Liiil silent Inns. 

Finally,, in thA «*ue pf non-linear differencial tqiiAttLtaui l fur 
ex-raple, it sccait that only (pointed special caueu could be Abided by 
the aochLrie. ft is h Siows-vett difficult Lc estimate a' priest whether 
further research will l.mud useful methods- As stated in rite 
intruductinn, intag r*E10n «S£ the elenentery iu.net inns in closcid fort* 
has betn proved rfecurelvoly umsblv-ahlei Euch n proof not ualy affirm: 
the futility oi finding; a gHnurul scheme last can also indl-cacc. which 
subclasses nay b* -ipbCAlhlH, ferhtipv more such prcotE con be round, 
lr. the nbseneb of tucli a proof. mother ncastre oi prebicii dinitulty 
S« the extent bo which the solution [a a gUiomC fimttinin of the input 
oAlhy^tL-cal egressions nuking, up tli* probl vu Htatorarint. Vlhen the 
solisilim |y nut 9 globel function, thou Local iircputtivA of the input 
nAy 8.S v* clues to local properties oi the solution, thus nhiinc it 
possible to eucss at the form or iht .iietwr, 

Hu thetr-it Leal treesiomuLtloas slioulil bu a gixnl isediu?r for the 
lnUCALlg.AI.lC-n Of riirgHltl 1 P pTObleQ SolvitlSj 


Cfriopicr 'XI 


UStEBRNAL ftPpKF.SF.KTAI lOK AMTl HAKEFFLATIOH 
OF NMKEMAT1CM. KW RES 5 TEWS 


IntrnJijrt L-ijn 

the rwin body e( (hi a ion.g chepcar uonxeI cla eiuLied descriptions' of 
tb* fljEEects :it tliH LISP lfo«siiMS uhlch have been urLctnn tn nunLpjlAEe 
n*th«natie«l eKpEwSlleit*. ?lii« dctAiled dene ripe ion is Introduced bv a. 

.;i nr ml <] L Aiip&fl Lon ol the problems aeA piDiii.blIi.tlEs lavs ived In writing 

Hitch nblL(.[llkH, Hi I lit: BEEUCEUEGO tO III? llbl'.E |iu L Cit'd bCtOAS IE5 L'C LOTpLcX, 

i In' nmt IiSiIm Iui rapreBantlng lIkci dm! lor ilei-crlfclEig chclr tiers Lonrai. lor. 
bacane, in Line euFEGat usage , mice a reader ol choice.. Tills Is bcc-mi se 
thi' tjhj-iJ Uif MH AM dn Her L In. J UlEh A VCUy JflSlAral SyntAM, Lli 

nnl:L H i=L tica being semi's fel clirebgh contcit, And because there are lever 
‘well esta'blistiod eonvcr.cLons lor representing these structures. 

The re lore, the problem, of runlp.iLat Inn the elenent*ry tnretions vltl be 
discussed Ln cut del si l before iinrs go HO If *1 stJ'vdi'te* Sui-aiulng eetn 
are Lutrodure-d. 
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Tli-? jjlt-rertpry iru pc t l sns 

A., lot rflih i r t I :m 

The ejtpre-sM-Sine foe the elerjentarj' functions are defined 
recursively am follows. Ml floating point numbera , integera, end 
pHir-s nf infe-Rer-s representinR recLsaa' nunbers are cLemcntary 
funstitsn-s. if u hck) v Hre e l uni-peary functions, then cri-e, ii'v, u v , u/v, 
leg u K and -u. ere clcirenttirv functions., The trlgonoMEtrlc runctlou 
my be reprrrented explicitly, in ocdicien, arbitrary functions will 
be hII lived. These functions are a spurred ynly lj be dlf rercntlnbln, It 
Is a 1 limed to write a+h+t and a.'ti-c; the prograii aEiunci asideladon. 

KcrnAlly. t ran sfiinrs tiOn p£ these expresairni involves two 
steps. Certs in properties of tne source express inn ore investigated 
siid then the result? of this investigation control chc ticu of control 
9? the output expression in generated. often by cunblnlng paria or ilna 
source expression, Tt Is difficult to list xha lmp-3itdni propertied of 
expressiims vithmic exaniaitiR actual problena. Sant useful properties 
sre tbfiss used by Slagle's Integrati™ proprair 5AIHT and the routliuG 
dwe^i-llmd at the end pf this chapter. 

ft, ?rOpfcJI; Ian flf jli'T. nl,Hry L-linot i:n.-i 

The yVQpntiOi s*n b* cl*e*ltled fvtoiling td theLr perplexity 
AS raLlOvfji. TIii.'mh Trlsn SftlOT' Mrs iliii v-Sted by {SJ, 

1. Tests LnvcilsLng no lrweatigatlon si subparts of the expression. 

a. Is th.c expression an integer, (5) 

b. Cs the expression the variable of integral ien. {£■) 

t, BxpfsftSiCni i * P. 

d, Expression is 1. 
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2i rests are applied to this enptisaio® U&J its nrjgu;nen ts 

ip h uoipletely re-turaiv'e n-ji.p™iTj that La, the tss-fc which 
i* «.pplL«il to tilt expression irwelues applyins the identic*] 
ts-st to tl;.c ergurienta o£ the exp™x*LaO| unless j terndnatinfc 
rundLLLOll Is net., 

), [iHpi; L: Lite Boxldun ounbec oE «*gcinAnca with in armneRtg. (Sj 
h, LosiKi.lt! (hi nuitbcr of aubexpros-OLoits in xlte expression. <S) 
t, Alga.lufatc lane t Lon: the eKpre-eslon uoiLLelna only the 
j< L.yifli ru l e opera Lars and etna taut twpontfrite ■> (S) 

si, Dependent on o aiven -vsr■ (R) 

-lj Tests vnirh £nvd I vs Applying tests to the arffuirento oE mi 
expression which an t Ql the nnln -tOTir.ee tLve Of 

the txprea lion, 

a. liiljr.il function! if tin* nsin conncecive la PCW-KB., 
chert the exponent mast not ha a. vs 1 5.oriel function k hut 
richer on integer, (S.J 

h, Rational function of ulr»o arid cosines: if the nam 
connective Is i tine Or oo^Lns, (loan itic argument mist 
he the variable of i.ntettnt( s ^ 

e. Exponential! as In b, h tt«i o*.pi-esstD!i ccncsina a 

V i, 

subexpression, of the E-nrn G . (S') 

dj Integral with indefinite llutts. 
c, Integral with r^xpset to a sioen variable. 

f, DcTivMfwA operator applied to an nr hi tr-nry fon^t Lob, 
p, Lou-ust power af a variable in powuF ouc Les expansion 

of an expree slon. 





h„ Sjh with miner leal Io*mht 

[- St)h with n Lure-cl eai nr Infinite upper luiic, 

Tua-ta which Ltivo lue The- nonpar 1 a |? n -aE l- r“ 11 Vi ^jtt|i£r I. h 
at oh*. expression. 

*, Exponent base: there l« sirrre constant, b, and 
wari-able-, x, suth th.ni t-vj be rp r e i a i nt. which in 

fln exponential U or fha F^itt b l:rf , -where u la an 
integer.. (Eji 

b. t=Ttparippn ot argunaiit?t of u product pr >jii far 
I'T.i-h L icy. 

c. All terns n£ a s.m enotAih a ciinoior: fnctar. 
Hm-recaraiific atnrtwM* mirf* up of parts each oi wtilch 
iiHK certain properties, 

■*. The expires sion contain* 41 m>n-cpjia tint scb raised 
t,a nr. integer payer. (S) 

b. TTifl axpre rsiCm contains- a nap-ejatia Lane mi.it b-s a 
F*C t*>r nf a product. (S> 
e. Tlnara j 5 ■* -sudexprES-sinri oi the fum 
+ e.^ + Ci y ; c 1 f 0. c s #0 + <S> 

d. The eixpreasioo ip the produce aF tub Factor* with 
Ljare#j,n properties, ££> 

t. rao expression i* the product oi o iaebsr with given 

;h.i 

properties end the enjires-oitin cos v, where ■t Ih 
e us.b £ n'hl I-jJ 

i. Tit* inpMHsl.-tri ls jd exponential with edma-tsmt 


exponent 





g, la expression of the fuian * *n integer. 

Fi. Rota LTans.fojT7JC.ionE regu in liAitrtliflj ±aap Lex 


confutations on the parts o£ t-b* expicaftion in older 
to establish tlie flov fl-f cfttitto3. 

a. Corparlsun of iM|U OF Swu-eril iLtuitLout and 
group ins tOSSCLwr of lika stgjrcnis of the ranges., 
br l^ensrations, of tke loser order corns of a 
ruSctpixnfHi (ixpioniaii. 

tj. Hetb.i?.ds fair f ust l nft kroner Lies at xlenentary Fiinc cions 

There Tiro iaH-=Tiini.SLts whiefi lip. be used to determine if 

a given expression ] L*a In ooi oC rheas clas.sea. The beat nethod depends 
i:n which of ili« hLh njnto tl^anea is involved aa veil as the associated! 
csnstrustlv* ops-es Lions and. the naiurE of the expressions- under 
C.-:iriHL.Ju:-rf.LiOtT. 

Many tramsforpatiun-s can be #ppli*d to Lum co larger and larger 
srdbparta of the expression. Others .jipplisd lc caii-ain parts e£ tho 
expression as -a whole, libil* thus* uF (ha toac eanp-la* type nnafc nakc 
use of intenrediate results will -sa, The [ntciaL express ton. 

Lt would be unlikely th-Sf .uiy onu sehscie would be the no sc 
efficient fear every stsnUrrftiop aF enelysLs and conscruccion. The various 
c cans fo mat ions skauld- be lispd-l*d he unthoda ..pp-iop r icce ta chcli conoLoxicy. 

The efficiency df a t raps FotimlLou msr. bn cakea as on average 
uvHir lIk Sul of axprataiona co which it is -applied.. Very eEt-sm * 
l cans Feninac inn La applicable to only sorre of tb-e wopr-ei. a Coma co which Lc 
Is applied.. Since m ^tmmi okjsI of i Luu can be spenc In actenpting co 
apply I rjwlwt'jeiLC ci justoTirac Lots, the efficiency of a Lransforraa tinn night 
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be evaluated in tun ways: ChA AvArAgH tlo*; required for application to 
9 ™rr;::[; ejqjren iicro 4 ant tha aoerapa civa t?a^u irad for epp 1 Lsa-t Lon t<i ar 
expresHLon tu which It la appropriate.. Ah Axrp r*#y j opg sre tranaip-med, 
Tr>[« ■,rif"rr\’,"£.wb atojl Llican will buaouu kncu::, It high l !■■• possible te 
■pass- t’hla Information along :io 11 eo liitpiouh cKe vff iciesicp of further 
cranafonracloDa. Fu.riltcroarA, tti* phy«ir«l aitu&tlon whtch the 
expreaslona represent rtay glue eluAt u ih*Sr pr^pert iew, fc'reserMtnj; 
such inloTirdclor. iiwralvea liuiIjli,: npur.H fo» tiw. 

The exp re es Iona being eon a Ida rad lorn a i,.™h a tnn Lu re j the 
oil i a connectIve is considered to- be at the- top . oief, chs bruiitkA.-; 

*ibhb ins dwn. Sane methods typically tme dawn rpim i Iim gop, ei Iihi-v 
p'm jp friKT the bbttcni now Cleat gc- cnc way anil then -l.n ofh*r r 
CI^p-b L teiEs are applies at the top* 

Class 2 teats tan be applied going either UA.y r fat £r-«t«iK’i', 

In tliA save ::£ dn-.tL-i, one cot cone Jo«a the tree IncrArtAtf llipg (In- -deptli 
■-oant (it each r.-id" -mpc chi-r taka tbc Tu.Ki3iu.ri c-i tie eot.nti at tin: umlt 
af the brarvcheB , Or one ton tone up the tree, Increment lng the AOzlkm 
branch count at uAeti ncdA r Tha Amber -Of sncreTwrting and binary 
autlann oporatlouB 1 a eh a maim in •• i tln'r sSBe. 

Tli a Ali~iAt ac-n i« ni» intecestinE for class .3 teats. Since 
tliA teat pa Ias ApplSycS c* »othj of the subexpressions depends on the 
■ruin cdiir.eeLive above, all vc-aa ib3 a (.asi,:- rsmt be gppl;ed if wie cones 
up che hoc torn Coning down Csroii ciic top orut cAn bring the 

Jnf(jriiHtion about the nviin connective along and. apply only the nocileiL 
□AAt r II AAvArB.1 teetw are applied at once, then tiost of the tests bill 
probably be needed on a given AnLuxpr aaa Lon ,l:hI net :,u :nn;h Lk luet. 


* 


Aii nduintBRC o f spiring #11 (.aflca to a suhexpre salon Is that ident i ?■! 
tuhcxpresaiwia cap tw twa-tad in the a one manner einre tlie y are pot, 
(JLntiriEuia'ned by frDttewttt It several teats can be capputtd at onea by 
bLt man:pulat t than the extra cn-st vould be lea?. It ee-ene that cha 
great is probably that many o£ the IT applied rrotn the top, 

v:iulrl fatl ae succeed he Eure all i>£ the aula-ip teas Sans bad t-ccTi tested, 

F> that a aevtng, would result frdn sone pubexptfau-iions cot ihElnj tested 
at e]l r (This seems to be a veahne-SH of H. K’oeauolii 1 & progran}. 

TTnK teat a in class 4 involve the ciiiipaet&Dn at express iana for 
cquIvdltMAe 'Sceadcc of the defining relatlonx. ami Lv a lent expressions 
i-jt be urlttcn in several forms, fat SiiaEanea, the Eactors of sums and 
products ‘-■‘ft b<; grit ten in any order. Sums uxisLlng sefccocs Impose sure 
AddlClatut constraints- on the way estptSf-Sians ace written so that there 
vl]L ba a EannunieeL form. Another posaLhllity it trs compute a hash o&de 
nnmsar Ear each expression which ia InvarS a-nt under the alternate gays 
of writing the eDtpreaslon. The- method u[ doing this and che merits nf 
the iohcnc arc dLBeu-saed in th* chspcer. 

Tbc exponent base Cftr*ElQ(» In iU llrst test g'nLch ts-qul ree 
eeuparisoci of aubexprewaiopd. Idea tad at orhLtrary nodes u£ the «KpT*cPAlon 
pyad, A preplan which gUae up or down the expression tree mu a t hAmp an™ 
■*ay to carminicate the in£s trial Ion at one rode to Ltseli whrn ;t !a 
procesainuE apdtJiar node. 

£Ua taata in class 4 are theme which do cut [it Irito one of 
ih* ochar classes. Their eniatHucu iddLcaras chnt although programs 
which nnve up and dowra the unpefcaiion crce are useful in a larg-a 
ot eased,, there will Ip* $*.ata lor which this type of m«cvli<rt anheEtora 
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is very Inefficient,. Pragrai* uliitli carry sut couples iljottchai 
LiiuulvLnn tout forms of internedLite will be needed,. 7,3 

Introduce teficopt* which wiLl be useful in hik-Ii p rflgTjmo, i^e rat logs 
ipr eonx tn«t fc Lnit eleroentdry lance Lana u £ I i flow tv run side red, 

D. r.i-i| : ng !i Lenetta ry ?jcdileni 

All con st met tona which torn ilc.TnjatH.rjr funotinns Er™ other 
eluauitAry functions mist do so cl than l:> jfu'bdfcLtLititiii or by containing 
the l ii|:u*i function* villi the «IracBcary OpAeAOoe*, Uweful interned Late 
roma neo h 0 trine of ttnw nttleli arc to he for-tor* : n e nun er product. 
KieepLjjp. smcli a string removes the need lc t« H i. tii*e before adding 

nee cetiiH. 

R, Tj-ruti -in ■■■: jiljoriclinK tar He:ili:-.i;Hi i 11 hum nlary junctions 

|to iiHtter what level or flexibility a Ieogitege fur alu'irithn 
i|i-£Li[iLjUEiu:j i» tu have , to be crmvcGicnt end efficient ft Tust reflect 
the tctueciLs'e or tb* e i K>ir Ltkits to be sped lied. 11 ,■ eed ob the preredniE 
ii.scua.sion tho (PlldvJnjj types of operations era needed, (Ji*o bejlna vit'h 
a basic projYeu * 4 qui>iio« tknt noun dime end up che exp re salon tr«H, i/nen 
this sequence U a««Oc luted with o specific set ol rulae, ft i« given a 
ruae by wfaieh It ten he tailed. There are rules for che dovu-waril pe*x 
and the upward. pass. lire yyliie for the duwiiK-ard pare consist oi 2 
tund itlonal sped tic at ion or uh«t i* to be applied to tbc argubcuca , ei.J 
e irtitliod of reserwiry; infr-rnn t ion lor loue-r leyela And. *laO fur any 
following up^Tatiinir The conditional is a hatch eoiitaieinjj the op-er-at-or 
and bjnctlous or exect natch no the arsiuicnit. The a 1 giutenre and grcvpa 


uf then can he given :;n^m.inJe iiJmen tu ibe used in this natch. There is 
a way to nwe all arpunteti a-ntisfyluj no™ FWtob. Matched arsniicncs eon 






be- ftlVETl Special Tiurre k 1; I: us ad LH CliA rest of iKt SPEC 1 Etc □ tioQS, 


there Is a usiy to hri>«fc out [gntiliutly via the nsiewer an either the 
jovara or the liirvnvArd p*as- The upward pus cojialate of another retch 
and a tune trust, Thu c-aris cruet envoys a pattern but the opurptorK ip 
the pattern which hwvii yay-lahle ar^iufcnis ai-c sirtplLiLcd if pobeible. 



in fliadh A lMphilJC 

ItaytASencaclor. PI Li'ICS 

A set nijiit Pe repTESEnied by si v i*'E ltd «™ And aeuc at its 
prepareLas r ar by giving. a SEnenal PEubei end HirestlopA on how to 
spatial tie this ecncra L JK-nbcr to any partlouJut rr«iTbAr t o* by jtuLng 
All of eh* ikEHbejcii flan tore of ordered aets -sap be L-nrivaeil to lorn 
arrays. Marc than one of these rEpresentation* u*uld bm haslI 
simultaneously, Typical seta ere an iixiMXHia hi:-iiiai Ion nC tarns, nr ar. 
Ipdenod act of equations, In celiac ting term) OH nLghE want ca ccnhlbs 



several sums t Lons of the form 


sciiimtLons, no ora of which contain the phi** povwsf af *- This smusu 
to ctfrhinirtj; ireirbers of different sfltbi th*l La, chs yoaEf iclantn, cfhlch 
Twnbere h«ve thwi «*=*■ y«1u* o| a proparEy, chat is power ot The 
aijurat ion Lndvsc nek-ea it postibl* L-fl air ry out this operation without 
explicitly ten!In* aa.ah uAiibcy of oath sot,. This is a very general 
to lel ia wliLal. nany aLporidims Cealins with sets can he espreawd-, but 
greeter conpucer eff LCLEncy and cl-srity of exp ra as ion mtBbc rwault Cron 


us Inn -ipecLat cAooKpta 
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Ah h, i I,H eF the use of a set concept, codeL dec the 

pl-ScrtnSnt af the coefficients of a polyconlai lnce in array, so chat ilu 
Smith t**e e*n bp applied, ft series e£ tems la Reiterated by coubiiaiisg 
t-hede coefficients. The penexaclan of chcsc cexns is beat *?s«Lfl«il ha 
ope ids L&Hfl iin an -array of expression i. The rc-jj lierrcnc lIi-ac the 
:t» sliL cLug. i-htti:h ell h4i™ the sane ai&n then Leads- tu reiacLnns between 
(heir pAi-whsi *ctk. 

TVo rufEhee ii:-:*n^l■■■ are similar, Any particular tem in e 
smitlnablal «n.|iaulcrfi l:i written nJuun directly in tenra e£ the base 
and cits b^pondfll r Th£e la- done by fomrina all cenb-lrtatlans at powers 
of rba u.arieblsa i*l 4 h Fulfill certain rr-strict Laris, torp-jcatlon. wlch 
iatagsrs I a n:i«:l jo dAtemlrve the £Low of -rontroi os the powers art 
lera-d. A s taller luat nOrn ciin-plei; -rase Ls the famatien of terms Ln 
the paver scries oC the taErldtauiLALoiLbl t tH-ne fompt ibn of a [wr-i-"-Linear 
differential equation as desert bed by Van Tress. v ‘ 

As a fitsl dKOKp le r eonsldst the nuicCpte ohsenel , nuleiple phase 
CL.CL.C lr.p systen described by Garbcx ami iUs-cilaasi! in Chapter II. The 
basic cquaclG-ns desexibe a ay seen suet' -n* the On* »lnx-sn bairn?; 
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A jyjtien a[ h channels, es^h, with It phases o I s«ivLcn h is described by the 
ti^ts-l Tiiinbii u o£ units in tb* tytctn and the state or each channel. 

Ih* Ai-yiMAl rate ia >, frnd the acrt'Lce rate i* ijl, 7h* equations arf 


(n+rrfl-J P {b;^, r ? , <■■ r^, 0, 


lil 


- n 


p ptntr, + cTj L I * a + <f Ji!5 ■■■ r K + „ 


r ■+ <f. . fl, P + <♦ D> 



J-srtl 


pCiri-ljij ,r 3 , 




■W 


wher*'wir aim and subject tai 


bu pCr:r 1 , 


r l-l* 


k4 L. 


r t+L p 


V 0,-0) 


■^r p^ i: v v a > r i 4 r 

f^V ”■* Vl* i ’ r i+r J “ p W J 


0) 


whenever t L 'kr WiLlt L£ u^n 

(Vrt)p * v *'*, O *7 


n 



p(tl htj. + ^ 
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When r^-kr ft is understood Eliat alchougjh unly those equations ror vJitrh 
the full chanpals have the toiH«t indtn bdv* bum written, there in ip 
fact an cquiEEan fiir such pemutDElon. 

Mot* I li-’H this representation l»«olv«« the use of several inutmil 
traid it icne! a j j-:iii*H written, in English, oa whII bj the ircurr.oL condi tlofMl 
J .. y la jiddiLien, ft c«i tains the inducE.Lv* "nr 1 " nutation and she 
English jtatuiaiiit ibwit peTmituElons. 

Sow* flC t-l'fi «Klsrn*l English conditional a ta twent s arise hoc cuss 
the ^ docs hat provide enuugh generaltty .i am internal conditional, 

Ibe "m " necacloia arI set: 1 q part because Elsat-e lit m;i standard oaj to 
nrntivn a particular anhKript uE a quantity uftieh. i x indexed by a 
srjrther vE sutoaiipcc vhlth is ttaeilf □ variable. It i* this sane 
rea«Bi.ni chat the Eng.llah aEAttaent about the pcrincai [arm Ijt pade, The 
Syntax used has great flaslb'Liityj Vat does rot couLilu ijo&tfcjit v 
appropriate to Eh [a hIhi.'iht,:, iE the expression In represented 
internally In clrt cou^ut-ar in this form, it will tm dEfflmjlt in urtte 
*u* rithna to transform ir r 

An alternate fnrai af i»:i t m t Inn would involve lntreducing a general 
EntBrnAl conditional, tUMtioiml ATEumen ts, and shim SpAtl flc concepts 
vbiJut sets, Ihe function HET-^JM | SilV, FlTHTTriMI] has as ™iiu* tbe sun oi 
tH* nuHntitier produced by applying the function Fll KCTIC1H pa «noh element 
of set SET. riia Function dHTSt'EST (X, i] wbutitutes element K Ear 
eLcncnt V in sep ? r , ttie concept ot bcuiid variahlnK la also used, TTic 
current element ca utileh 3ETSUH is apply in* PUMCTIOH Lh heunA tv the 
nave, sl.'-w;nt. In this Banner, tbe enprepalon can ho uric can! 


r 
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EQH = 

l£ *ih Lien ;'M+HI0> F-|H, FLEET] - SirSIIH (H3BT.. 

IE CiC-ttent - 0 LtlLUfl Flll+1, KITSUBST (t-Wl¥ne:nt , element, ftSEf) J 
or If eiurent - k than P| H-L H SffT9EIKT (a, bln-ment, SSEV)j 

+ Li J£-B eIl*u k T>gXH-l3ETSUBST {!„ element „ B.SBT> | 

Oliii j 

else P(H, SErSirE-ST {sicffjiTiC + L p aietierit, R 3E7 [■ j 
CiisD f-+S) p£ B.RS-ET] - EETSIFH (RS-ET p 

if element «■ U then ipjHkl, SETEIIHS-T [L„ * L liniust, R3ETJI 
+ 3 P | C-i , REET | 

else ’ n rr^, SETHIHE? (AlAuAttc .1 V, *U»**t, RS-ET] + «P[tM P ASEr; 

'fl-iUrr «rr wever-sl alternative ways in which th.it expression ec-.ild ha 
uTittiiin, The choice wnutd -depend InrEelf on the operations u be 
jiArform-d. The typical. prnreduie lb to apply 1 riunber of 5ceps and than 
ta e-Kiiurdii* a ipiiilal ca-bb fran the aenerfll expression.. 

Tri tloatiij, unLi.lim Are* where the prohJern solution eoej iron the 
sene ml to the per tied Id t la the diua ol uaeuit ipkcvH And metrics*. 

hat-Ti-bdd af Specificetlon 

lhr Hni:r>n t of In EnrontLon about the Input to it saved in the tnpannal 
rHfi«:?«ni ki.loii ■i«p«ndw *n the rep|pe *Jf t-sekr which the siacbltkc is to 
pAtrom i 11 the , ^»n''n|ii;hLnt intei-sttion. Unc possible task is the 
iifjzni.-iiFiiiL of 3 LkL.uuune .11 Cnpnt in Any under Intel *n order which 0 Lions 
their sequent i-ii evaluation. In sonic culuj nisALng p* or limit* could 
be pulnte^ -hut. Ttai-s reauLrer some representation of Litat iuliusci 
P c long topatlur asi wait aA -prApAreiA* of the wtstepent* *uc'h a* the 
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Lnfomntiuu ne-edcd to e vail'd t* then. Uitb reepect to ^vailifAt iun, t-h# 
boi-s problem orLented. rather than, prvredure brl#dt#4gi tli$ 

Jiao oar sc becoms, the tbit necess-siy it is t* rapfidiwt btijbets by ^ 
set bf properties wh.irh would -frUaw gsssa ration at ths object by ar. 
apprnpriutE routica!, This is troe 1 (Of Mjjac^iL*, at hki.a iapraanniing; 
penuta Lions and c-nnbLnatliSfir nibjdtE to certain can tv ietloisci. 

Such properties ere ^leo f.a*ilaU [f tlu usachlra is to perform 
difficult problem eolviqi t&vhw, Of t**n, Tor exmiple , fit* factors at a 
polynomial can be found <tnly If ipfoeniit ion about clson la It Dawn Ixoe 
ptiyPlCftl citiH ida cat Sana. Tills tnl'anrattaD nujc be stored a: a property 
of the polynomial, 

1> F^p^^lwwta.1 EtMLtLrua 

The rr^i.lipni.i.5 ii:xl Amp)M£ALao trans-fo rant Iotl routine* Will IMW be 
il«KrlM iLai.nLl, ConciliaLana stont the types of pcograie 
'>rK.-nri"^tion i.'li>i:h warn iicaiLcd far Lhasa rouetoes have already been 
presented In th*j flrUfe pare of tli? chapcar. This detailed! description 
will be useful tb thnxH vino wanL tu write similar p ra greens. The 
tranafomat ion rbutiiuafi ara written at a hlcroxchy of LIS? functions. 

San* or i hi- ruiicrieft'. |i«xEntm opera Lions which are cummin to nany of 
the transfortuitiMS. These Lunarircia comprise a lew level pr-iururmiins 
language, la addition, there are nany fuTittiwnp uhicb piieras'll tyitcsi 
and tookkreptna ,5 peretl.nRS. Tii- bfcin pisTpc-Sic of aa-ch e£ tlia .unction 
types ( the prs^ea.^l"g. at t naiipla coniand will new be traced th retina the 
syston. ft hcKiwladg.d or thd IIS? oropriTulps language will he epein-mi! for 
the remainder at the chapter. 


T 



fopp-d-sA Ihf PtT UAc'a to LyyC the kOui'd.td: 
f'if-SCHPLLri<.DKV'Jt, 1, 'It! # 1 

I. h-u f'L'I'-r- aOBdB Lie id lOi Eland, 2; i IlSE of ClIttUtirB, to Chi TC^h. 

■Jle-Hr-H, I'-IH l.TS'p In.inicLjt '1 AFABSE , iltSEClhCd La Chapter X, Is used CO 
jirirei a tin: A LF ( n|rf. Ol ::l I j I up. COi LfttS D LISP CS! ft* 11*1011+ 7tbC PbOVC 
i at i iii Ltd b ci amt? a •. 

(EARSTGB (EqptJTE E) (SIMPLIFY (DRV (EQIltiTZ I> 1 

(PIS (JVJS (EtJCIOTC I> l) (PMK (SiHJUIE- (FLS I 1) ) 2)>}» 

Tbit excitation is choc, cveljascd in cho Li si? sy'scenA All rjLhe-tttictl 
i: j.|i pass Idas are kept on cite diti:. The inaction EAS S IGK Is on* ol 
several syscere. CiincEL ooB j It will write the nachen-a tic-31 expres-sIon 
vhleh. Is the value of Ltd second artCTont on che disk as 3 file viLh 
rur* E FURIL The first none E has been p seudo-quo ted with Et2U | JTE+ 

ECJUiinS transforms typed Lnpjt e*preB-si'.ms into internal form. It lb 
one o£ several ime: irii; far r?, ■ re ■=■ fa r- r i . : e c.i- ‘ .‘a. fort 

forma far Lnrmit or autput , HakLj L-inAtdn tN fa*! fata of (-1:* 

(truiijwr-td d-f DftVj fa* 4+11**61*+ foiwtliHft. PR* will till tba EL at 
derivative with ree-peot M X -dF [fa tie a rxt dcsuiwini,. Eva Jinn inu the 
fat til arp.p.inucit, X Mil 2 *e* glvas fit tba ruitoti iii'i PVRVtliCTl It on* of 
.1 griXip ol Iunc-e. L.J:m rp]~ nwi'Ld ihIil:.'; Lie* jj L . h bj jj i -j Cin*** 1 !'S A:iA . 

FU 3 LX+ 2 )-* (PiR I J IHILJ SiaUlltf IE L (PLS X 1 )] -4 (PLS X 1 XIL) + 

FMHL (PF,S: I I HI), 2 J —!• (PVR (PM X I Nil*! 2 VTT.> , +.uJ Lh* f I uh 1 ea atilt 
La (FLfilnra X 2 HTL) (PXP(PL3 X I KCti 1 tllL) hTL>. faa lunarians F Li and 
?UK will perform certain si¥plification* h nnch as PLS |X r (PLE ft 5 H[L)J —* 
(PLS X A I) PILJ ciF (PLS X (PT.S ft S HU) KIL,)- Hit* r* 4 ut+F ika 


j^ruvi I ii ■ j f hx|i rn kh i iJ-TiH !>*■: r .h s i k i > i:-f ni.:r|:li' r-Hil^incliiiic i if a,, KhxI k |k« 









deri v-st Iw function FRY ie rnlled, FK>' issue? * r*Ll to 


LM.-F[J(. ("LS X 2 SU)\M <PLS x. 1 NIL) 2 MtL)jttL)J, The function 
DIR is A-ne of sever-il Ijrae routines fn -c t r-snsf-nTini nn, tne elenentAT.v 
It ulii.al.il t«k« HP t*S well sp-sr-H if It- bt4j4& (p «tn! 

Twwiry At nil ttaeu, nji-r-pf-P-r-i)j LUXi? I® defined- sis « tali to the 
ivniton fuTiglaa CXIFILE, SET7ILHMFE, {I EX?)] tlf«t rAids. iMht 
disV lilt DIF? l.IHP, *diteh tomaLdi tha BIFF soutisinE- Then 6*1711,6 
UrtUllWMi DIFF*}!, EKP|, Ilntilly h 6ETTILB the -JS#fc FU* DIP? 

F.HaSF. J UtlieJi SttcOuAA 1 11,: BIFF iO.iLlitlit L'a'On LOa ii maiadCy, A.A s Cairo d 

ilnI".'A F l>rF? La >:['.'UII I,Iit 1 KxpetiA t l Oili 

<.?W (pra I 2 NIL) ffUR (Pl£S X 1 MIT.) 2 NTL) Hit). 

HbEDTE dLl ttriariCLD-Lirrq thill EXpTCBalDK, DIFF giYEE lx. to HO, tnc 

function. lor imcLlrifc irliT variables Id jIL subexpressions on their 

■Jioueiftv Usts . 2KF returns (PLS<P«R S 1 ) l|FWK {PL£ S I <X)) 2 

00) (Jt». Hi:y JLi'L can. look imi the property Li*t tf wn mpmuiAn 
ir. order to see if it dep-rrds on the variable of dif jEerentLat itm, I£ 
it does niifej, DIFf will turns) Lately return the ju'wi , A, For tint 
esjuryl* 4b$YVg Dlff return--:; 

{FLS (PKD 1 X KIL) (?E® i (PH X \ Wit) (.FTP 1 tl VIL) MTL) NJL). 

Tbi-- r+i.-n 11 in giinln fcb STKri-TFV, TFiije rCiut L ilu id nktil an Alton C'.iAI. 

it ! - ■ i ■— b«H.M ::kOs sr. |4 rn, i i!h pvfinginitly in Sera iKidry. T^iJinlOHa ? UO 

ealE to C1ETTTLE is ace-icC cliLa cine, STHPLTFIT iinds ebat 
(FLS S 0 HlL) —^ 1, then thflt (Ffts l (fLS A I NIL) I MIL) ■* 

(PHD 2 iPLS X. 1 MIL) NIL), Since this 1-ster expression is lb# irfiimint 

of a ?rs, it La «* 7 flAifed to .:Pl.ri fpRIi 2 X MIL) 1 NIL), Thus, it the 
cop level 9 EKFL.T FT [iisJs: 
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CPLH (PR11 3 JfLL) CPKD 3 X KiL> 2 MIL>. nfc Lthi be 5 Lie|: II (Eed by 
edict!Linn terna- To do this, elm routine uift iJiicoyer chut two ol 
tiic mtna btvc the Dint LiteiaL factor. To compare these fetors, 
i-”h!Flf uses the functio n -. Eer cDaunt : r.f, the h ru-i cj b a f -o f a 

symbolic Hupresclaii - If the hash «ode rjunbara ere the ti» h SIMPLIFY 
asujttet that chc iaetcrs ere equivalent- Th* fimet answer, 

(ri£ 2 iPJU) 4 £ PIL) ML) is new written otL cjn- dinit &y EjIIJSIGp., 

In Addition to the five elan*** D f lanyt[dns ab™, there arc 
al " * fpw jj t- 1 -- a L JI..L TPHSC to.not i line . ihc ivnot Itui in *j.ch of Lhcau 
sl * tUs, « vitl *°* be enfrUtnad. Then flv* fimctlcea which ccu,,ri** 
e^eh of die craaij fa nation ratines will t* described. rbeac 
■ 3 eteelptii.JTi 3 use several spaeLei terns, 

Ihe cxpraiifaciri ore re,rented in USI' in operator prcfl* faxm. 
TViii i fid ividiij 1 op^r-atcirs si*: 

(Ifote: noic of the opa-rna™ can taL-e any nuiibi:r of a^unam* 
in the ob-v Lout raHnner, ) 


I ■ 
3, 
3, 

4- 

b. 


iPLS UC nil) ■= Jtf[Ht; 

CPHJl .4 B C JflL) = f,- B-c 
(FHT I J ML) E. ^ 

(PUR A. S NIL) = k B 


(DRV Angle ml) - 


.BrD 




(I»G Disc Jtfb) 


iaiH i 1 C D HU} 


di d 

E 

LC du 


J. 

= £ » 


A*L 


7. 
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„ i E JD 

B. (EVL HILl H E j 

9. (HAH A U C 1HU} — Cj |. 

10+ (P A & HtLl = f (*+B> 

Jl r {MAH A E (F C U ML) HTL3 E= (C,T» 

u. (rrL A iaiL> — i: 

13 + {AbS A hil) = Al 

14, {DM. A HU) S 

15. TJIF £. <p 

16. EDF B tmitFinite 

17, FT a W 

IS, *E - e 

19. ‘Iri 

20. SlIL — ue^e£Ltu?iS 

21. {IST 1 R C A SHU = 

22. (1HE I H C A ML) = 

1J. (CUD (A A BIL>(C D MIL} K1L)= 

me Lflit +.L 4 H£Dfc of eAtfc lice 1 H eha prcgert y.UlA ° f th* wtpreFiiWi. 
ft[v fiupt^ prtpwty ll.t la irApMsented by NIL. Mb-a The °p=rst« is 
reaped fF*" in cipro**ian, the jp-mn^Et list TAfiiflins. for rajaplc, fchs 
«EX»*»C lilt ni {FI£ * 5 c MU} i* (A 11 0 till). Th* ]X*1 •** «" 'W-mor 
jh ( ha last Ai*tH»nl in th« lint, « E fl**-le. eb* bfdv of (UAH A St ML) 
{* g, the * xp **ailon. (! A 1 Ml) 1# o* lied m ar htcg " CT fo T^ Ln " of A ** 


2, An jjjjjittsELon audi as 

fPLfl (ran u C mD {tar C (phr. d e pIL) hil) hiL) 







eatsfii a tree a£ tj'jR<pri<m dh#ii below: 



MUan * function La aaid to {o dawn the eapracai-an tcee . Lc processes di« 
Mdta e£ thia Lrcs in the do mil order for trSP r 


iM!^ T Ll . :l ,r..s Hhieh fni. the Hcocml.*™:? Pr c ?grfy an the Prnoar(y Lls-s of 
Ali Llnr Su&eic6rLj,aLaTiH “*- 

Aa wo a * Cited in the Xfitn'sduotion, It ig aonctii*is useful cn |iu| 

the varCdblaa in a njhii.F rAde cpd on Ha property iiac, Thia eul of 

variables ulJI he railed ctia ;le perrianae lij^ ?£ the AiibaiprcjEiMi, 

SubpcrlpDid function naass, *re dLatingiLHhed iron wjtrlthleH as ca„ he 

Seen in ilia Tullwlng examples; 

(F X Y B1Q -l (F I I (X V)) 

CPLS A (F K T NIL) HLL> —> (FLS A (F I ¥ Q£ IJ(fF A X Y)> 

(PLS A {SUH l (F Jt V XIX) NIL) NIL) -t (TLS A {NAH L £f * ¥ (I T» 

[(R«5 1 F) Jt IeJ ) (A(tSAX 1 F) lr)), 
The dc M andante Hats *rv cwtpuccd by nkf[j(], HEP dwra (Ml 

ttrpceeaion era#, t-d the otona., which arc lift ODdumaLtd, ComLnp bach i. lp 
the tree, Mth bcbubche U«t is slvan to retPi. 

HKPL f AHGLISli EJtP^ PLISTJ rocs <ddwn the arjoc^iic l[ ff t oakin^ a dependcuea 
list by tflkinj the union. of the varltbUi on which a*ch arsaoent depend a 
n-tth the aeaum.luted re milt, I'LlST. Tl.wre ore flva coere otccaaacy to 











1M 


find the dependence o-f arguTOiLi.. 1f the *efci*ii£at iu ? manUfitr, Its 
dependiuet ii aH. F" J-" argument, tb* rttuS-t I s * I tic vt 

the aui*. If th* iscsuncnt Is M arbitratr fEibetinsi,, the *aault Is the 
fi^Uo*. none B«*d EO the sr^nt property Slit. Ail **« dipresnldS* 
esWflt Hid h'.>di.e9. yield their property lLst*. ii shiw Li the extnplux h 
KJlc: bid Lea yield the asiclie eKpree-slon. with, the property lilt eaaoved 
by spLST and with Arbitrary iirnctinnS rap Laced by ttott mires, c-rali Isutd 
ulfn th* dapcndeaciefci if the UAH Wy L-ntti™ iqgHiti. 


Functions m . - ili Canamte t h y bash lode ^ nll «- ■ lL ' -' r *> pjj^lj£^ 

Chiptur VIT presents * achcne for s&aignLnfi isitAfpra to espres^om 
Li such 3 v«y (hat equivalent akpre.sni.inis will t-c aseiunad the saire 
In.taper. 7he*a Integers nm called hash coda bribers befcaaae the 
infinite set ad aathematicSl sxprasn toon L* napped into i finite aet 
af Integers by tha assignnebt aeticirc. As ep.r La Ined in Chapter VI 1. If 
„ >:+i is eo haw fha sane hash sode suriber u-s i X -a , Chen ■“ special nash 
c^.h!hJ ftcbcnH rust ba- aned Etc eapixiaritn. Pot niant of a better taiution, 
fiipCiiaeirn of eypniwiii& ere treated uich the bass aehene. Ihe earrent 
d K ,,th of esp-awnd lotion pjodul* 1 La esau-miL to the vkUIIi STHPU'fEL. 
STHPLEras, la 0 Cot the be»« arlthrietic,, wiiLeh-„-as tailed F arithmetic in 
Chapter VII, S-THPLE'JJSi Ea 1 for the expeiient or £ arithmetic. Ib* T 
and S wiplmetic is yatTomcd by th-a tenet ion? PTl^, STHH* fSUIi, mTE, 
Sl'UL, S?BD, aDVL! t and SFiTSl All bl these functions except FhA’P ore 
ceded in LAP fur sweater ef£icL*aey; the Euncciocs perfo™ cue folLowies 






c rap uti (la-ini):; 

(rtoee! A, and fi are mitsuacDt* nul p [« the finite Fie Id piUM r J 
FTISi 4iiiiuer ■= fA»») rw'sdl p 

FPWJi Anower - (A- u> nod p 

FHfP; First a (*H»ek Ls nade to *** if the Ims« is Equal to E hc integer 

asaCgiMd t* e. IE m, *pecial coda i* entered m that e Rtlr wLll 

otcM liHKk Into -L 11 , In any case, u rheck raise be ™tj? for a 

negative «^ P ,iaont which indicate* that th* fuiLce riald square 

rose of the base is to be taken. Finally, the but is mil tip 11,41 

by Use If in oyder to rreate the *i?ri«s base, Iwtst. 2 , basi 11 , 

2 ^ ^ 

bflK " ”■ t* 5 * ’ answer [e the produce oF all the. turns 
in this sc^jcucti for which eh* cdrrcsponiiiOjj Me of the 
iKporwnt is a L r the flow eliirt io; 





10ft 



r— J 

:_ 





It divide 


IiiIhO. - ■vT 


bJl“ i 

CEP 





(SJip - 


,. J 


___ 


tiK.p.i 1 1-TT 





[ifliL “ -1 

■r;-Lp " 

expHU 


base ■ 1 
cstp “ 

l^p-rap)/ 


--1- 

“P 

negative 

(m 

—^ 

exp m 

^Kff3 

HOdfp-1) 

^-mr" 1 


_ T~ 




r 


r' i 

GKF “ 0 





Ducd2 

_ 


_J 


v PK - 
^(£6fPS>u-i<l p 
lujip ” tiipyj 




ina ■ 
Car-.H-rJ.ilopijr ■ 
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5FL3! £l thei □ rg.itaiHn t can be |:>_.n i t > v^c or r. c u. u! i-j- h , 


K > 0 

1 > D 

jtaiitrtiT - (Art-E) Hi (p-1) 

A > 9 

B £. {] 

All W»* - (-2A+H) iiC.il (p-1) 

A < 0 

B > □ 

^ {A-2H) n::il (p-1) 

fl < 0 

B < □ 

It Af£ LB Pda: Siiautr = (MS) mid (p-LJ 



aihurwLae; An.iirtix - (,‘a+b'/ 2) mid (p-1) 

Eithii 

ot'fnment con 

bo paaitive or negative. 

A > I) 

S > & 

An swer * (A- B> wid (p-1) 

a y <i 

& < 0 

If AE is even: Answer - |(a-£) mod 



Otherwisej ftp-swr ■ (A. B) m.d (p-1) 

A < D 

S > 0 

If A-£ la even ; Answer - J(A'H) tod Cp-1 >j / 2 



Otherwise: Answer - (A-B) nod (p-1) 

A < (J 

U < 0 

.imsHCE - - pf[ (A. Bj and (p-l)]X ned ( P -l) 


P ■ 2n+2 idli«™ p E ltn *.13 


SI'HH; It :IiAi iiHj c is- t.ogottr e , then U i* tultlpliod by C2i^+2.) n-r>d {p-L), 
Ic is i!i«n xal sed co tlie exponent in, the snri« ninner as Tor vtVK. 
First, elm set Lea hoso, base 2 . ... has.* 2 ... is ror^rd , where 
Each, term i. s the square l>£ the prat-adinE one, Likrn nod ( H -l)„ 

Then, tha aiiHwer la tanred by rutet plains together mid (p-1) the 
'"W1 k the H Th dislt ol iho «Kpnp*nc is a om*. 
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snvn: 


A is chc EUner-iC^f and B Is tins dfiriouinetur. 

^ > U u- ? 0 A odd 'f H odd -* AMtftr - (A’ 1! 1 > T^d (f-1) 

T -^Anen-ai? - 1 -A- {&/!> l ] *»d (p-l> 
T rr? s odd-* AuA-Jor ■ {A-E S ">J <p-L) 

T —f AnBnf4i - li DYI-l A/2 f R/Z] 

0 It □ ArtSVHT - (ZA- E l ) B*Sd <P“S-> 


jii B>ff 

A < Q H < 0 


A u^d Anaucr •a (A' & ^ 3 nod (p ■ 13 

1 —+ An.-l Jlif m <J A/ 2 I - "E *) Tf:J -(p“ 1 )■ 

icincr 1 (SA I-1 tJ rx'd (p-1) 


Where 3 1 It. doupuced as EPMR(P, S&+-3J, sioec Anri i« l(p-LJ, 
irunher vt [Apa&era lee* t'n*ii h °«d rtlatUaly prlaw to p-l+ 


f[M> 1* cpnputed hj-. FPRD£a, ffUTUi&j p-311. frtUWnUF. op*- -Ahit tp 

ptcfArm Ah operation ifith either tlw 5 or the I" fu nec Lonr deptnilhS on 
; i, H RTyTLEVEL. Poit this rcappip i the A function* have been dsCinaA. 

Theae Functions are Aj'".R, AFO. Ali'JH, APWA, and AWC- iheLi de-f LfUrtons 

art jI™Liar. Far exsaT-lti 

APL3| A,a[ = {SiMl-LEVEL - 03-? UPLALAjE] 

T -* SP[3LA 7 B] 

ArBG[A] Cfllla aithcr miDlft, p-1] or 3E-KDLA f f-2]- 

Thill c^l-cca che e*plunar.ion. o£ blw al s ehiiAic operaeLena used in tHia 
ha»h eCiU achene^ Thaen are several runerion* vTiUb aae these nr# rut Lone 
to c&ipbce the h«Ali code ranter o| an arb-itmry axpresai™. 

Tbic hash toil* im liter of *oy expression h Hj La comput-Hd. hj- cbe 
in net Lor. EGtUEtX, 3 TMPLH 7 .HL]* ECMJE poer dcwiL tbc expression tree until 


T 
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It rmhii the individual varlabl.es end cohsciuts,, It finds g,» hash 
code iwul^r* Eur these end then ccmput#* the bnsh t&3 e runber of eac h 
SLibexpraetiuT] fron tha tUnti code Bteffeexa p£ its si'jniKTits. In K .,, nR 
devt. the expression Cme , the £THFT,fVEl in ctifliiafcl yhtnvi; tlie 
expcj'ihiit -of a TaR is sntered or t*iane.ver the miSa iiTKiMtiTj-e of H 
eubexpresaLoi* In tidied ulth. ?ClIDE., lmlI*i,tin B ch.ut it is a traruLfcndentil 
fiioct in-ni. n,« code lumbar a *£ the Lndlvlifenl atons and numbers sis 
vaulted! by th* function GET€[ Hj. EEFC fi L v «? t a floating poLnt ciubst 
to MKCD. Ip the cose at t ponitivc taMEer* It is anly tiecESOiry » 
tnicc AFL3[ iatescr, -j| f it Wail.-LnLsfi.-Hr) for a ni:^di ive Lirtegex, If h 
in □ function>. the su,&sh,t Is ADVD of G&TC- applied to the mindea|« T anA 
deiKmi tutor, The MtnsininE poatihliii srsuntnc fa* CEITI i-fl a literal 

GltC looks on the property JLUt of the no. under the Indicator 
CO0E r lI tllS -OIOEi Iluh b^HTl COdCd Lim fi: ri.' , OT lC it 1,^ , *|jP. ( 4-Xj Oa 1 PI,. 
lEi «** outer will b« fchmd. OcfeHisvi bc„ a r*adan rpjnber is &mr*t*A 
by S4M1Q dnd wtai modulo p^i by arUtntaiPK lumbar k OJ, Ail a endu 
niiebsr It put on che property list of the nton aiul klao teturhe.1 44 the 
nnsuftr r Ihe floating puint number M.j(ung funiticsTi k nitElE, hsshe t the 
nuitber [n three steps, i'irnt, tbe eheialuite val-u# cf t ^ c r iv CJ ,ken, 

Theii the djarnccer i Stic and, fraetieti are separated j and tiie reaction is- 
cixlist imltiplicd or dlvlda^ by 2 *J iltav-Aoteristicf , depending cn the 
ulrii oi the chBrBcteiistLe, finally, if the floating P u.i„t number Yi* 
ftfcBntlve „ AKEfr si th* answer is n-lfn. 

RiiturtiitiE to ECODS, the method. of oisjpjting the uside nunber pf *n 
expression Icon tShE code minierj of Ltd ar^jnenta, do^tstd-i o D the 
Operator of the expressinsi r fa atntEii *boue k if the opnntpr ayabnJ hit* 






lift 


tli* property fOOOE, this rap re sen l* a Sanction nE on* variable; th * 
funttiocs ip. this claas “l' ich arf pMflsntiy r<*l*d arc: PSIH, FCDS. 

Ftfljl, FEEC h PCSC1, FDLT r FSTJffl, PtOSH, pTTAMH, Jttffffl, ?5BLK h 4*3 FCSC1L 
fhtsa funotiML* Vi LI be dlwusied LniWidujlly L«*r* * 11 £ “P ute 

« Hash numbs r Ceoh the h*sla iwnber >£ tlreLr mtfwWt* 1* tbs A P irntor 
ly **aL he-s tb* property HWPT, this propoxtj flats * iupctLcn of one 
^ riyitH:i-.L vhiclh is a Hat of Eb* Haiti c>d* rnobeis of th“ ar^uatem* &£ 
th* operator-, Wbsn a nc* npfiracoi ir irtLroduced „ fl f miction Mr crmf.ii.cLPK 
its hash. code osu ha ipmente^l aa.^ to tt.fi ay stem xilb HCOC-E, EMC® 
appllfis chis function to a li-sS or the arxia^nt tufl'n pu^Wa^ EC^tJE 
Cilli APL5, AP®, and AFIdK for the opera tuts PI5, PH0 s *nd P«H 
respectively. I® the cess of PL3 and fRD a EGOEE nuts ECnQEL to apply 
<ha b Luary .>p*.sacors. AFLS -shd f.?KD tv tha indefinite v-'.djcr eS ars'.'™*^" 
Of PIS fine pmj„ All other opfiyacorr -sre nendlcd by a, tall to FCFR. 

This fu.net Lon prodv-taa a result atiLch depends on the h-nah n.ufbcrp of 
th^ erjuucjita and Uvstr order , h*..r uiiLeh h-n* no invar Lent penpcrcles. 
Takina i lik- hash putwst oi the uperSLor nnirc as Ell* initial -sr,..:,ululated 
answerj the aecemletvd answer is mdd^d in e to tt.fi Liam number or ebe 
nent artoiicnt, and tliSn sn® is raised in F t* thfi arbitrary l^r 
1257 5M3 9 co fom. tlkt new nc cu^l] aced nnrvetv Thia pruoss# is ennt lnvad 
llT11 il ail e£ Lb* firjJire®cs hsvs teen need, l^Ls twrple-tas cbt dtrtu*Hlou 
of ELUDE. Tv concLusWj Che Earoiulris Cor the trHhaecndentHl functions 
□re; 

fsm jT (fi i] -c iK ) 


I 


pc . SC 


1 /FHTH 


FC-27 

I /Trim 

Faira 

-1-FS-IH<Ili) 

rcasu 

FDDS{[*) 

F7A5UI 

F3IOT 

FrGftP 

bCJjTH 

1/IFIASH 

FSECH 

1/FOOSH 

FKJSCH 

1 i F£ iteH 


Ibc Ln traaMndeatal «* p^rfsmrd in ft ir l thuj: t U, 

FUrnilona F:i r aUe brall-. fine-radians 

Tliii EunctLoiis uliirli perionu a^ehr-aL-c apbJMti&MF cud Iwi dtvLded into 
st-Mcn -tUsaea, Typically , tns f^^nticinr »ithirl h K iven aui are dclinjiil 
Ear a,* “pite Bxvumttt, pach if, iatescr*, rtUmul nuDber* h d r s^^raL 
opPypplrrn^L EflcJi i:Iji«v any ulao cancairi i. fflw helping rutfctletts. 


*r 

1" t r se r Fjrit (. Lo P s 

Tfwi> tuQction± lncsgiiT prKiiTKnta: 

AK[H] - |H| 

FTLEJCpt HJ " a . 1 

B. 

K.-atiocil H.iTie r Function* 


nun hr rs 


rtiK arguKittLs ftjr tha-sc Enaction* can lm either raticiaal 
Farr-e-senccd by (.Fkt h B NIL), Intru-srE, or floating palm 
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rvntiCLj. Sloea the funoti-ano lot addition,, miltipll-taetoB, acvd dLvtoioc: 
[.aka cLther Fraetiona er LISP timbera e* input,tbcy fira* asn* fcll * tT 
I^MWiirr t'f mn ±01 ccin^rfltan to u standard Evini: 

MO-THlit j}| (nu.TW'iwtoc of A. dein*r.laacor c£ S h ftvmeiatoc <af E h 
daatlwiliMitor of U> 

Oiln.; this Hit, the three fuiiorinns fom Eli* fcnlloKtpa -rioc Lents. 

PL&Mjtii BL-MI . BEUrjHJ l fbULK i ■ *JH2 
GIJKMl ■ DSH0K2 

FStfaUH: ifIM L - P.lO . 

tlRUOHL - QENfflll 

tJVLUtUPL! HTH1 ■ Jf MtM. 

DESHMl - hHJtHl 

IUtit eesuits arc thea River* to KRBfUH to ba educed to Iouc*t t™#, 

If one of the a-figinat arRurwpti; pds a fitting point nu»**r p then ■•£ 

the anaves y 111 bo ti ilontLnfc point ra™ber. If tha dcaoaiinatnt 
ia sorts, ttioa KICWN returns CUE, rapresent lug OtheiVtae, REEHJH 
redueca etc fraction to lwsll T*ma by fLudii*S the s.t.d. »t the 
narrator and daaonliutor vUls RTEL 1h* final nrabei at this close f* 
th« e^DnentiBtlon firaotf.** FJRKim. It# exponent m-it bo an integer 
Ibo special ckea tl' 13 icduU< In IKT. Any other ne E eUvt ciponcni ttsultt 
la etc hose being inverted with BYUtiJH, iM tke ^nponent nod* pooittvc, 
The rsnoiftLna peas U?L Utica hav* a non-sere base ulth a posit Luc 
exponant. If the hate is nrsetl* 1 *:, the sian of the ana^ee is positiv* 
or nagatUe diqiandinH on Whether the enpaaeut ia e^an or aid. 


I 


1 
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C - lor ArbitraLy P> press Iliih 

Thtas £-ji,ctLou& sisobiiit * up re a. Eton a under the -iiSHiwat±ry 
0|»irstiras. The exp.ras.ions are oat sinpliFiw! , bue .lirple rcd U hd HT1( :ics 
*** eHM W *l, E?LS| K h J£j and DM|X t V] htfa call UftTK rtrb *p F ropriac* 
fra t iron I .^cnts, BFUN pcrfe™ tbe aon* operaclla.,* f„ cli * aM itlv* 
«nd rail tipi Leotlvn fcteup. EPETl nnl»i the check fo r „ zero mt S ubci,i , 


■’ Lnce a, 

‘0-0 has ra cftmterpart Lp the 

adilitivE rl'CU|, 

, For rHEriii 

E?RD 

returns 

HIl- and print k IhDtTEEMIHhti;. 

EajNLX h y, w t 

KifFirjf, z f bhsf] 

has six 

iTjyrrents u1,Jeh 'have (he fo ticking uses anil 

values! 


tfaeu 

l>v.;rrinc[Qn 

¥nkie far EfLk 

i'ahje for 

EPkli 

X 

first CXp h'li.yH L,.:ri 




t 

second skptetsioc 




M 

operation naire 

PLS 

PSB 


hi),mi si 

t'At L'uialiHj funecE-On 

PLSMjh 

PHI HIM 


i 

E ranp Hftntitjr 

0 

1 


KUhF 

fl-fflup identity predict*. 

EKERCf 

i™i;t. 



I£ eielicr ncRuncDc i* undefined, Emu jun rttmna (u x ¥ j, [l;hi 
If etth-sr arpjatc.5 i, the identity, EFl'k returns eh, other «„it, IF 
ctd«r 1# Infinity, the iitntr is infinity, it pf cbii * 

Candida™ hold, then each e£ the cm, yocpressiciisA i* by EFIJRI. 

EFITSL tans truces * nurrber, 0, and . lt.t, V, H. iaUlnll, c hc 

idtDCCt, and T [„ *„pty. IF S la □ Lt i« „l t h U. If 

* hj3 ttlc £ T* rit ° t ' V, then its I,*™ are pl, ce d an V, ^reept a,* t it 
chd first »». lb a iuui1iHr k It is conbined «C|h If. Qthsnriw, X ItMlf 
id Hl-ced oa T< Mi created io the *«* UDUtl JSFUfcl tbit, Iraki at 
tens t-y Thav* are thre pfrsolbU If (he tern list is 










Tma red.*** the If tin* l^bcr in (I* Ldmtitjf ^ them I* «ly 

m tenr ttt die tern Hit, thm ia tin? TesoLt, Otl.BruiM, fne 

briber in p W«i am th* terrr lint If ft in afit die limits, tli* 
eperntor nx^ U is a^d^d to fom tli* answer, 

TH* Tiott firtttlnn in thtfl Ston? i* E.PK®[ tj, There nr? Wit* 
i junber *r pnsmble b^ccnncs. If the erpn^t is one, d>* answer Ea 
t b,i, base, If * Ld-.tr arnuncric is and* fined, the answer in ET™ * T nClr>- 
f. ±4-00 exj>ivn*nt yields Bn answer Of 1 imltss tM base in inlLnley. IF 
the b**a is a Elation, then it is limit C*d if MHIHiiri ■* t**t the 
numr^cr wLll bv l*Kfttr thrnr the dtncwEWEor. Kbe* die base is 
divert«d ; the situ oE etie ewpOcMise la cti»ufe«d- 7 lue uaiionical ■:r i lerln& 
r.t ■ ]l r .,.^e:Li J ,rtd Ern^elnns al l off a the current sUmlUHnl** P««T M 

ta 2. If th* base is * fciinbex rnnl the expoiwPt ia an 
integer, d»° the »Mlt is t^atad by HKNIK. IE tl.Es is nut *», 
but die tie* in a penitlva LIST timber and the aicponent U al^ n LEHP 
ra.Liilbcr, then the result is oonpuetd by BEK, Otherwise, the result ta 
([■k'l: X ’i HlL). 

BSVHl h a y| in HreEiiicd as £PPP|X f EEhlkLS, -U] and EKS.-(AJ is 
d«Fined ns EPK*!, -1]. WBtftlL, V] 1b <E^ Z ¥ H1LJ end E^T| Eli, ’”*»!] 
inEE^ET I. "ICn inL). 0HEK[3!l retwt‘bB the sliest □*!!*« oa ar ft tr™,it 
lLnt Sr Tt ear-pern* she arRor^es with, th* Iwictkun L9SP ■denerilicd in 
the s-aetLcr. ra jisediceten. 

EHUKlliU the rafcut*l lB*nrleh» ot I. w hn're several oute*»*n, 
L | i in ™, a.a answer it aero, IF I Lc rerw, the nrnwet Es -“. I f 
* La~, the «.swer in n^ if S is A the *nei*r Ln A, 
die answer I h fKLOC I 
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Thai?*; Lb one more Fwnctinn In this fcrmjp; EMtVtX^ ... 

*" + K n fl n^ ’ ^ ^icprEsses th* is^ dcriuntlvH ^i£ if wiLh taqpict to X loe 

oath. 1. \f V ji:-ra not haae imin. c-perator DRVj then chi A.njvtr Lr 
(IRV --. ’■■ F KTl,}, Otherwise, ERRV igives ibe ivj nrRuitents to 

I.Z'Ri.'L l EM.VI Ffi'rea If, S 1 , Jirj jr t to IDR'JJ, f^..r each i, EHRIfP jjocs- 
tbrojgh tK h list oi dilfarnsitiatlon variaLLes mi ¥ and i:liLn K... 


[»■ L'recio ates 

Thare ora h l yht predion tit. 


ES(fUHBESP| If | 
EHUHUER?| X? 
EEEiiari S| 
lii®lli?rs] 
CKI.TJ5F I J£? 

E Cmop |X| 
CKTPlS. V| 


la K J LISP lumber, or (PRI H H HXL)I 

La X ii LISP number, ]HF, frr (Fir K Id REL,)J 

H II t sett- LISP nimfaur? 

Is X a LISP POTihor equal to 1,1} nr fPST V> N nil}? 

Is X a Bfigatiwe LISP ruhImi' n r (FET -H M NIL)t 

Is X an odd piPritlvE LISP Tucker? 

I - V -t MI 
JE - ■» -> T 
V - - -+ NIL 


Oth«nria«. thara Lk « n error imL* i: X ard V am LISP num'bera , 
these ai-Hj ciarpnred with 3 RE ATS KP. 

L 3 £P|X, v] - LPrFfV, K\ 






E , I m -i i: [ LOfi:, Vlirli "unbl ML EKUT es>. 1OHi vi 1 ." Cgje K'' t1 ' H iU 

Qn she Front 

'Ihs T S si-e £nur JimiittorLs uh i eh eeeibine Hats ot the fotn 
(haah uunNpT •■ exprea s lurO under addition,, nuLt ipl 1 tatic-n , and 
tgpencTit lat1#a+ Ihcae functions arr us»d by the simplification pTiigranu 
DELS, L'L'Rlh PtvJ DEUEL dll DFlffl with apprepiiate r-..n*c iena 1 ariunshti 

TiFVBL first «Ti*cfcfl to see If til* haa-h ef the bait Is «*&■ In tSias 
^ hase and e*pononc are CSn*lred vith E?U& *nd the Y-ault is prefab 
vith its hsah ondc ntn'wT, TtiU. special eTicch in to *vold aero raised 
C4 a TicsdtiTS power„ 

Y grille l£tFVHl in s function of the too jiTgocentE anil 
th# proper h pril K CunctioTiE for the ftiven, epe ra tion . h™ ecibinea 
the h*fih coda swnhHirfl with th* a tunction and the exprenstoo* with the 
E Puiicciari, LI is tTic new h-nah riiinbcr anil V the row exprsupieri. If 
thw expression it H1L, then it is undefined and the haa'n of K1L is 
conpytwd infitead nT lr, The hash ae lmre bTfa'ni den-e, for nods fined 
awnniaae . Ji«!i b chaek ia nails to see if V id L, 0 ? or -I, In this 
C 45 * tha oacpreiaidn is taken as swnionLeBt t« the Honh nonloir, (Hnte:} 
A p flB h fiiuutor of -1 naans th*L JlPlfttL, H| - flj- If ™rve or riic-tc c*b«h 
apply, the reiu.lt id (U-V), 

y, run = :tions 'rfhit'n Hake IL Ecssjhie to P.'nlua i ,■■ the Eapreasions 

As r.ISF Functions 

TUt opera tors li-evc beta given functional detir.it Iona so that 


they W" bo evaluniMd 
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P1S(K, Yl - erLS[I, Y( 

PKGU, ¥] - El-KDri, Y| 

- EMECISf 
DVDfl. Y] - ECA'IX J(.j 

BQniK, V] - BUM x] 

RKtX, Y] is an FSJt?R. It evaluates tts amummci and freer elm reaultiDs 
lLst» ?'K i -*■ . fonrs OUil s HU), 

FJH[I r Y] i« -aL eo in E^KPft.. Itit I lest HrnuiK-nc in the nose of an 

arbitrary Fundi™. F 1 TK evaluates it a arauirenis and *ddi 
hlL co rt* end oi Eli a i-raulLinj IE at- 
DKi'lJE, Yf sa also au 57 H 1 B.,- tt cuiLpates it a arjanwita and jlv** the 
crauLcing. Hat to DRV 1 wHlch carrloa the lndEeatad 
dif£rrciiEiatlna, DEY 1 gives each. Lind i variall* of 

clif terciir Iji t ii>n to DRV 2 3 kdiLth calls DIlF in ortltr to 
difierirulete Y the is^yiLred nurrb-cj of tines. 

5 - 1 H.LUfl; F r .ini'^tiin 

There La oem wSrt tuoation which is added ro Lffiplnn-ent the 
convention iHh t a set of one eicnejit and that elemsnt con be us. Ad 
interchaesublr in c«toAnd, P liJsrrtRlj(j returns I [f its main eoonartivc 
is ESET, 4ml fJSEEY X 3ITL) -othervliA. 






U6 


^nation: for : npta t-nitpij t 

ItiEre orn live opeiAlSdns per£nrwd to Eoeill ts-t* Input-™tpx£i 

1. Trap^rortintion <■ C arKpteasipni Ftfcaa intEintl Cairn t-l'sy 

nre printed on the typewriter. 

2. Trf*»*ai™t.lWi at typed input arprErsi&ns Lnto internal Com 

3j JfXf*iaviil of tha H t,n mbexpixsaion o-E Sr, axprcssion vWL*t, has 

b**B pointed at iJtcii the linht pen. 

4 . H"t r a L B-e an hx|i fEiii'.'Ti u|,th the M Lh auba^rcao Lon 

>, DflnrtMitm n£ an ejtprasaLrn rett 1***4 l>y operxcLoo 3. or ^ 
into Internal iorPr 

CiiBP.'tpalon o£ eniitaasionfl For UiapLay 1 b tM aiihjEtt "C Chapter lit. 

Expressions can b* printed in * titled. Intefsiil torn with EPRIKT. 
IPSLMtX] reads I Mfth Iron the die* and removes the property Hats 
Iron All subexprrasloos uLtt HFLST. Ft «!**> El*. etmiltliift 
to 2P3FKT3, EFUEfTll £S*.s eMousU ths -expression and jLves nil FLS, PRD, 
and EQK aubcjtpress loss WnLcli hp™ “ore fhan mw arp.uneisL , to EPSLHTi, 
FP-R2WT converts the expressions to int«fnal operator Com. for sxawpfa, 
fFLi A J! C)- heeonea (ft FIS F ?LE C). 

If an input coimnrJ eontalna s- quoted Exprsnsldn well a* "(A * Bj t 
this will Fa parsed tab* (BQPDOi (FLS A R )>. EQUATE is an BF* ubii* 
ntwHB its irgwxfi l unevalo-ntxdf hat crBnHfurxXid by EdUUJP-1 and BQPOTBS- 
RqirflTEL puts a null. property Hot on *v**y anhewp-rtsaiom It *l*a 
cronsfnms (WEI! J) into (FBB -t T Hill and (3VU A B> into 
(FKD A (M R -1 ML) KILj. KQuOTTE icnovea rmhifldant laxala nt FLE xmi 




FKC espreas ions.. For stomp lx, 

{PL£ A (P1.R C T> Nip HU) becrmea (PL£ A B C HIL) r 

GET5t'B[Kj H) rtturm the N*^ au.bcxpf 4 g.p{£Q pi hi. the subs* jit+i?ib Lons 

fiLiiiKjj«il I|> the Girder th-cy ujuLd Tid-fm*]. Ly be evaluated ty LISP, 

Tb* hyhajspresaiw] i* Located by CBlSUEl, CETHJBl recama NIL i£ the 
c-Hunt does -not xcaoh N, It mist list the miMr td dkPtltiiiaish tbs 
dnewer KEL Iron [niiuarc- Tli« ref-dre, iJSrSL-H cakes CAR of the reaiiit ot 
4>£T$UBli B Is a I t sc. triable foe CXISIBI; RhTBORI denrenencs- a at -cailL 
new BubexpicsaLoa. KLhs,n B i* M ro, CErsir&E eapyrnjf * list o£ chat 
subexpression as Mm flitwnr. It H is oaf. ■/*>t tero an;J CETKIHL ycA<-ii»'x 
oc * tc “ 4,11 tohexpresBs™ uith opari^or ArOfU it return* HTT. t* Indicate 
tailure. If An flap re a Blau has savsea,] *r£«aent 5 , C-ITSirHl applies 
CE.T5Vai to excb arRUTent to scqiLdny* > unttl N becomes e«ro Qc the 
in^ir.Hnt.s are exhausted, CEEKUE up rjsed to tind i ftnlninspreset™ utile h 
ta ha-trig pointed at by the light pun pp descrLbcd in Chapt*t Ift. Lt 
tidy alao be accessary ta uaa tbs e^p reset™ utaich eontaCn* Lhie 
sixlanspreflstoo, perhaps rsplacLtm the snbetor ts a toe wj th jirs.Hher nne + 
Tfcldte£(>TB , when frErsilHt rind* the a" 1 ' subcKpraasiftii, the List 
(SuKnfcHK El HEL> La pi.tt bn the property list of tbe aubexprea alon by 
aEterin* the list stature with KPLACA. Kaoa than one jafceipranatoo 
n-ay be narke-J by incurssive caLls to GE-TSUI- fhe SDHUI 1 * ui!l h*vr 
inditaaUifc IntdiperB K u sit it tba constant ItffEUH Ls reset to i r This 
nechanisn is uaad by the c<mwnd BLEFUCZ -which sb described to tlui 
dittos as i™ of cannands,. 

Tli« June tiou £E?LACEai;E, v-STI replace each iutaipeutoduTi uhieh has 
a lib E-NASH atruCture ™ its p rope lx y Jlut, by that structure. 






1 J-!l 


When u tn?h*‘-}ip*ta£ioa-ai expression; B h-ss- K«Aii iidleaccd WLth the 
light pea, tlutu 11 m structure E PPOkji, wliic-'h if produced hy the picture 
emptier,, i v givuu to finajB. ceiSl ’1 find* th* AufMKprctsLim as 
described abrue.. IjI'J FSOKH aubistprcssLon lb thru tr*nefti|f!>«J ic.ee 
[Aurnil iem by MHTF. APQPF n-aVca the iollnwlnR tran*fom* os ell. 
applicable subexpression*! 


u 

(DVD A 1 H[L> 

"? (fKI> A 

(HfE B -1 NTL) fllL) 


3, 

(SfEfi A HI!} 

— > -1 

A KLL-) 


3, 

(FUTttTD.™ F a 

L BIL)'^ (FiC NT1-) 


<Vr 

(FUKrT aa« (n,\y. i f irl) 

i C HU) -* (RAH I. (F 

n C till} NIL) 

5r 

CDftV 112 3 

(JIT NIL) 

NIL) -? (DEV y. 1 V 3 

<r x if nil) nil) 

6. 

(PAPER A HILJ 

-f A 



7. 

(A¥OH A HU-> 

’ > * 




W0FP1- APOFT 2 perfiJnr tT«*rotWttcn S- AP0F13 perfbmH 

tr?Tnf'^rn“t>p" 

SysteTtVUP^E^ia 

Thur* u ■ c iOiiL coizii ipecLaliied (dSdEtanB which ccmuTiicHtr tfHh 
th" JLaV bthJ the teletype. lh#r*i fit*i £Eve types of disk Eilsf! 

1. i?SI«a aiSBtainicg LISP funrtiun* wliEeh eaupriEC a Eiv*n 
™miiyu*icLtil traDBformstiar. Thus* filca have aeccrnd n»™ 
LISP, 

2 . rNs* coyitciBlfifc LISP scatenenta xhl-ah H*L« la Iran oore che 
fajnaclonu in a River trsTiafu-miitieiL IL la. These have second 


none ERASE. 



3, FLla# rmt n Ln [ njj * math cru l!** 1 expiation. niate have 

saenrid n-sne FflKn, 

4. Fi^ ? coccaiiiir-s an in taxied La be fa™ of a tU^lr ditplRyed 

i*ajjreBiiaii r -These are g.tewir«ted by rke pLcturm nary lit* 

faclltc*tB tlg,hc pen re£crau V e to anbe f; pre-BjiuTii, They 

have MC-iiml nane PFflRn. 

S- filet Mlijeh ceniaLrt scope inti ructions to display * n 
exp rets Sivn. Thesi files hivt *ecorjd nojre hfURM. 

raera *. rr fictions which r^td. urine end delete th*ac file,. 

There La net cDsiigh, Ape-re Ln eere nemory lor a Li of the LISP 
tune Liens tdiLeb wjiecusce cl.- t«whhJii, IhcrcEort, the tent; sJon-s far a 
BLV “ ‘•’Pintle-*, **h at differential^ art flight imo „„ only 
while that step id bcL* tt pertetThid,, Ln dm < ;? .se of dtf Ferenc La Li e T i. 
fci? vxanple, tba to? l*v*l flint ctoa DIFF( V, Is LeBuoperllf diTi w d 
** e call f o 6 KTFILEI DIFr. ft JO], 'JErFTLE ™da lilt DIFF LIBP, 
Hifreutea TUFF(T t JO, and them read* file DT yy B^KE uTlS ,. h C4!IltllBS 
LIHP f-iiixnanda re ceiwva tihq dif ccrcur ietion rouefnea fro* MU « £ nd 
fade tine DTRF a eaLl tn fiLrFTLE, 

AL1 rficlmnatical o-npresaioni uhirh have heen detitmd m che 
"***«■ are wetter, on eh* disk with second iu m nm uy * rail to 
SAUSJKUISltoH, EKpreail^nJ. 7hc input e«mnd E^X &*«(«, ejusibhe, i], 
F^SSiCW aJao delete! any aid 111#* M1 ch oa^ E nrdHH o* B ppdjih, An 
ixprension t*n Ije dcltLtd hy a eaLl t,e EDEL£TF:| EJJ vhieh deletes E FORM, 
at util ,!l FFClRh and £ nr*s. The FRXRR. FORM! E] has at value the 
^preasloir Ln tile E TOfH Unqumwd nonet Ik input r^ttoda iIC B *„„ 
to FQKH. 






Tjbri, * light pri reference 1* ciodr j the hmctiop fPOHHflEW)LHm.= , M] 

1* culled This EoflCtion reads lit* »«M PFORU ami asca LETEUR to Eif^ 
tlltt H tl1 mhufHHlML li ap*»«i«i ** h is »*™ 11 clllW > Chen 
th , •q k »»[ob Bo* PKJWi mirt t* -«*d t ** *■* 3 can 

T» substituted £i>r tlrf Old To do thli th* fill *» PrOfJ*" 11 ls 

replaced by a call to GH7IHSDS *T'd the regained IffOStM is read cose 

H5 WI eaued 4* the LISP contcant lNpFaBiL GUTWira then uicj th* 
supfuaalcTi.on 1KFF0RH lutcead of r**din? from th* dktfh " GET!UH 

lwrata* ell* ^ a,.heapregion. It ellftM the Hit structure oi 
LHPITHEH to nark fit* filntVr 

EDISPlA'fl E] will type th* display tMtranetoms Eor B r These 
iostructl*** ice preceded by e da liar »ipi, so tbit the TDP-& Mill 
interpret then a. * wmeiii, Iwteri Of eyplus *>«* ™ the talacypr. 
EDtteUtf first check* CD sec 1* there is * tHe B FT™", inUEcecLns 
e[lll t the picture ostler hae elreedjr fa*« “Shd » tof^ute th* displayed 
Tom of eKP «»i«i E, to this *a« KDIULW chaina to the CTS5 *y*ten 
emndeti ralHI, prlntiBB JLle K DlWPH. flthewlee, it I* neces^ry to 
chain first so the file H5PF SATED, which ^“telna CM plcttir* eonoller, 
•lb I a tile r*»di E FORM **>d create* the correspond ins PEWEP- nnd DTOfcH 
jj l K a- The UFHEH file orl&lMlIy hee ™e LIST LSFftJT* bee this <-a 
Lhanfeed t=i P SKMK with the CT$E FETttfib rinJirnd. 

Vhen ii epewed 1* typed u the PUP-*, the String of Hotels Is 
Eiv- H TO the LISP function CCHHAKU, This ftneti™ cell* IXJOS& to parae 
tJi* lynbnl® Into a LIEP esprenalon, It ChM eweluatM this expression 
lor Ils effeot and r***™ an ****** of NIL to indicate chat th* 


evaluet ion is complete.. 
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J, iiiHiiid irf quest [aoldij the usee his beer, prodldrd with tf,„ function 
ItL’ESTTOILK. Y|. ft is a L la t of exp fusions and If Li :i qu.lit Ion t* bo 
c;fptJ oijtj fcrtiiicb any eofltrtin sunc DC the expression* in, Hat X. 

QUESTION first types tint wid qUlSTHM. Then, It K enerates - n.vro for 
C4t !l ■'JJtptcssLon in. Hit ft and write** the cup r a as ii'^n tl,u Ji^V m.th. 

thUS pane, Tt filiis displays each expression., Ktxt. it replaces the 
ixpre-sstoiis if. question Y with their na*:**, -rhe queacion [* then 
tjipid. The user tun rake om of four resporiA,™, if he tYpea cirail?, 
(?JESriOF calls EEflClp., tf He t v|i -ftm AH SMEW) 1!, LlSf aitprts a £ L. r X L = 
returned as cha answer. He *«r sIsp type ftPSWEA a Y, in tbits case 
K i is taken as x pair for mUQIKHE and ch* result l= returned as the 
answer,. ft spec La 6 case thick is made ro r AH SUER CONHfttJjj {a), m this 
case fltrirg; JC ia par Aid with APAE&E And evaLuacael tt produce the 
dnstiir. If the near does nnc typa filvjtur. AjreuHi, p r ftNSk'I&q, then 
Hit rep?™ac is liken as □ pair Fdr EVAUyiQTE end the result 1* typed 
out, qtttSTIWI the,, types, “THIS CfUISfliin TO i'fJJ IS FJShniSBC", repeats 
tli,' quea tlop a ini its a tu r tin, r user response ■ 

There ait sbree [- r - -: I piarpuse file rn-pdlr^; functions, 
niA3F|It Y| Op kiik file X V t rudu -ane list, then closes the File. 

PLUESGSDlI V] ?„ nd k HU list fro* file i y ini prints the ..Ankers of 
thLE list am, *t a tint. HlMLEf [LE SEAR? Y Kj returns a It At of all the 
Use* Lu file K V. 






m 


£h mT al Tu L'P 1 'hi ml: t Lor s 

There sr* i nuiiber Of Fuiaetionj vliUh have prOrMi ufletui In 
pranifr-miNs th* nath™*lieal expression seprEjentstloofl used Ln. llil* 
is. 

APiMHj Ji Y J r r f riiv". an {ulunMit List fr-^n L-fifl; arsuitfinC It sits K. nnd Y. 
fi. r iLKflnp lc , (* fl H[L> (COE h[L)l i8 H I C H J<lL>r 

;■;| IF the next te ia.tr tLenecit 0-E Sis: H is an arbirrary 
function with nrr-'iTTIf", or « sulifl-erip-fcei afbl ernry iu.HEtmp with 
atproMita, then the ISar oi □rpu^wiU.a Is returned. Ochcrvlse,. VP- is 
re turned, 

IBL&TSL 1 If] iem>v>aii chc first oecuErcnoe o-t Y f*on flit X, 

DEPENDCV X'l Ls ciue El tstpreisLOii f dtpejids on v*=fFa"bLc l. 

Eiihe r Tf is nr, a ton mid XU oqtal t.> Y, or I La s ne=rfetr of the propwty 
iisc of fr Ti 1L is a subne.rLpLBd i.ril>Ia nr frunctl-oa, then it “131 
iippear ™ the property list or Y In a special iomnt h ^icluut nrRuswnbfi 
wL ih a hull property U«, In this 1 ™st ha nanais-me.l Lmo 

IhLa iomat be Toro it car. be Hiatp-nred ai;»inAL the pnrputty ^ LaL o* 

FIi:*lI >Lj X mat be s LI5? truirber at the ism (FRT h H KLL). Ti 
n ,i LIS? nunbor , it Ls floated by addiciR it to [Inatics rsm> 
Otherwise, t-hc nuur.tur and denonLnstor arc floats io thLs rr^utwr and 

then the -quotient is ts-harp 

USTfxJ wtLiTna die last rn.ir.bcr oi list X. 

MAJLiA. ruj Fa like HA7LIST esicept that Ft applies PH no CAB. sfc 
the. Lilt and tt does- ™il apply Fh to tfie Last "y^r of Ust X, 




KATCHfUtP, PAn, tKMRr) is a rarji staple CJ Lek I Tig function. T hc 
iJfpMWHi™ EKF i„ intche-d fl E «inst tint pattern FAT 7 in a two step proecs 
If a natch. ceeuft,, tiien elm ^upressioii WttSr Is cvilusted fi^inac 3 
ijifliUt ALlsr h iiALlSr r ¥ used. during ch/c Kacelitns 5"cji t In the 

u^trliL-ns scc Hl WiTuEi: e&ipHrg* sx? and FAlT tltw hv eicwnt,, nlL 
almnta be the s*t* until the undo of hath expressions are 

M*ched or MtU the arc KHiLAK appears as an sUmcnc on faTX ir 
this noted lurtwds, U'*n the aeeonri pare of Mit natch £a utterf-eed, 
jT PATT tans a function an its proparty Ilel, then the vain* of tiiit 

WtLDn applied ta EXP ^ Pt Pc T P If both n( these conditions are 
i™ti the naUb succeeds, 

PifcLLEAK?[Jt) sets ta HIL a LI aLbe^preasion property lists of 
expression X, 

JKPISJ Kt checks flf^™tt lLat K for [hies cohdatLons; 

■fMIL) -? 0 
(A KIL) -* A 

<A T " b MIL} - ^ (FI..S A t,r H H 1 LJ, 

HKFHDl I] checks Use X f&r three conditions! 

(BEL} > i> 

{A Nil) -? A 

(A ■■■ n ifILj -r fflfi jh t t. u s IL ). 

BIIXWI!)!] adds Elm sLsnenc WIL to the eight end or u Ht x, 

HTtars] I 1 *turns rhe neitc to Id4t eUriem of list i T 
.HT(JLShliS-l[](. vf sobs-tL Elites Tf for che neat cn last eLencot of Zl 
HBfHERtIJ is ttw, ssire as Lbflftlti ol It, 





I2h 

FJTLK V 21 pui s Ji aa a ton V ulch indicato r E. 

,.»n( | [et un,t a randan inUijar rtiitft is toured bjr «iltip IfLr* the 
ppsvioijfl Tenant. ince K er Tiji 3 U . TTi^ preoL-aus lAdden. Intqtr is kept as 
the value a£ the crm&tmt EAHDCttHJMBER. 1b±* t*n*« skierst^r is 

Hated on h noro toy Marti* GrcenbeT.sti r\ 

ELtMl'lWPSt Llsr FKOP| removes piOpfi:i ty SHOP iron each ol-ioont o£ H- 6 * 

I.TSTj 

KTLSTI Xl rEUhVE b Ulc prop^rt/ Lise fran *ddh subenjiTOfl Bior. pi 
esp l ess Lon X- 

5 mFi'JLFK 'Vl evalu-P 14* ('PB 1T>. 

5TRIKX[H ?] renoves Ztoti list t etty element for which EM predicate 
V Li L1UE. 

H 1 TBSTAICW 3 T FAH EOT I appliru HATCH to ***n niBb«pne*laiL □£ Elf. 
fitlBSl* starts PL the ends the brandies n£ the esprtasLon 
-Ki,iibA toward tb* cco.. 

TWLMETLI] reinovos th* last boo * lonehc* £i'™ 1-St X. 

LrKTOHLL-St'L£ V] adds to list T any iraisbcrs of Use X 'Airli urt not 

pi'rilii: L -, j Crl If. 


Tf flflfl farmJfci 

Tl-.E ir>p Unentailed oi each of the: trims fc-rontions in Chapter II 
wLll now bo descrUitd, CmcUs tana a'amut these trimsEoraetien* 1 “' fe 
s lT*.fldy teen pr«soiLced in ttia chapter Lncroductlenw The nose ictomatU* 
iTHPltrY end TKlIS&KH. The osa of Li&ht pen refErt«*s is enpl a Lncd 
in the drsuription of REriACE' 


E 
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ALLSWWXMhU 


AU&ltigl&AMlH *J hag* SUIStA ts apply SUnKXPJUiD co «tch sum 
aiilidupreEil™ Id X, Since aniiTA to™tH - dp f r ™ cist liatt-yn. 

y * J UHjLd Lit Hjipapjed te 
TS 


t 

L-m 


f_ i j * ^7 » s . 

J-tJ j-u 


HRIBGOWER. 


BUlE^Oi'ERl'MAHE, TEJ^.I liifLnjfl ten* 7E.KM to th* other sLde of the 
equation with nan* KAHE- The: teirai is with the light pen, 

□ HltSCWES la cot ■jfiry c Lever; bli* ecru ™nt he. one or m’F* rat-toss tn 
h „„„ or product, In aider to ctmpate the jtiLawcr, DUiMSWES needs bfrth 
i in, ticrir ara the equation wLlb - hole where the t*nr v*a rciroeed. 
Mnnnally, the fund Lion Pr&S'HEA.h which ev*bh»l*s a liftht p+u icferente 
ty.f.irns the sube-sp resale* referenced; the past of the eKjufdiaLnii Id last. 
TB (, iv4 chc teet ol clic expreseEon R&LKCOvER hat heed defied as an 
IXHBL lc has tvw arguments, the first will uv-sLuice ta the rii*ir»£.- of 
th« equation and the second. L-n the Ecm, first, ESTHMJinsii fiaJs the 
equation aarc and fiMiiH the FidM with, that nn** Fract thiE di.ek, The 
constaaC ]KFFUKH Ee assigned the PFGKH ad value, h"™ 1 , he EOF* Ehc 
atcomi argument Is aualaated tha fanctLon n«™ FFflfilEE^dJ i-s replaced 
ulipH qETmStlS. Ins road of roading thn FfWLH rrm the dlek as FFfJSHEilfch 
weuLd do, GMIHffln uses ltW'FflflN, The hols t^here the iiUht pen 
inference was fo-ind Is marked by aitcrinit the list struotwt* nl the 
BufcH>HFre*Hlon property lilt, IE 6h* eecti is constructed frOf several 
lit #, c ^r, references, ench will he marked. Having cvnlu-at-l Ies second 
arsu-nt to obteio Use term. &H.LHG(Wia tsxt cHlla RSFUl&E&Jf: to opiate 
the aurked -whsxpresn Lone 1- 1HPK3RJH with the liuta (SuHUBK h H1L.>. 

H nunhara chc narked nuts* pro sal mi, EKFFORM Lb converted to rtenderd 
internal tom fcy JifSTE erri KUUHM1K express lone vich o number aLlyct than 
l ore deleted fioei It by 


[Z9 


SKLHOOran. r^Df has U,H reqt.Lcid tern and ^u-stien uIth tlic l.ca* 
““ h/ 1 "*■>■ « tLm cKe^s M thMt 15 „ s 

S Lvc * =^tiw. If aoe, it juar p* p i« eB IlM eerQi 

4>th*rvi«, ic tiifltte far Mth of itf,* foll^Lj^ l^l po fl *H,iliti M . 

>! ■be eba irn» tin bt upped. 

J£ ■ Y "f 1 » Yx' 1 
1 * K-f ]i"\* [ 

AS - Y -* A - re ' 1 
A + X-Y-^A-Y-X 

Y - AK -J- k’ 1 Y - A 
T 

I a each pf cbjes, it perforefl the remind i^tracHm to piodtn.**, 

*** *r : nrei. nthexvlsc, th* mar**E Li produced tj- replacing tbe ters, In 

I in Hrf L L. 


no 


CULL EL"! 

COLLBCTI ESP. SETlI collects tftius in the top Le-reL (?£ aUTiieasiou BJT 
Ln pamtxt o 1 chc varUbl« in set SETi- LE th* SKpMisim l* in c^atto*, 
lt vlL1 ^UMt terro on oftch side, When (wafEtiLe, CULLBCV vltl trtrMn*. 
leinti i^volvio^ suotm* L ioiu For lc •■ 

a}j 2 + jr bi 1 4 d' cv- 1+2 tyLll tc collected on penwfft of » » 

1=1 T$ 

yield: 

b* 4- i*+l>ii 2 4 ^ i* 1 + (W-c)i 1 4 3— J'" 1 

1-3 1*7 

llilu qr»n.sfonultJ.oii Is straigTi (forward e.nc*igh, but *i«“ Hie re Tiiy be 
sevrril M-oriablc* oo unicti to collect t*nM , occ sev^ftl Enet^rF «Li.liLn 
**sh, L*ra, as well ns im^V llhtftraectine of auction, sp 

ipefriclcn could In very elow, rtiereiote,. the dntft La 

rearranged into ft sf*L.l For* which nrtftJi it («j tn scqoePFft Lh,TPO B h 
thfl collection uftiiableej S*™ lac turn, ani s\jB«*iLDn tHOKH*, Ttus t 
the LI5F IrunctloM are a*,^ Lot lied w etii* rc.ucLp* r ras complex data 
struedirns made thft routipe noie dl tfiowl C to debu^r 

•Tfcc flev of contra ihiouah the Janet Loup crwprCftft chLs 

Tcmclpc Is «l*»n Ln Ftjut* 1. rte- My do« ntcuctun is fbowc, in 
Fijfuris 3r 


T 
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Cbmirt the dCTf. 

i>f verlablw 
6^ -s-pc-ctal rcrnat. 


Cfllicit H 115 C 1 jC 7 T 
terns cji hh"H 
the vdtUblei. 


Ganweirt 1,1'e -LLC7S 
HTISUCr ba.::k t-i 
ijtfltidiril SnterreL 
fimi 



FLKUjt 1 

Pi-fii* of PLijji iin Osntret [ft COLLECT 














IV 

Tills top level tion C^lXECTLEit, Sill cal la CLCI31 EKP h SFJ] * 

CLCTJ chan*** SIT Luts * list of vniiblu hy reirtvIftS the op W *iitor and 
propircsr li*ES If 3 *M of ate «U»m Tuti repr-a-aiiocd by *»‘a 

tlc^Tit LtsalS, CLtl3 just list* clrs eleonat. CLCI3 also bl^UHc* 

EXT- CLCT3 alvcs EXT *nd the- li*E of variahla* T to CM^H- CLCT31 
Mhacki EJtP to ace if [es natn *o*u»iitlve 1* “**' IF Lc la " th ' i “ 1 ^ 

H-irs *r* coUert-d HidivHatUy, other-1 sc. th* *btire e*pra«t™ 
l* eoLlmWdr Vho psrt eo be coJlocEci id eoavtried to a PLS tar* 

Hit and jU-cn to CICTJi. CLCT3 2 issue* th* tunc tic tails ne-ytssary 
to ton^lAia. the col lotion of MI®- ?irH t chc fLS Earn list ?< is 
eoavcrt*il by CCJCI8. The com-Ufa ion in whMD by th4 ^nonole in Fi^re ?, 
CLCIS Wkat the Pt-1 Earns imib at 4 tin*; each. of th* TLE ter™ ia 
converted fo a PEL) t&™ list by CLCI* and then Kivm. to CLCTd. The 
FL5- tern Haclf Is sddad to thrt Iranc the inmr produced by CLCT^ 
to fori* the list etn.LOLure shoe in Fitut* 1- ™ produce it? result, 

CLCT4 cbflCfc* aath Of tba FSI? tor** re are if It has ThU or SUM Ter a 
pain ct'nBPt.Ctyo^ It the nain ooniwetivs ia PUft, a ta«n o£ tb* rflTT,: 

(hssli oC hate, as^ntnc, rt~aLnln K PPP ternw, praccdlnE TO Ecms) 

La cons trie tad- If 5l* rtA In active is !HIM r seyaral atitfitly Dgre 
iiaapLEX tarms rssy l» etna tr» tad, ILrot, *1* is Whatltut*d Cor the 
tannins variable I- Lhe t^dy or the SUN ami it it converted to □ F10 
tem list, Tbo B»J body La then emmdncd by CXCTdl- IF a btuT. Of tMa 
SW body is a and t-ha base dcs rot d*n**5 on ‘‘I* Uje tine exponent 
jobs, thao the tKpu^ot is ertH-ted by CU!»I1. OttUl r*«™ Nil 
aulevB Ehfi is of tha iosra *I**a or W*!*, S an inta S or, in 

Alob ease It returns Nr IS CLCW1 rcturr.H JITL, then the factor einr 


I 
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iT3t he collected and the mathln* aslcr the i£ L t should continue., 

lilHrlnt clili fntt»r. It CLCT41L -returns an larger. the teen* In the 
SCJtl body PR3 list before nod oFter the tew in action •» ooncateMied 
together -.=.! ™de inco a ?PD, If the inca^r returned in not 0 k that 
i* we hava (bdse 1 4 ' , '> f cluin H change or uariHhlea Li nada In the HJH 
st that mu have (base ) Ly suib-stLtiic trig *I“-N for *-I*\ A, tern of 
t he fa til: 

{hash or bos«i (ltucr liiitt + «i upper Unit + H) r remafisir^j 
PEE tcruiSj prnte-dLTiK PHD urmi mcludLng. residue liUM body) 

1* tnen senes a. tad, If uLXTii fL-ada a tern Ln the S[)h wjd-y PHJi Ifat 
which dues not depend on eba i^nnLnK varLahla *1*,. then ir chi tern is 
a FWF. a tersn of the form: 

{hush of base k export,, renaming PRD tome, preceding PRU terms 
lnei.ud.liid SL"K wLth te™ fa question lautor-ed wit and ruontug 
itjJe K cl'-Pnged to *J*) 

is Eenerased, If the teem is, nut a Frf3. d tan. of the fostu 
{hash or t™., L r rertaioios pita ceFtis, ptsoedlTiE PSE- isi*™* 
including SlTJS with cctji fa question factored out and. rutming 
index changed to *J») 

is generated, that is, th* tern is iaeiorH i.ut of the SUH, if □ test, 
conmoc ha g-Hrwrated, cht: 1 ! CLC1'41 moves on to the nest tern Srt the ELU 
body PRD lift, HetumLng to CLCli. it it doa* not find eha main 
rennet true lo ha fwh or 5UH, Limn it farms a L«nn: 

[ha.Kh m£ term, 1, *™ininE terns In Pku. preceding tercis In PRD) 

Vlien a LI ccroa hav* seen exoninad, returns to CLnS, 





m 


As -es tke -vnrp r*s sloe is trAmalonied by (SLC1B-, eh* Hat of variable e 
EG few collect'd pr l* cra.n*femed by CWT&. CUt» *siuhtkm a ftiwWN 
c-e the Fora: iihask of variable IJ (h* flh of vsj-iHhlii Z> ■■■ <kas’h of 
WTialiLe m>0>, ohicb uiLl be re.ll hjS clic coUccJi Lun Eist . 

Tlit trsnsfoTTFrid SHpreasioa efld "liar of v-srirhliss ate C1.CT?- 

llua purpose of CLCT7 is just t«> tiv* clue itrriB aF iha top lt«l PLS on* 

AC a tine tCP CLCTID, which put* tl'^ an me coIIhccIor list in th* 
appraprLat* piece. Ike 1'HB at each «>i the cams in the top te™l 

PL£ has been cCAyar ted by CLCT-t mza a Lise ef eernir each ■>£ uhith 
ksgios with ft Mflh fmntor a£ a rtfUUlt et exp re* aloe <*nd contftina the 
iofCKAKton needed to rewrite the PUD with powers o* cko.t variable •** 
AftpreacioD fartnraii out, CUCrlQ s«i completely throujfe these PPX* 
tvma for each nepliar of the collation Hat. If norm of rhe ^SI> ictae 
Haa a base ukith mai-ehes one of tM col lection TArl Atlas, then the P1.5 
tA« ukith th-sed TfiB terms make np is put. at thrt aoJ of the c-Hlfcttioa 
IIAt, IF nure ll'An one o£ the (urpa natch, then (ha user la- nep.nl If 
it is ClK to collect OR the ftr*l ueriabLe or expression which mAfchad* 

A Mechanism is provided ukith lets kin answer this ^uoation onto for all. 
IftiAn the First match Ea tc-jrvd. the meLchlnp. FKL- Nat lorn, and collection 
|Ltt entry are *EvAn to CLCTll. ClCnl huMj U'* hash number fro., the 
fiont of the collectLon List «ntry and then put* it hack attcr the Anxry 
has had Ilia neu tern add*d to it, by CLXJflll- 

Aftcr tke ha all nuoiPcr has Khuu removed fr :; m Cl'A front, the yolleerian 
list is ft list of the fsum 

(K1 Tl I 2 T3 , hn Yd) Where 
KE La etcher an imtAjee exponent nr a IEhe [Hi h tii) .sEvLng, a ranee of 



135. 


integer etcpencnM,, and li ts cite cor reaptmdlog vm# idue steer fi-tnrins, 
Sipce pare of a rangM 5ti itay itateh part p£ ch.t twit* of the pm 

the reratnlria pieces muse tl.cai lie mat chad. CTjCTlII erica ail the 
tur-rtne Plcc-es asafri*t the- enrean* rtme Si, addiiij the residue; to ri 
tat aech piece thus Hatches acd aplUtins Xi if part «£ it racei,,,*,. 
CLCTil tnen proc-eder t<i Hfi+lJ Li arty pieces of tlM rn-nge of the PR£i 
ti^t tern renal h. Mimn Jin -has be-ar reached, .all raicH-ining oLceca ui-h 
HH l at the end by CUIllll. 

rmce col Lee t Lob hate been fintaka.1 the collection U Bt nusc ba 
ennwrted back to ft-iMndard font. 7kSa L E acconpliahad by CJLCT9, wlilcti 
8l*« each ceru of the lint to CUTS? iiter renaving t:hrie hash coda 
Bnnbiir, £Urr9L a top IcuaL tern epf cacli pair Kt, Yi; a pup 

If II 1* a sinpLc uaykalla *nd a £IIH if XI ie a range. 
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(A {PJQ a C D HiL) tSLM J 0 ID (FOLD 7, {PUB. t J MIL) MIX) WIL) MIL} 

Ie the List to h# ifsuvttrtcd te bp hc *forrait j ITiSfs sea t^rcc 

terns il 1 v*e rating jj Sinai* elcrrcnt, a praiLiiit of factnrn., Wd s 
□(j^rmticnir Ull aptcial En-rtat Is: 




DiCOroCSlt It"' ft LCTJl lClCO 

First, tem < 

{(* «J1> 

{#A 

1 (BEL) MIL)) ) 

St^iKnii. ccm 

(CB C Ti MIL} 

(f& 

1 (CD MIL) (MU) 



WC 

I ■(□ EIL) {D MU-)} 



{« 

1 (MIL (C B HlIJ} } 

l-hrcrl !j^b 

((SLTI *1* 0 M 

(FO 

l C PL’K C *1+ MIL) MIL) MIL) MIL) 



t*t 

L c (7V3: G ■*!■* MIT,) KID MIL) 




tc IQ) (HIL) <E MI).)) ) 

•r V f 

BanTi 

etuis of factor 


\ --i 

of Fallowing and 




saBwient nraefidlnj: CDfo^to.tt 


Ficure J 

Cnn v-ti aLon o£ fee™* far more tfficianc collecciwir 










I>EpIhdem:e 


DBIEfflMHCElKKPf returns *. #*e of Uic ^riitlea and arbitrary 
iunotLon dougs In Elp a IL ds*« this by n^kinK i ml a>t d this 
p^rty liflt of BJtP t *itcr UK? *bj ban. „y # d try find cl*, (iepcndcru;li 
li ES? is a lp jiiIsh r a D£?e™f.KCE returns ItrL, 


riE.i.ii'jsSV 


UdSLiR3r| EIB, OLDDFL. KFMPELFttEE] us-es Siesta to atari'lor 
mbexprMBkina rtprvwcLn* the Eitat aErlvat^ with itap-ct to the 
OLDML ■x+Tiable, JhW **™pl*, OLCTEL night rnpe«™t ^ «■* SL-BETA 
Bipht find i(*rti>. Tlwra If MShW-TSEE repreri^ted„ for 
e±r + uA EUBSvA «o uld um DSUOEBTl to rwO=* the nifcatit™Lion 

|-(«rtt.) -» c“(e+b> + IftU i* otie ft flw few 

*jiej of r:ZL apernLor, (OE.L- £ HTL) = JJ- 
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DRV 

the operator jjav m described in the icceSe* tm n]{jc:br*ic tuna* fens, 
Tli«re it -was explained that StLV[I, 2, *. I, i] US£1 plpl t[} 

df Fteren tiace Z* firec ylth reject t* K. and evict eLth H V «t 

co I, the t-jnc ti.sn ill FT [EXT , Via] will no* be to**rifceiii BIFF 
dlCfvniitlataa EJtF once ulth reaped to Vita, Ths piutinc i.a*« .via to 
compute the dependence of ftitwapres Hiatts. Tilth,. 4* DIFF cc™* dovn 
Ira " the tap, it can CaneHUtrlr rcplacr 4 content aubexpraesioa by 
*««►. This oefchod is eafMinly Caeca* than Hop U lying a eofliplately 
dl detent laced Vacant, lldveyer. it valid he faster to woeh up free, 
the hoc Lon without the tell to MKT. Since, J®r tin be bssd It, reveraE 
rm.Unea, the uechAd used hat*. requires Issa pro S *ao r 1E ia utlTy sajy 
to specify dnituatlver with patterns and so they have taen uh4 b*„ 
ioi Che tcHTiacciujenfcn.1 runccions. The le>i K th u£ this routine le 
prlkiicily the ea sy It of eheei* to reduce fcnneratlcxn of redundant 
expras&ions. 

DlTF diiferHTitiBccs ail ezpresaLan with respect to a given variable. 

The Sop level function, BfFFfTf, X) , a tv*a che FORM If and varlabLc X to 
DIFR2, DIFF2 «afce* erne pate down to die ,.nd.j of che branchci of the 
expression tree., tsuriting the «xpresslob ig it poce. The 
crane ronret Lon pcifomH on each aubexpres a Lo q L5 a finite Lor ai ice 
ham con nett live, chc dajisndence of the aabosipraH^ion end each nf i L e 
erjiu-Tenta an the v B rlahla uf eupnnsiflTi, and in tm.s rflsea , elm ™,i C . 
cnimeetWe of one of the arguoanta, however, the dceLvp.tLve ol ehm 
expression depend e on (4,* derive Live* of ita erjranta anl r £ n chc 
vrnae chat Sf rcne of the deiLuadvea of the araunents, am Ter o, cha 


Fnwlc is coll-spaad co av^lrf escplloeiv* Slouch <?i radii ndaur La*, The 
variLf * cbiei vil X now he dliftifiatd ™ *t A tlne ‘ ^ ’ tJr " 1 CT1 * ,tr l 1 " 


■jrf-.in.Ti che essprasibion. ii tr-Pted, 

The df+flvati™ af * imoiLSDC i» ^ro, At th* >tnd of a bi-A*oli. she 
v^reati™ mi b c be the voluble o£ «p?™s ion irieH dexivati™ X, If thr 
operator Ms prspecty DTTF, then i* * F atiem 5*ta which sin*!* 

argument bf cha fimctl™ Ls jnbitltu-tad foe i nr 1 J **■! s4iLch tv cMd 
iuIIe Ip lied tiy the deriMtSv* of thr argpiienL. for SIN 11113 

che pattem (US *¥* PlL) „ so that [PM (CCH X BILJ 1 Ml*) bC: 

ap the dertvacive of {SIN X MIL), Ar. arbit^ function 
inicLBtea a t j 11 CO DlPFH. &1FF8 Forud a FLS tvta. lLft. k l*rm of 
chc FLS is tonrei for each dependant argument of the function. 


D1FT0 Coras Che dar Luaclve Of CM function with respect to thLs 
di E pS*3*nt are^M and miltiplle* LhLs tWttlt by CM derivative of 
the Attundut. Ttia derivative ot the body ot a BUM or JC5T 1 b t*Mn t 
ind a 51 a Cher crE ll ™ ri ts s£ them* operaeoi-s ifcc i-Eft urnhiu-iped. FLS 
S er.sr*L*s a call to BIFFS, DIFFl fonts- * FTJi E-lttt. list of the 
derivet, Lvas of a 11 tha dependent ergjmeatB of che FLS, PFLb initistaa 


a call CD D-lFT-iPT 7 FI+ alw foras the t«ra Hat vF PLS- Sach dependent 
tv on at the FKfJ Lfl dlxferdiiclnLcd *nrf ™.Lc Lplie^ !■? Lcs- cofat tor co 
Com a ten*. of the FLS, PUH cViBT.g*Si a" into «-■ th’* 1 *' 1 ) * ^‘ElCS a) 1 '*. 


The i Titegrn.lL sign it. rcnuvrd Frosi on 
i n ckn variable of dlffer-wncLaLioni 


Lndv finite integral with renpatc 
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(A BtfVTOUtlm OtllCTVli*, j^tdy tecOIKi 

&- C-t(n)) + hf{&) 4 

w'nere tit tli L frd. terra ia replaced h>. j( mo Li t ta £ ndepeiidchc at *, m 
the caae of mv, It the par bod7 la an, arbitrary r u cavtlt^n or a 
Uufcacripted arbitrary * UT ,ctloD, chib DIFTB Is used to apply the ohaL* 
ral* d-s above. ath.fi«tE ihu, EDKV L= used. pa add che ncu dutiable to 
Lha DRW list. Doch nnniEt e-f JSljK at c a l *F*rehtL*ted , as are all 
tha arjj^Titbts p*E iSl."!, h hfltd 1 structure 1.5; .set up araubif TllS. The 
sa.:i 4 nd arjpjraehc at all pairs in a cm i * differenciaced by DlFFf,* For 
1 c beck ls *JP*S nade to see if the expression Id equal to the 
variable nC dlIfttaDtlatlm, II ehl* tv not the c*«», the expretflEoh 
tam be depenileisi oqly if It Ln a subscripted function Itie expression 
1 h thus fciverj to LEPFS fur expand inn hy the chela rule. Ary other 
liienmnent min cannetfiU^ doe-s sot bow. a derivative defined and will 
daus-H a calL to IHROR. 


IUZ 

mttno 

TKVDtfEJU, ¥A*) carriea Out all lndlc-otcd do civs elves with 
CO VAR m £db'. It- uses UlFrDOl to starch Out HI DHV aufeerprods (nos, 
pjtL-i oi cbesr 1* fcivcn to „ clot inmarafr** otiti Elrat. 3J1FFUQ2 

tviMLnan each ^OriakLe of diffortfl HatLm on tbs PFV Mibeiproja Lon to 
Ms, Lf any of Ilia® arc VAR. Lf so. UUID02 BLvoS (km C-EV body. 'Wh. 
iitd tbe nunbrr »( class, H, th-4 liody La Co be diriaotneiaced with 
■•aapeoc co VAR. to mTFDLVJ. BLPFSuI! cbtn Ls-sues K tails to ULffr II 
fnate arc varieties ol different to Lion other than VdH, tiic-n the-ss 
■famnCa in a DRV iuhc*p re salon. 


I 
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DRV FACTE*, 

DUFMTWEEXr DRVFSES XPJiBisj mu SUBSTA to locata D®Y subexirtsstott* 
vtiicfi icvJ I d i E icffi-n ti«.C ioo with risp^tt to DRVFEEJ?. it at-pllea 

BRWAOORL to each of tlieae. I] R.Y FACTuM marches do™ tins Liit at 
variable* of different LsMon for DSVFREF., iheTi Lf tha libber of 
indicated il^iivfltivci with respect to PRVPKEE ls srtacce than ^FREE. 
DKVTACTQR2 giimw to the end: of the arpLiptiir. Hst to forii the neu DJ^'J 
subexpra salon, 'Ihc rcsuli iri; tr-anaEazueEdo ls: 
fURY ... DR.YFKEE, (HFXEE + H) ... f ML)-/ 

CGRV . + - DRY/RlSIS, H ... E[S*V LSSYFHSE WFMEE- ¥ P1L) HI1.) 
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D8VZERQ4 nr, VAS] u*w* StlfiSTA to s’j'hwtl tul-i icjco for each BIT 
SubAttpranaiMi in EJtP Lndlcflt«>i i if ((reautiatton uitli r*«paet to 


M. 


ESATJUfflE 


BVAUlMTfEXP, SIT| ta*pcher cisp rA#r ion EX? For nrljt,| 0 , ani 

-rfiLcb OAn be evaluated usin£ the equatLe^* in. sci g Er , a , 1)r 
,u * u * tl<w “ 1- ft hnnd stda ha* one of th* iollo-ir* l orm Are 


aoccptAble. 


1 . 

t 


1. 

fi, <-■* 

,.i 

3 , 

r(i, 

itj, oaocliea :-' as ua] l 

•A. 

Fi, - + r 

h.l CX, jTCJ . statelier Fl, - r 


7Ht ai.ibncripca and fun^tinA Priunerui tun be nitlmjr rrjnbera c-r 
literal*; if liter*L a, they ere taken as Fro* vat Labia* to to ho^nd. 
SViLL-ATEA- dietks tbs Aquations h:kI thr«rs out unacoap^biE ones, 

Mest. EVALUATE 1 search** iSICP lor lititmcu oF v-sriabla* ar function* 
^Ich tan b* evaluated: vith tl» Aquations. Suppose, Fo r eyiaic v lm h that 
£XJ yat i+T and SE7 contained el.* eqcntioiu. r .~y arvl y-h, then tha .jrarcb 
by EVALUATE 1 wxjLU l<*;Bte x and iabetitut* y. yields* *py d Hll( , Further 
cmIuiiImi tan bby b* done yifih the second equation, Therefor*. vheiiovar 
an evaluation is ud*, the variable HARKFn.EE- is sat AO that EVALUATE 1 
vill naie another pas a throufth ESP, EVALUATE 1 ijlves 5VAU0ATE2 Tip and 
bAO equation at n flu. EVAUiATHf *>*, B through BtP, eaUlns EVALUATES 
to Tvitch each Auheypresaion nath the t sL<Js of the equation, 

EVALUATES cbacku fur each of the loir t**** gi-r*m above. If ■jaE* 
EVA1HATW to bind Auh-atripti a? »rm:i>inLs mid aubntitijte the value, In 
the right aide oE tn* equation. pf course , f.> r a naeth to oocur tde 
number of variables or rubaeript* nuat he li|i:h’. 


iNCKArt-iE 


EKOiBCtLOtrl ulLl lntvrclmnee ehw o tfjf^nen Lw iiff cfic iwii 1 uonucti iv* 
cf BXr! ti ctw irj.Ln cornierLiv* is bin^fj 1 - 




EXPAifLl tXFi g-cca through The hup re salon FKp Apply ing, thy 
distributive: Idu. it expands a.mt railed to a pysiclvc ir,te K er power 
iml dl-strlbu tty ill*' derivacluia or Integra E of a slut-, For historical 
nidOns, clie lunofEiinw arc naned H'Ll. EKPAJffi calls lt3LT2[ gXFj . A 
ap-aeUl data Som h 4 n been ufl«d, the resulLinK E air, Ln aFJULeosy- [a 
probably trot. h'jj-ch the spec Cal pmc canning cediiirid, I£ EXT la am 
aquatic™, H1I1T2 handles each sidy Beparacaly.: dtLhenaiia, the entity 
A*PceMion la handled, KdLT2 = ives the parts to fct Handled to 
wtilcE returns a PM ten, list at the cop lau*l, :o;Lr2 ufcap chis list 
,r a p:l *3 -flnd nLrplifU* it, H3L73 recurs down. the 

**#f»fl*l&n, tree IF the expression Mb PLS, Ppfl h ukv, rrft f t, r FM2 tar 
Its ua[„ cmoectlva. Ml of tli aefcnwDit. o£ PLS. FRD. arul PH*, aT1 d 
cha Mir, egress [cog of DRV and lift are created in turn h y SuLrJ, 
EsipredBiono wick *ny other main, cc, cnee five are lLstcd and returned as 
cha value of Conic^ back i> P che cx H ey*y fy;, troy aaeh function 

teceivcs as arguments and tatyros for a value, a List or tems which 
flea erKunencs o£ a PL£, Tbus h at tlie end of each brand, af the 
ca H eexHi,,n tree la a list vith a .single ttm, Theee lLuta are conhinsd 
in a wip-ner appropriate for tha imici caimactlye which clia function 
rcpraanntBi ttiura gives FL£ to HJLTd, PRD to HU ITS , DRV a.*3 Itc co 
HlLT-ij, and Pk'R CO PCLT7. in clia ee bo of THRU and lie, KI1TJ uses H'LV.JE 
to Ret a li,t of the aegnm^ts orhae than tlie Min yapreasLoii a,.H parses 
Ui£f, list along to HU LIE, as gait. 
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HJLT4 rwtisLvBj. a Lilt utilise mdbPfa ate Listw ftt PLS tern*, wiiti 4 
t/H BC the riiTit «4. Slat* HJL14 xnpBUfuta PLS. l« a ?P’■»** LltCEE 

ti*ea together to Cora its 

tVLTl Hleo receives a Hat whose Tahirs are Ll«‘ of PLS 
r utl 1 HIL nt til* right enl. II hap n second araur™vt wHtcK if initially 
Hit, and Is ue*d to tolld up the ansiwr. This setopd asgunept i* * llit 
at FL!i terns, HDW3 u.b*h HFLTJl to nil dplf each ™nber of its rirat 
lr r .^r. r by the porcini nusvv-S tcprcsentad by the seeded OTgimjnut. 

C01LT5I Bjltlyli** flash tern of as,c at its hy the Ulat 

ut tTl , cciscr. fh* ranulLLus U*t of tew* fop™ tKe dit*** *or 1ULT5L. 

To do phis, MJLT51 oscs MJLT511 to multiply aach murker of xi iLst or ca^hi 
tji a a lug In tinw Each of tlwic product* is aiiplif isJ in present 
axprfliston sriVLii- 

tCJLTfi rmdkbt on imtMTXil or detlv*UMa subeitp raas inn out Of 4 ach 
Battr *f th* lint S iv*P it by repine is*3 the rretnbdf with the otrueojire: 
{"first pift ot 3 id list" "number" Hit), 

HILT? hard La* eatponsns?; it d ia t L "fcul at,E5 threw cates. 

If the Uai of teme uhich conpria# the base erfjontoc has a eL-ftfele 
piabit, this naiMT Is r*i*flil to the esepoflamt by ffiiS. Tf the eTpOdaat 
is a poaitiw integer, the*' the base Ls mil tip lied out, osicK KUL171- 
Oehervl-se j * tic^Le tem Is formed which represent* ibt torn* i» the 
baw j., a FL£ aulmspioiblot rained: to the einpuecut., Efl)Lr71 luLcLpliee 
the base by it-Mlt by ustPfc HILTil. It buLlds tip th* answer u* Lc* 

Uric arEU™''!.. It drcTMiBinca the eKpOiietc, which La the third argument h 
to count the required murker of BMllipltcfltirtii*. 
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rACTOBOur 

FilCKIM^TL EXJP. X, T] is d» fined 13 itf, JEfcrft aa Ehst it can >iav* hh 
■ ipCi-^noL thi Ed a.rpjnpr.t, Tlw function fill factor JL r.an ^ch tern of 
¥ Keren sion EXP. if the third arfjjntEic if f$ present., V m i 11 be 
substituted for tnr tern factored put, for cxanplt, Y-ACriOmUrlA * K h i. Tj 
jSfllds T.fe+ i| a white FACTOftOuifA-t X, Sf yields X ..'^ + ij, 

FACTM.iJut ouppllea FMTDSCVTl with JC far * third nrs., H «nt LE Y is *j t 
ei^r. J*PIWKI1 wLli do *riK;h, side oi in equation, diii.+rttely. fi, 

Uvtvr J£ out, FACIOMUTl ju«c uses MAPL to divide tied* tern by K and 
finrlLfY it. 
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■ssaMf 

GROUP tv os*d for the Itfilii pen. welndtioti <?£ certain orsurTent« oE 
, ( a™ntdtive iiparsbor which to he huodlfl n= » Hr-an-p, For Enmplaj 

,i Rk night the o artf h fion the ewpraasic-ii »hr+VH>< 'tbeie 

rxprasBLom night hi lepiat^d h^ d to yield ite+e. Th* Elrst 
j.r S u.T«^L of CKOUP wilt evaluate to the nam , a£ e-n exprdtsLnn,. Hit. 
^ c( i*d arcuoient vitl evaluat* to a set of HI*s or factor* In d 
subeupcans ion of K v-tcb i cooinu.ttitl'Jc opes-sto*, To Jettrnln* what 
wperet-dr Lms been K^npcd, tRftJP hbs-b MflUPl to senrch H»U^ the 
antirc Expr-epstoi; lor eti PKprsstion which lean been nuirked bp UETSOlh 
This uxfted «KpTwatlon frill S>* an o.rspjiit'tit af tie operator In 
Ration. in orfar to do this, CBftrF must sure H FiWH ior drtMPl. 

It dots this iE tin standard way. Tbs first arsutrent 1* *uBloated to 
finil the r*» of lha tsrpreosieiflr Then, tne cdiiataiit IRlPirasj'i It set 
eqpil to tie c^.irr*.fl[:ot 5 dtnR FfOKK tfcxt, the second argent Ls 
EVPluatod to flTiil lha set <?£ K rOnipad CErnsi duiftits the eyalbatLon 
GEISL’B will nirh IHt?™- lKKf’OfWt -tun then h* £Lpea to flMTi* 

ff IHPEMW id cot BlL vtidii GRjCTJF is 8P tested t then soec operation, 
j^Qh as REPLACE, contains this caLl to 6ROJP Ip ^if it* aigiiiae*t*,. 

ThLd lu.netlion wlLl need th« ^rStei ieh'KiRH sdnerpted hy tRCUF, 
{Jthervi**, IhTFORH is «at to R1L in oedar to r*vl* tree »tor*E* + 


Lil 


r.£fT 


U[FT|W] returns tnt first df KXP. 
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HVCITI EXE , Jf, Hi ruli*t;U-utas H en-r 3f ir, EJiPr HoiKwcr, if this 

»pl>n'(tutCan lu a su.bs?ip-reA£ion such is iob--a hIuJilIJ. result in 

l.THT?H>', X. Hj 

thru l.THTT will apply L HapFfil a Rule iraS 1 + -lCHT^I lfc) ’ , x., 

Llt)ir ai«n.Litics JiXF and c-ftlU l,T|HT 7 iS EKP . J* l-WITl g.oes drvE ths 

■Kprcfliion crce until it etches the cod of * branuTi, lAicsc ft sub-stEtut*.* 
X it eIu branch cud is Xj or uadi it reach*® * PPD ^itcaprcsaiisra. Th* 
fa-dora of the P 31 D are thsn varied an the pionran v*r Uble.a U, H+ B. 
d^pindic..t cd whether tb*llr 1 init la MHi^ser* finite, ccro, or infinity-. 
Wnin ell the factor® hn«* h«nn sorccd, LlWITl chbc** Par the tanii 


I-! * V 


M-0- 1 Hh -0 


y-g^^w ■ 


LLNf I ' i 
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Nil LTlPL'i'TH RlJ.IL'K 

MJLrEfLVmilQV6ll| BXP, Xl will nultlpljr hti eMpx«>i*leii or ca e h Bids 

oi An Ljf K. ll tit* «wprE IS Ldtt lir *quacLoa *ide CO b« n* ltif, 1 UU 

by 3C is « PIS, mrtTIPlITHRHJlGH will niltlplj snch fey m lB all 

*”«- « -HI -Itiply EiT by *. Th4 Faction tPKJ 

fpr iMlei,pliciitlsft, 


SEWKAS'fi 


hT.UMAHE uu** ttoc LiSf ulmrjiccec liamllLns ftiutflfos te ^aerate a 

nMf at£ * at the iW ft, *+mM a Is ar. Hi* Lnccs=r * fc« **?t 

„ fn- value of tlM constant ^AHEJfJNB&P.. MHENJMBEJ! ia Lnerementt-■' 

CHCll WEMPftje LE C3l !hJ. 


IMRNPOLlf 


££P, ij UMO, SL-35TA LQ H*«rch fnr al] PLS 5ubcX|.r^* w i^a 
oi E3CP, Then JiOSUEJl.li factors a piw«r of j{ ode if i-acii cero En the 
S‘JUCA;iMIH«lqr. SO EllJL [E will bo Si ppljnplli jl «h£KH loK«E pavrr in A 
is zero,, For exanpLe, 

2 

«x + bx ■> + bx> 

t + b* Z -+ ± t « + b* J ) 

Ssnoc PI.P.STa e*Uds up iron lIib Jinttcsn, 

. . i 

a* *■ c(dlit f ti: ) -> Kfa + c(d + *x)J. 

EWteHFllLYL if ids the power ol X. td bo foe Lorml w t by t'-ie 

xiniTSTT n£ cl.i L«fUt power af K in each. [( m Tht iousat p-rve r ol X 
ii each Eero Eb deputed by WQIKMP0LT4. If ( 3 .<l tortF Is a FRT> h HGKHPnLY4 
PXJHNFOLK |o add the lavAAt pi.wfi ol **ph factor.. ■THip Iwes L 
potior Pi X is ol course L, aud th« lwot pomi T *£ J( co a timber is 
Ehi n^'ser. A LI other express, lo n * are assi&n*d h lowest p-swer of zero. 


KEPLACE 


5tLF[A£!EL!£ P 'V, iS] r«plac.-ci the sub**prEs&i<m 'Z, lA’ii-ch. ha* b«un 
indicated with the llsht pan in the emission nvwmJ X, hy tbs 
csfpiEBsi.jp Y< It the filiation p£ V eontiliiB s light pen r*Fa™«* to 

y | J 5 CB tSC rCpl-BCad tit: ttllH S-P1T+. S|:Ot„ thep IE ilflli be h50Lflr 

Fiir thenur* P il ¥ 1 b ' HILj then Z will j*L»t be del*tad Iren it. 

Obviously, KEPUUiE mist iftTfilis the expositor. nnrjed- I P wiih the 
auicrpreusLOB % cnrlced by u light pen r+ESWnc*- *6 ^ ctlii H-tPLACE 
uacs a iwthHid ecujwn to *U tunc tionp whi^h need s,» *p -t^uireTit tha 
expression to yhich a lljltc pen refer-'uia h*s beep .tadi, REPLACE La 
defirwH « an PSX 7 H. It ewaLuatea it* £lrat arEua*At bn Ret th* naae 

£ of ( lns expression, Then it redd* Cio* the di*li che express Lou it 
FF 0 KH. JC FRORH 19 B0PK*£TCd f rnn K hy the picture Leap tier , Spd Li 
has the HOiee siibex-press ton sciuccure as ch.c d iaplsy**J fonr. of H. 

The eun-starLt IKPFOKH i* BtsLgpedi X fPJflM as valuer The bisht 
re fere nee totuit umnitL it sat to aeto. btexc, SXFtArflE tealuates it* 
second nrU»#Wfc uith the function FFOfiKKEAH„ which would read X XXCKh 
Sr:m th* iiisit in order to return s jjwbaxprcsBtor SndicacEd by the 
iLRht v»", Ttplaced by GPVIMSL-&, which -ill use t'HPTfiRH Lpatead, Each 
lildht |i*o reference La ..ULked ip IMP?SEH by nsiSU& :1 which in t-ilcd ty 
GF-Iiyat-Pr. CirrS.i* ulLers the H«L ttractur* V* *+i* it spH hmhb ItiFtMH 
te go apt the subarea stems. the Mrthd ir.sument Lb aviiuated, 

REPLACE We iIn; expression If and on IMPHUM the express la* naired X «t C h 
the rsfltUHi narked Ip it. If X i* 1BU, thep KEPUGE Juata 
suhHti l-j tti ¥ Lpto X ul a subexpr-nAsiDn referspc#. It E is p^t HOLE, 
clitE. Z coots in* Ui* ILftbE pep fstfitcpce indEcAtlhg where Tf wit be 
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ill bad en ih*. * 3icu X PPORH its rend It, ^ z Is evaluated. 

K ' w< * 1,06 ch * wubesjrcaaioite narked. )| Ik cHivexcaiC fn^n 

a PFEEW to internal lorn by Artip; tha. H ct marked auhexpresaion U 
replaced by {St'BHARk H Hit,.). It remits ie sutstituu, y, it ia 
ae-suiied that if there is nArv than on* S1HMMK ej^asnU-o, they are 
nil arKLuenca *f the sum ap^ratcir. REpLACIi use a SUBSld ts ic^apa 
tliia prater, JilikiJi:i2 elujehr eieh nr^nt of nr curator to ***, tf 
it i* a 5LlK5(ARJC r When ns opurst-r entu(7iliiB. □ SUSHAkK. nrperrcr.L 
Fcn^d, KE7LAHE1 rep tec ci tti* first SUEfcARK vith Y and tb*n REP LajCEJ 
Ja]Rtes the rojuinini HIBMUIH, If r La nil., then nil Slf&HfcRKE ara 
daL«tfd. 


RIGHT 


OGHTt EIP] reborns lTic ■Kc-acrf *fAu«int of EXT. 


IS? 


■S INJLlFY 


EIMJIITY iiarte it clin o r da 


Lilt nr.in-nc-s 






xml tt>r*s tMirifU the top, paifornirTK cht Ii>U<jvir.ji *£n|>] LF[cations : 

□ rf, _> |j 
l‘» —tr fi 
C*X .-> J 

a + ft+c) —'* a * t + s 

9 - (t-£) — '7- 1 - b L t 

_ri» . in _ n+n 
a ■■ a - a 

i-a + )■* (d+j). 9 

1 - a * j ■ (ai-bj —y ti-hj) + j ■! 

(a-bj' 1 ^ j-r b " 

-* -lift’* 

^ -1& l * 


*Ai>:rt L and J aff rational! numbera , yuithihmtre, all inditatud arithnstcle 
operations in^tvinz inters.. float in* point rentiers, and fear t ions *re 
tarried onlu TIi* a Hove operatic** require th* tOnparinon of irarpreEnians 
for Equality. Thl* E* fittorapllal.d by hash nodEa^ the express in n a arid 
compartna the rcoul c Ltt 'ha ak cod* armbeis. Adiirtnnel s i«pl li e i:n i, [on it 
elan achieved -a Inin an expression yhfcli is identically equal co i.a Tt i or 
on* is replaced hj. tts ihash cod* somber. 
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Altli^STi Etc simplification prbjjrflni la noc ions* tlm os* the 
HASH Cl*3e ^liduc *nA several ocher scheiiM to Improve efTicicn^ ^le 
ii ted L-pu r to rood. There To e-a., the sourcS* ol difficulty in each 
scheme will nOJ be diaeuBAMd, 

Gcmerntlon- it i hash pbda: nunbei foe * cosmic ncBumme is noderatciy 
auptnsLve* T*aealure r It wv-vld bo is sirs* 1* to gene ret* sack Hash code 
only nnce. ttouaver, ihe stjoMfte ^ i hriH code Ear esch subixf-rtssLon- 
jodld take up a significant fraction uf tl>a -available sWT*e«. A 
il&claiu-Ti mhk ■'■ co |fac hinh C'od-v nufiib-KEi only lit rtP current 

Ic.tI of t lap-11 fixation. TOie ins'll tutfe Lxiubei uf * ftijHakprcsas.™ 1# 
computed fra-m Lite hash Emit (hinders nf Its •.cguneRta, H'A Hm* ««* 
nitTfecrtF oF the: arfiurwntd ala then dLurar'dad. lit t'ne *KF*easibn 
j + (tH-c 3 i Li wo Jail be- inc-orreet tu cornice the lumi £Cs1a of (b+c) xrd 
discard tflHWa ol ti aod c, a luce the nest -aeration Is #i*a odd Lt ion 
ad re T J itm The cnpDtl*OB bl d nzeiaai t and c in *» a 1 tore £* rfU*Ct 
corns. Tb aoine this pro blue, the nest T.Lgbcr oper-sto* l* unde 
avaiUbla to the prbgeau. Th-ie l« Aornslly adequAM, hit tn tine 
eiipfoasiou c- ( h-bed^, the tmaE Higher operator Iren di 1 Lfi *i cite re Eyre j 
th-j hi a aIl code minbHr of i will bfi iIL bearded nnd else hash, citda uE A 2 
n^tad. iluen.,, wT.sn b-b+d 2 iinpLlEiee to d 2 „ Lite hash, cods umber u£ 
d i«ae be tecoTpntyd Im cnnpjirjaon. with e. THi* Ls hopefully not □ 

frequent nitua-tico¬ 
if an awp rcsoltn i a Ldcntic-aL to i*eo or cme, Lltcn lt Is probable 
thet its buh code om.bcr will be **ro or une, Tt.a re fere r ^isnsycr a 
haw s-jbciipresyLOb ta domed v ita Hash code should be chier-V*-d- l£ 1-t l-s 
ieto ur u™, tbc aubeiiptisaslori Is tekH* as itte a*™, THe D tm»ti™ 
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dciiiilm.l garlics Hi^furr, this Opu^ti™. Thu h*.,l, cod* rtinhtr tor 
? 4 i;h sufraxpresElon, to k*p t ^ ctit! f#aat ttj lh * B fllIic c Lian s 

ti&cbjp* the high rode uuai>*|--» ani the astpceEsiops F perform the identity 
cT.m.k.t., and. pat th.t ttU&ultinj: tilth cud* nunt-tr hp the trout uf 

TPBtl L Cllifj. eppreirsiosi- 

A tjrcl’.ur ctinpLication in the hsali code collar I *...n Ls dial, the 
“"’ berl lillJt ‘ L * lB1> ’ bc c °=f>“red with ^1 mi Mpproptiat^ £1T .up mvarge. fp T 
eK-yrple, eIih rude- of e- ^i-b) Is the fioadti.v'e ol the code ror t- >(Ti- o> ^ 

&*i the a*p?»« D iof, c-(h-a> + c-Cn-LJ 4 d shouLd be jinpiiii fl £ to d, 
SfmLlirLy, iipwr tosh 5 * - siph 1 * - L, (cosh* - ntnh*) . foonhp 4 j L nh*> - H 
Kli^ld he simplified to d. In face, the only reagent eoripaf^un of 
—lfiipLicfltl'M Invernta i»uid be Lp uipfe.jn Long ax*!, be (y*^ + 

Hi nee it La «hp«nsive co ttrnrute tha ..= 1 tlplicariuu invnrcc, chi* has 
haep solved hy iepreser,ct,„ £ *kp&dcpe latmd frsetiwig v ith ch* Isruei 
■it^Eer ia TiU£A*tiEor, Thug, (\) + ^ Hat3.ir.ej 2~^. 

Fioally, iw cypas -a f nrtthnBfl* are used Ip the hash code s-chcna:, 
the base ariehKtic and the exponanc aritnnetie. This wa* Aaploincd in 
th* discussion <sf the tuDiiiupg. which cimpute tba hash ende Pimfcerj. 

For iript of a butter solution, expPDCDCi of expopenLA ure coded |g the 
base iPtthmetLc. TlwrefoTC, aa SlttPLlTT tb rough lW expression 

it iliac keep track of the cum.it Level ol gjrponeptiiLlon T*nduio f F 
Ip this 3tac,se ( chi addition pf axpntnencs ol like foccoea Lp e product 
is nee Lhu dngl pf CT.a addition or cue flic lent a of Like tim tn n sutu, 

A tclI a:.i -on has heap added to insure that m heBpress Iran rep re sen cud 
fry thm jane list jtructiii* «IJ1 be amplified only once. Alette a 

sub^peiatien, is Sinplifirt, thy liat ptr|14B(|t la th-c ot ^ 





r*raicnccs to- ttit aubexpieeston wLllL enoflnntcr the alnqilltied form. 
ihu MKpreaftlm i* osrVcd "eJrcady s-inpl 1 find". Tlie ~ark nine ai«* ^ 
love! of enpOfttntLatl'MI «or uhich CH* hash cods of the (.[up-ltfied 

expression has been ce^Lcl. if tha current ro Lienee hae **» other 
l# 'ic 1 r a iih'j hash code lumber mat N< coupcce-d, 

Conlh Lfi Ltifc rerun or factors in a floii nr pr^doet is a f^nr ° r sorctnt 
Op# ration, lle-Janer, oniy os e-xtana ti*-0 scorch in paid here,. In order 
to opted op the- starch, the ttmti are cOubLned in o apacint £sm«, 
Uhtpvtt the o P #rntor at the level bWa Ib PLS and the current 1 «ub 1 
is PIS, or to* operator *boue is- E-HU or VWR and the current WW» 

Lh PHD or run, Chen the sort tnmat 1$ passed up yEcliout o*ni*rflE*on to 
standard ififernnt tom, Thiiing LTi*r eonbliutiOii of » dMbsiriEai 

tns-u it kept separate, for any timber can be o^pfclnod with another 
nonbflr, hot Ortly hon-nurwr leal terns »lEi the sane base can be *«*1 ki 1. 
Upfi-iunerioal tstsu are c^ppared by t'n« hash code miubcrs of fhei* 
h^nas. Uniortartly, it ..ay result tbae the ccrtlftRtion o£ t™ ..en- 
mnttical ticaolte ie a nuuerlcnl tern. For SKflisple, 3^ t# 
othsldeted pOn-nu.iK-iLta-1 j fcit 3^ twit* in 3, Rui>erital 
Ijannraced In this nonner are contained oCrh ihe mmbar vd-lcb 1-i l“Pt 
apart vhoh the surt forriat ih coin-# rred to Htaudard internal tom. 
Convert ly, in the «*pfCiaLon (3*^-^ the -.»Atr 2 mi at U® 
a no.L-nmnecLtal torei after Lt is exponentiated. 

The runetLoot uhich carry out th*s* operations esn cov hi 
described. TSbc top Lr\r*l function, STHTLTFY, c a t Is SIMP2. 

H13F2[$X» T] STMFlJtvBLj is a fuKtjM of the expression to ba fl lirp lifted f 
the epflracer of ahLeb this expiation is *■- ar^Lment, ami the 


clrrplificatioa l*v*L, cNit in, whether 7 or F. ari timetit should U# ^ted 
Sn cnp-j tluR cbc haah cod* number oi the axpr^pgiem. Going daui± the 
WfSdf*0*iWiL erst. SlJE-i mH K,Wh for four ca^ltUfll. The end of a 
brunch of the expression tree Ls reached wkanavur an FBT operator or an 
“to™ is encountered., TSiEh .mp-rea s Lob Lb giva-t, to Sj.hf 9 . che fanptrtin 
■ninth lixnrLlc* the Upward puna, H a rep operator Ik encountered, than 
tlm Sl>jLSiVEL is lexically Ofi’ad with 1 whan SIHFS is applied so than 
exychcni, There la a similar swp for the argwnanca of tranacsbdentfl] 
Djuc cloua, It is also posathta elrnt the expression will have che for*,* 
(fbnHi. afcpifa^nion}'Hj, where M Ik the SLrrpievel. SISHP3 checka for chin 
structure by tenting if CPS ol tba structure is aionie. 'litis structure 
is sec up wf.anever ar: expression It simplified, if two 

dubesipraanloniti .*rr in fact die natr* I^st structure, them when the firsi. 
one has bear, a lr»p lifted, S ENP 2 Jill find the above attuotuie uhen it 
rcnchaa pita we rend. It is p-aaaibJ,? that the two e*prw6«iniis 60 nos 
occur at tha h*™» snip level, thaeafor*, ch.a ELipleuel K at v'hLeh the 
bash number uas, computed is pert of the structure. Tf H Ik *q U jl co the 
current siizplavOl, GAB. of the at rneture ia returned an the answer by 
!iillFli DCti*rul.H«, the hash DJhbfte it first replaced l, y one calculated 
for the cur rant afisplevei. In ail othor rases, ETHP2 gaua <. D down cite 
expression tri®* without a change ia siiplevel. 

Coning back uri the express Lon traa, Smpa checks for n£pr, 
ro.ssi.hL Lities. 3TKP3 hn* three argirnttnca K, If, ar*d I, the niTtsnt 
operator, the expression dim Hat, and the operator #i the expression 
■of Which the entrant ajipresalon La am aT^urernt. It the entrant operator 
Fla-nitcd with PCCQF., then Lt io a tranieiinifantal funettar, 54a 





li- 


hL idfi 11 ti'i bL i.i’n U doisc on fne ejtpreeaian. The ha ah rn?m'hHB is conduced 
Iron the h*sJi ntnbar n£ the- AftdMbc by the rvOlB fwitetioru l£ the 
icflultlnu li*ah rtjober la zem ur oca 3 then. the eipre*si<»-i is replaced 
with tlw h*j»H uiisibcr in the rewp.lt by EIMPJS^ The= r*auEt consists. of 
t'he enpresslo-n with, the haeh ■‘■.■■'■her sa the Eront of Itj It the current 
operator U lUfi®ed with JidiHk f than die list o£ fl rpj>™iiL* la g.iveci to 
the hS-IHP lufiacloc. and the lLet ol corrcspondinR *r.fciaa*nt dash code 
mLiiliara It giTen bo th* HGOTS tunc t Lon. SiP4* tha input arRuner-.t list 
toBtaici bhe arzuiswvfs with che hash code lumbar ol each. on the fr-aeiL 
ol It, the haeh cunbars arid arRcnente nM split into separate- lists by 
cite functions SUnTl^ aisd SEKPill. Vhe r**oUi ol die KDMi *r»d HSIW 
fiuiacLocs are siren i.ft fjneg) as above. Tha -op-ara tors PLH and t'Rfr 
a*aac !i lM?i to on El SDWJ with nrKtmerte ujip ropriace to -addition or 
nutcleiication. rim ai^-jticncs. of SlE-IFf. and cbeir possible initial 
valuei and pii.rp*'a-ee ara. 

X te-ns lift ol exp re saion to be aLttpltfled 
Y operator above 

a.i U-b or 1-1, appropriate lilajictry and hush code 
<4 MTlj lint of collet ted tarsi* 

L'tU BPl.H nr DI'SJl, jpFTwpr i vta ftroop operator 
IMS DPliD ar DPHR., appropriate ftrodp operator 
H PLH or PJd> t appropriate sroup op era to* 

gjypj eaussves each tem ErOm Hat X and taker one of aL k c curses of 
action, the b*i™ uiiy Tie: 


i 
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l r A inimbyr,. Pj Ttit II'. ji'jli tH to 5U with FMJ. 

2 - a*prsa*len Tis-vliis Che 5-nnc n-Lisi cwuMCIve as the turrent ZeveL 

odJ left Ln special aortitis io fMtt [{sort foraac). (Hr|g)> 

iM■ H j id COeiIi i 1IM-.-I u|th SD by PKW. I hl.- r I f :iTTT-S r ;. 1 g |- |M.I I ; I,.I -+1- 

V fcy SDIFll, unlng FTW, Jfte. and R. 

•J" An exp res star, having tha a are nnln, eononotl'Ye as the cure-aot l.rvel, 
but In sdmadard rarn, Ihe cm [a con-ear ted to acre formal by 
HDffBA ar.d th.ee. givflu bac* te sUdFi,, yhcrc it static Elea ease i, 

4l A PLTR ami K is FED. 7hc tam I a converted to singly, tro sort 

ioraat by RUff55 and Riven liatsk to SlHFi where it aarinfioti raise fi„ 

5. A FED ultfc. h nunericat coeiriiiia-m K is PLE. p,* tern is 

ennuerLad w ainj-Le tern sort Comnt by SIHF^ and t i WP back to 
EtHPl Uiitin ft aatlaEiec ease b, 

6. Anychlos -alaa, r Hie tcra any ba in yingle tern sort romrqt already 
it the la v a] bukv ia pwr or if the, term has been, eonvyrted by 
SlXFiS. ddurvLa^, It ia listed ultk (]■!> tn unite a sing!* rOrt 
tern with a cc-alf Lt f-6rit oE one t 

A "Are detailed est ? laiaatlon df the data formats will now he glvfcn 
4lJn S “ l th a defcrlpciiw of the functians ayeti,l Lftry to EIKP5. C*i let tine 
ccma ip n product or siun is oJirrLEd oijt using a spec La li ioirac, A list 
ot tha )anti is Eomcdc each nanhyr of the list hay the forts: 

(•(codei bisoj (pude-exponent)} 

Tema to be added t£i the ltat are |Jul into this Eons; tn thy C aae of 
Slid it [op fc the exponent is thy numerical eoaf ripiant of che corn, the 
code rubber or the base of a new cam, is thee corps tad with the code 
jwnbei o£ each of thy 3ld cerrss on thy List, It a natch ip found, Cha 






eKp-aodriCi asce added. OtlrtlfStsa., the ncu Mm Lb put tha end- of the 
lLit> Thjs, functions ^rt needed to convert djrp r-fi£fi L-ans into wtclur 
ir.^.nt i-nj, [rnn sort ins into normal fum, and to add new Ltm! tfl 

•tl-.fi sob tine list. The Fur^l i£m STHP^-i adds a list day terns In 
sorting fomat td tho fioftii^ itst. It rliwb o*';h tfim to SIMFdZ. 

SiTHFIZ !C j,Vccb che c™pSrle*P- eT hoses dcBtriheiJ *bo\r*, 3TNPi3 transfix-ms 
i uims t b c[Ti sort fourst into iiovnU-l fts-ra. L : li-U 1 5 y iififi as a.fg.uncnt-5- Lne 
sari liKprcs-atyci. rI -h y-rOiL-ji ogjerdLdi r and th •• fi^tionfiEt operator. Itw 
liag.fi and exponent freen thfi aoBt list art Riven- to i.lie eji-jJiiJiemt eperetdt 
■jLiicti eonscrutta a tern-, in normal fern with it ft hash timber on the ff»nL-r 
f£ i/hls lira ls a nund^fiCg it Ls eocrbined with SI? ih BOUT}.. If thru i-B 
ttifi list tern on the sort list, then ilHIfjJ retuTdfi a. tide of the hn?h 
BurabcB, the convert*"! levin,, and tUL. Other’ll At t embdLn»B tKe 

hash namier with EhfiL on else front of thw I tit lot the rest of chfi 
converted tern* and adds the new tern- t-d tJAla list, pnetinE thd day hash 
niLJiOer cm fiEeat it„ ETHViS ia used to- eoBoert a uncle ter™ l«icn sort 
to mat. Given ivodfi- PifH. i-□ se exponent WH.) and L, i LHP35 t re-fi t-fis 
( (<(code-buinfi> (cade-Exponent)?> L (Ml) uhich 1* the *art fitBiiec-jrc 
with one tera, fist Lc is passed up td BrHPS-r In the case df FiS, ttid 
fiLuplevel i» udt f-fiififid Car the calculi*S -m of the exponent hafih code 
(MS*er, a-s it is Tor PHD. SEiFSi[J!i If,. Zl converts a PLS dr PHD 
express S am X, to i sort list.. If Cs ebe croup iitvi'ieScy, anti Z is T if K 
tfi h T'SD expression. lhnj vOiivfiBsitm is i tr-s i sh t roruaed p if a tern hfifi 
an exponent in thfi Stony sense, then St la used, otherwise 1 is used. 

The structure allow* for EIHPSS is ctaitad. If the 'xpr«*«fam bos- a 
nn-i- r i-::h1 eoelfieient. it in ofifiil rattier than tho ideisclcy. Be turn I. or. 
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tn EIHPi , when All tdruB have been sort-sd,. ■■ result La pasoAd ij.p ■jihich 
duptnd* beith on the rcsiiUn of the sort and £ha Ur«l above. T1 rim™ 
ii only $ numerical tern, till a Eg passed up. re elm ^rrrnt opera to t 
is fhd ux« ** the operator ofcaw , the sort format. is phased up. 
dtiltswig*, the jorc forest In converted 4o standard font by IdlMfjli. If 
tins eiKpres sior. pare should reduce to a PLS- uTiun the current □pcroi.lon Ls 
pnn *nd the nunerlciil part In nfrt 1 and cite opsrjptlim abore ls PL5 f then 
tlia dintrlbsjtivc law is sppUfti, the rjexber is ml, tip Lied through dw 
tnpcHK^li^p with a MAJT, and the reau.lt is conus rt**il to sort, format by 
STMP|i4, Otherwise the nutrias? lh just combined with the expression to 
ptadii^H the result c- bo passsd up, 

RVUimin* to SIMPS, PVP produces a os LI co 6IHT7, If the base In 
a PS35 or fCJg,. then t.t may alrasdy be it. sore Corriat; If r*Vt h it Ls 
tftftrttted to sort lO'tiuiL by ii tali to SEP34 or HIKT53-. if the base 
ie not a Fug cr pmi, Liis base vr:d exponent ars given tv l>PW3 to pr-nduhs 
tins result. Uthervisa „ Hue sort foxitat ls given pa SLHP7L,, which 
iT.ii t; plies che exponent tlnV-S each o-£ che enpiHiflJit* ah the sore torust 
and siriptifies each result vLih SIhPS. The number in Aapfrnentiated with. 
DFJE. 3SHP7 then checks to see Imv the result should, be pasKsd , lpr tE 
the ops ration aWve is PO or FWR h than the sort fomat in panned up. 
Ilncc cits ™hi> 1 t uf MW: applied te tlm rajnber and the exponent nay he 
an ai£|irnftM|,i>p rather than a inrailisr, It ia necessary to Add thv result 
to the SOrt list Li it is not a 1111-1U r .rnja t"he a J L LIL V l,._ u Ii l* r oF l, 

If the above Level ia not Hill or FUEL, then the aa r t format is converted 
to ntAwSstd form by SIMPJ5 s»il then passed up. 




RtEurnLun to SIHF3dci 0 |ierai:£BJi T)IL indicates tliat Eli* raprcssien 
Id an atari or FRTj ^ad h. lodiFri oode Is generated 'by GETC -d'^ j»ie on the 
Freni at the aoim nr j?RTr Qchdrutse tbe rapreBsiun Is traatflii as an 
arbitrary fiiactliWi, Thi bash it cariputed hr IWFN, and the hash miTibere 
are rcrw"cd fri*r the drjniiidts of the rap re s« i&n by fiTHP'i] be tore t*ne 
oper-stor end hash number art added to the- Front. 

DKV end T7G ara ssnt ta Siyjfii ohivh nrtnjfl aut a nimis HiBn,. 
all rjipritddiisjii above the Loveat level on Lha rapresa Ieti tree am 
a«at trowi SD®J ro STMPii tfhere t'ne list etn«tur« is altered as 
explained nhfive. 
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SDLTE[ ESP, sf Applies the obvloua train sfoma tions Eh order to 
?i.il-VE an equation for a specified vak-tafale Pr expression, X. Lfhen all 
possibilities fail „ it returns tha tfddtifrn in its par dally solved 
state. SOLVE f Lrat cheeks to in* if the exp re is inn lh Mr. equation 
mni transfer a lo KSMk. if it is pat. fneictj &SJLVE subatituttia the a ecu 
,r SCiLW' far Uia *kpe*e»it»ii x. This a 1 Lows the cue of ISP to eonpuce 
lU P 4 ^",«i ™ *. no t^ttas -hat the tom of X, After the subset (nr. Km, 
BOLTttl tails EXFA3IE to ruiilply -am both sides. S^vEl then sorts 
both ilda* Into terns wliieii dupe-nd iyn "SOLVE" a ml thnse which iln not, 
EOtVFL nduea the dependarii t^iv to the late aide and the other a to 
the eight. The resulting Mim are given to SuPTH?. Ihc terns vtilch 
da^aed an "'.SOLVE" arc tha First q rgeattnc, iLckh terns which do oat 
a.ra the aetond araunaet, and "SOLVE" Is th* third arKunemt. 30L.VE2 
fine eliaclj: t» see if the- da prudent expression ennaiata rf only cl: a 
variable LtsaLf a Ln which eaae tha salutLon Ls nccteipl luhed; otherwise, 
it exanlrica ctua main ronticccLuc Ln nrder to apply a simplifying 
tramaforna Lion, 

If tha tannest ive lb FLK it cifius ta factor a da r «ndfTit tern out 
uf the left nid*, leaving only an Independent ccrri aa a onfactor, The 
inht sLde Cain then be divided by fh* cn-faccor.. This: Lh dime as 
fe-llowa. SOLVESl looks at tha lEtSt tern of the FLS, If it is a FRD, 

I t eb^ffca. to see if wiLy cn™ e;f the fee tars la dependent and raLui-nq. 
this one. If ™re than one is dependent, SOLVES 1 faith hy returning 
KET„ If the first tarn-, ef the PLB In not a p|Hj e SOLVESi rciuma the 
cnC1 fa ram, SOLVES then liihh bn factor tTiia dvpa^ndent tetri owl of 
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each of fha PL£ tem, lp4iiiriti.i; nn Independent- ea-fsetor* It usee StJI.-VE.5-Z 
tu, each tern. S0L-VRS2 checks tn b*h LI the term to be favt&tAd 

put is tbu- whole term, or if thi tern, to be fact-dr-ad out La i fittor of 
the xHfrl* uttn. In the »iw o£ a PUP it calls S01.VE521 to cx«nir« well 
factor, IT SOLVES ie wee*AsCii.1* the left aid* Is divided by th* «ftfa*tor. 
OtiWtvLse, the current ^t-*i--* of the equation Li the aumer, 

II Che left eidf eosuifictLve is PHD,, SOI-VF-A cries to re^-™ a*aatly 
tii,A dependent factor afid divide the rLsht Hide by th.c iirie-pend**t 

5Cifit tor. 

If the left si dp connective u PUft h Oise ot two transform* lions Is, 
iLisi'ia 4 It the exponent A* Independent h the i'E^it hand side is synlieltealLy 
IhVhh cd the converse of ^fc-e aiponent. Qtberv-Ssfi ? the lop p£ be-th. sided 
is L 0 |uD r th.c left did* is given to SOLVES Vhteh. ruLbillies it e«t and 
dlHjlifs.es it *nd then renowns any independent terns of tSu top level 
Pti to tb« tight s-Lcl, 

If tb» xiiLn connectLve Ls KlWG h SI*, HKi fc TAB, MILS, ACOS, or AtAW h 
thee, an iiurPCSi of the tkjjht «i-Hh i* taken. SOLVE-21 eTwcta to set if 
che left and tight sides have the *aa* anc of thea* ce-nnee elves, Ln 
which cate it just be ren-u-veJ fr-dn both sLdes. 


Ill 


H7LIT 

Li>'L.±T| EKF. ltdVUK tvci passes tlirtujgh the- cxp& uhiI un, FiiEt, 

SPLItl replaces the property iiat of each subaepretfaivTi utth a paunt 
pi£ the nutr.&cr of Subexpressions which that subCKpres-sion contain*. 

Itifn. SiPLITZ nan these count* to reduce tit* total nmhbcr of 
mibexpresilons. In Ekf to kja ikwn WO. In do*# this by naming p-arta 
of EKP and substituting these noma* (nr the pari.ii, Hk natied 
iuheapreislors ao* placed on Thu dish: yith ELHS3. 

SPLtTL uses fl#v#rnl funcctoo* to count the iuEm-tpresaInns, It 
joid ilivn to the lidi tun of the cxpjitHKl.cin tree, unsl Sl'LirJ coafdJtd* the 
eonrtt £)n the nay bdvfc up. ro do thtn S?LITJ add* the number of 
lobHarpreieLona to **ch ut the eijumHTitr. It add* 1 hj this sun i n 
ordur to count fh* car rent sulM*pife»*ion, It add* 1 by cnmaidKrjnjE 
oIm -spare ter tn ha dp -n ruuncut. 7li* murrber o£ aub*xpresfllons Lfi a 
R ivets, arguawnt ls counted by SPLITS. SfLlli counts xu atom as 1; 
oiS'.cr ♦rE'iraents have their tojnt In piece of a property ltat. 

SFt-TLTT ifoe-fl douu the- expression free to pram* it. If Lt reach** 
hh atooi. it I Haves it alona, ** It wraiLd sa v * nutfung to rumune an ocoq. 
Also i if it.* uxprePiion aim, r, lb scalier than the aLlfli..ted a lie H, 
it needa co prunina. QthMVlw, the acfl.uimnta are pruned In reverse 
Order bo that* list. SPLIT* find a the a it* * nf the laiggpt argument, 
i£ renjiiiuv only part of thia arguDcnt w(H bring the LOtg( count 
holcu Pj then SPLITS is Applied to this arEUiieut with an oLlocodEt 
equal lo the dlftcranLB hetvecn H iod tg*. sum of LTiLi mint far the 
i^ther ,i l f'-Lh-iirn, (Jchcrvi £ ** p this argyaent h*s ita count niHijced to 
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by SPLITS Awl K?L1TS, indicating chat it M to be lenam'l- mn 
tht, B It i^bcr-scted fi-osi VI. ocd SPLITS Clods. Lbe i»« largest nrtu™iiC, 
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soestmiTE 

5IJHS1 llirnsl I ¥ Z] ^ubaticutca U*t=h nerrbcx at I for fli® 
conaffrotriLnE Kib i( o£ „t Z. It, thf exprea-fl Le« I. Ic C b*rt, to den 
l£ ¥ imL i art acta nn-H ijivea iba ar K u;ntiic3 to SUBSlL, TIi* prPpertji 
IIbls «r« sec cc Nil, aii tliaL up-r^bal'nia eta ba iracch.id wEth 
i'lS j 7I £ivep the nsaitiarin of tc:s Tf u^j | ^ £1.mR™3j a paly at n tlIII!i 
SU2^r£ an Ii:h t L tU te I ChS. irnreKfr o£ \ far each llUIMu of the „K n |.H r of 
E, with ihH fnlSowing axvpptlon.!^ * L dues nat tantalu m imatanre of 
*■ SirHSTI pbes SIIHSTI ia *v*ilc] ccbl 1^5 th.e c id a* ji[n,LTiac clta 
nenher af J, fijrcbci-aor*^ ScBE’TZ ulEl pu.b-siiiL.it; 

* E“I n 111 tB K * hil> tad 
A l Tar B in (B M (flL.). 





IT* 


SlfNEACa 


It tK« ji ig-jncnt fi OTHEACH la 0*£ fli* Icrn 

"> s+ ■ - L + 5 b 

iciarn *— ■ 


2 i+ +b . it -in 
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l-UHEKPAUD 

If tha ntmat ff mOXFMD in of Lha form ^ I.. *+*,„ m nrvd it 
?rn integer*, then HIHEXPAW l. 111 return Um ^mded autism. 





TF,W 


TK?.Hj H| 11) jCCiisna thr Jr-tnaomL pi Ji. *r iiTl Li H "H-sw 1»>M* 


l.hit K DT|;ij™ ii LA, 


TRlfBCATF 


l RURCATEi 1 t X, H] find* terra to the 
* buut thc o^yin iCViH o fu.net ie* at Kt 


N power in the expansion 
If TU3C hiX'H H finite -irjirbei 


Of ? *les at H,, «*«**. Since If 1, si Lowed t* have p*U* at tlia P „i tc 
or ^Hponnlnn, it connoE b* expnndad by just a™ Juat Ing: mcreEiiva 
Ja.Lvntlvtt at the !*»*«»«, diff,reflation ten T«„ lend 

to tary Large a*pressic-na r rtiercfor* f the Kifhdd need I,are is tn 
c^pjiui the saalEe^e subexpeniiioni in ( power aartea. dlkJ then to 
th ^ ** rleB to the exparwinn at aucsesiiwly U r j Cr 

eohexp^ssLont. lh* initiaJ ***. nolens xua: eoatain enough terns so 
cha L the flnaL p.nbrned TWult will he wild to p™ K. Tt* re*.i„d 
™" bCr *f terns U salon la tad by ukln* two p a is« w through the 
expression, During. the first pees, ilia nipinun H ora r t£ I in flac h 
twbEXpraaxi™ is pitted or. tt.a aubeaprasp Loo’s (iraperty llit. Then, 
the Mcond ;p 4Ei uses these minium p ™er± as it go** di,=™ tha 
n*preEsina tree in order to calculate Uia nsnixitii enquired fa^r pi 


* Mtl aubexp ration axpawioo, -jr,* expansion of the individual at,™ in 
i piver i-criaa fa sirifiEa, but onny functions nti needed to e£ficia*tly 
eorp.,te the a.pansiormf nach operator fro® Eba expansion# of its 
•mmtrn. rtH PTORroit is further uo^iicaT*.] k, the expansion ol 
Lndeaau aunraEtob*, in only ™ rasa, tat tT,a pr^ran fl* the pnya r 
or the roriab-La of expanaiar as at, Iptreeling function ol the inda* of 
rjBmcbno, if this be dona *u4 the Aumntton baa , finita lever 
lS-iit, then the Lowest pra*r con ha found, The second ? a*, then earriei 
out the eupsnsiai, by »*•*«<* sutict&Lioo, Arbitrary fubcii,™ arc 
expendad by dif f aviation, the iiBWSts are i t Ell expandad in the 


17& 

a.,T 7 T«l UJUMI b-Torc th- diEfereRtHtion, uni*ss they *1 *o requdr* 

Jd.«t*™tt-ti«. I» t1,K 

omc*. 

Thi, fflutins IE *o inr K e tlt« it will not all mi* —WW at 
,™a hLk. U Tins boro *pllt into P» parts. The fit** P“t El&A® tat 
nltliun *W*r B , aBS «iaani . minimum nod •»**™ T 1 ™** wLth ^ ttt ™ 

« cunstflot g»taq«W*i«i and ^patd* Tbc M«. 

yULct Lr ^ftipiLtd IP the £11* 7*11*9 LISP, cor.bi.Ti** the eubwspte.aion 
sarl« In order t* toapate tbit lin-1 »™Lt. TM t^Uctei p«E 

Ls tlw dlrnet Brnwrati™ of H.5.onn t™s in a rwUinoninl WP *»*1«. 

Each u£ tha function will nod be rfcptflbod in 4*C*ll. ™K iitrt 
define KIH to hiT* the KCW* *™U*M »*“- 1C chfiI1 ^ flDil HlB t0 
have do ilSISF function which !*■«* th* mpmmIml uncbiai*-! ™ln« “ ll 
nt the *r*u«DC* u* raritM , Id iftfel* «* EhTN l. ■«* ca find. tM 
.i^inun >^u«nr *s * «auU, ™*K n**t call* TW*1L U «pl*>« tl * 
«*preeei°» F atari* lalrasitU* on th> «|)»»1 *'■ l> rt P* r( f llBt *' 

Tire npniiin la H*«> pa*i*d to TEKKlll uhlrti eluiiiD to the .«** 
■half uf the pi>’tr*‘» TRJ.KS'r 

tHHnl paow* noth aLJ* of no E?q* or ail *C «y nthat evasion 
cu nHlll, vhlch applLu* TUB? * ChM TUOS. **d fl*UjF ™«l- 
A ri^ndum. a*prtB 5 l« is our Which the pintle 01 

K pp«aaUin. WMET npp-lt** VRHK.H to nil d«p*Bdcnt PLS or P9S 
^tnxprrrilon* In tb*. csipre**io.it, IP.KK71 change the PU'i nr FPB'* 
Late * anelee b£ binary mi**, such tJl*t any 4*P«de«it Is in 

fl binary one, W the ind* pendent nriunent* *fc lump«HJ to^ethbf tn 


I 
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produce cm* of ch* fr-ms 


VLS 

I \ I \ 

depend PLS deoend pls 

J V- . i \ 


dfipOr 


indep 


■Strpe nd 


depend 


PLS 

! \ 

depend PB3 

d J \ 

depend PLS 

/ 


Lnd led lnd 


Tlhe LTidtf.er:Jtnt. t-vrtw Are oolite red oi» the Is-it arguiMiit of 7K2iKTi 4 Xtm 
runotiftTi TEJIKJ2 tp uwd to avoLd a radiitlrtant leoel if bo inde^end-tric 
t«Tnp hove beta eol J, putt'd . 

Tim next step la 10 g& (In™ the espsrsaaLfiin tree in nrdae to find che 
lowest pmHr ef the vitiptile of t-xpansion in epcli BubespreBi lra, fh* 
iiinccioa IUkKS Roes dtwu, fhp, tree to the Individual yarLablca *nd cijim-timt 
fndM^p'ncnimBi. Coning hid uj chc exes h tho function TTtHKflZ dispatches 
codccoI t-s the seuetii lutiotiivne which eoi^nifp the Lowest poupt of ho 
fli(p.ep.p»iftn iron the towpat piquet p£ £ct affeuDwnta. The prognjaB of mmt 
dtwn tfi# enprea sloe trpo is Ln term p ted y'iiPn .h SUK subcxprppajftn fa 
cncouucerptU Ihc Lowest pnwer °f the vaiIpUIm of expansion mi* b* 
expressed Jr. ternsa. of else Hiei;Pile of adulation, TiUSKfl edits TEKKB3 to 
explore chip HKprearioii. FI chp liwer iLmic of xoramtUin is a mnti-er 
a-nd the uppPr Unit la a nukiliPt or Infinity, thpii the SUM bady, h f 
expflDDtoe vpri&bLe, I, and piutfih tinm vaifn&lc, ij are Elver, to TRKKB31. 
Ihere arc neutral c-Aueu woe re an OKprPBijicio for the. Lok-hhi, puwer eah be 
iei^rd. if 3 Ls it>Juph-nrlHnr if j, thpai B li b roastiar and the Lowest 
pnyet t h fl-, l£ II ia Ind* r *nedeTit ftf 1 , than chp lment power l_ph «. fcxjrrf 

Lh ch.C no; mu. U-SlhR TRICKIf,- OtbciVl 1C j Clip ITH thciH UBed dC-pChdP Ola 






the nH in eonsiecELye of h, Fa? it Is the «#* ol the Lowest power 
nf i’iu ar^utitiits. For PL5 it in cite niLnunun, I&jeat power of the 
urt.i^finca. Ph'R. ia handl-ad only if It te ?F Che Corn fQO* I lrt Chla 
i-uij che lowest puw«it la ia- mltiplj^d by &iLj. If it KAH, 

tTit Lowest pwes is 0> Otherwise, the »«« It- asked to- reteea an 
e&btessLon f ut the lowest power es * r-.inccion r-E t. lb* expression 
for the lowest powwr as a funct in-n -bC I which, maul to Frist chi above 
penes dure is ml clMCltmi bo see thet U it only •□ funetLbn of i ond 
it addition b-n trier e« log true, 

if theaa conditions are n*L, than the lwe«t ptwe is found by 
pivga^li i>* Che Lower limit ef K .nchat:» and tb* exponant cup re se ton 
ia epmwl by flitting £t -bn tha property list of the SUM cu tenor* as ie* 
under the icdieator SUH- Gaea i)Hti , if the exponent ewprewado.. Joat 
rvbt meat these cepriftLoaB, the user is e-ak^d for the L^weaS powar. 

Coning tack up tha oppression traa, rKHttbi; d L spti toh*?- b-nntroL to 
the to Hotting Emittlooa, PLS ond fall ace cojfvJtcd directly by taking 
the nlnimjn And cJie sue, renfscctively of dib Lowest pm«ca of the 
ae^iincnts,. nf* vends eoncroL to THKEflli - Only two ce»*i> can be heed Led; 
a aero expi'tient radii-±ct the uhi^to Axpression to 1, hchI uh Integer 
exponent can it nut tipi Led by the leunot power Of eh* base, tn other 
cases the nS»e is ashed for the lowest pwer. DRV aands control te 
TRNKfth- This, funrtium olieets to see if differentiation is parlormed 
«Ltli inspect to tH« veuiabLe of expose Loo, If so, the ua»*r ujse be 
Hiked for the lewaat H oiai. OtiiervI*a, toe lowest pOrtf i* Che sane 
as th-at of toe DRV body, 1113 sands control tb I'SIKHT. Here ogain, 
tlix uaat ntuEt be a?k*H Li Eli* lLmLca ere dHp-aiSdant and otherwiaa toe 
iewe.se power Is tha a am as chat of tha IK body, if the ua^f La asked 


1H1 


io* the l™t paysr in CSV or ITC, then be -net to ter U, *,«■! fpr 
expansion, Ihia La llji^ed by charnginn DEV and m3 to jtSKOPV end AHKTTC, 
ALl oihir coxniecclvAA rend concseol tn 7FLHK2H., They are traated at 
arbitrary functions winch ruse bo. i-xp.ur.dod by differentiation, 
i^nscq-jeiLtl y,. if any or the nrpUMniA have pa lea at jero, chw la 

aifccd, oihenrLie, Elia limes t powar is tahen ai ,nm. 

TShBJi puts xba hiy.he.st no clad pnwer on. cha property list af the 
i^oic. c*ptesalon EitiJ glues Etc ttpntflaa to VW.1 which goes tin*-, the 
expraasion tree, whan TmfK2 rcacha# on aeon, Lt returns an AIXSi 
structura wLeh a ninitaju p-inwr ui 1 s T t depending .in whether at pot 
the axon La the variable af expanding If the subexpression ii 
independent, the niKLnmi pnuer is put on its property list and clwt 
.iLnrmrard ™*g.m*n of 7KHX2 i* terairjrod, Othe™i Mj the nnxi^i. 
piwr needed far each or the arjcjnenES, of the □ubaKpraisl'm j cpartl i* „ Q 
its irain connective. Foe I'RIi, the u»Smi pomi of waoh grptAn.nl. £ H the 
rmiirun pouar far the FED Wlraa the alDlapa power for the ochei ac-gunecit.. 
for FUE, 1% Ip ntw esEuuad that the axpiinont is on integer, tba hipklikxi 
pus<er for eh# base Le tha difference btbwvEn the uaiipijn power For the 
FhE and ifippOrwnt-1) - dathlnuo: pover for base), S1.m initintci a call to 
TRHKM. TSKK2JV t-rtmi a FLS thruuKh expanding the SXIM b'j eubstLcucLny 
iiteteasiiu? iiLEAgard starting with the Lower Unit of auction itce the 
SUh hudr until the Sum in fully expanded at until ebe ayalustLoo ol the 
e-xpjiient tunc c iasi under Ehe toua xuhst i tu Lion ahrnrn that ilia desired 
nax.iii.ii pcrupr hai bean r*u,ch«L Tba igniting P1.E AsprEsnLoo La then 
Given co Liiii top level fuiictloa ntMKL] which appLiaa hoth the niBinm 
and imt imijr poyue assies. Far #11 ocher u«in rnmiEctLijaa, the naxlnuu 
power for the araurwaii te tknt Cne the mb ex pm* ini. 






AiWS THHlcJ hae Finished.,, the *w P re salon ii giir-tci to 'ntHKT-li- Thl* 
Cutset!™ educes a Eile LI3IT LISP tout.a in « tha doublet HKL23 

(cupreckon, ra power. a^^lon variable), and than chains tu fli* 

SAVED file LIMT. khan control etwee ch« flow*- 1 in in £il* DI9ST® 

S.ISP acd till* a-eauer n rmi in. and definad ai a fvru lo ion-piete tha. 
operation oT TAKE. Tin or^acLon of ill* LISP" SAVED will now he dancirlbcd 
rt,t »p fllKtiW. Of LI3PT SAVED, VRKK123, vftCCJ the fll* 

LT5PTJS LISP iiOiiLalnins tins rwMt of spplyliB ™«i2 ** **« “P™®* 1 " 1 
genera Leri 5>y the train tyatam, ikHKU operate a on *aoA aid* of ^ 
of the w4ii>ly iAipressi™ htharwisc, TbEHK? is applied by 7SKE12 to tb* 
eepscsai™ ani i.hc re suit Lob ll« of coeEf leicnts ie lo IBJSK.1J1 

^a,tell ^tneraiff. * PL& conte ieiiss; ebe cem* or the desired Kxptmai™. 

"IRPfKlil Just recur* dnwn. the l (at of coeEffciants u*1or EPWR and KL3U! ■ 
fiinot the ftrtl eoeEf L-cLent U by dofLuitfon that ef the hlflheat reqtiirad 
power and bO co# HtctentB » re omi c tod.. 

For puipfHm* of cEfltienoy "FLHR9 uare * s?ocLat dfttfl fora, cttnL-ns 0* 
rise express fan tree each Function reve-ira* * list of ootl i Lcient*,. froo 
the hlRheut requlrcdl ts thu start of ill earo coefEieionta, wit'll 'tone 
ouitted in between. TBLURP boat dawn the s*|.renairm i*** os the individual 
oasLoblee And coerataut Srpeaasiona h whSf* it sets up the cieefElelwnc lists 
Tt removes Eh* a™ level r TAKES 1 is need to panera-ta loadinp t-foa foi 
the ciiefEiolctt list*. Downward teen.*tion Roes ouly throujh tbs body of 
Iffi end V5V. F^r ASJtITt and ASKBAV ch.c user ts nsted fur the expansion, 
For FUR, two *a*e& ere didtUwlBbetl. If tba exponent tLcc™ the leucat 
power of |he base La Rr*atdr than th* lilgfiOKt P rf ~tT required, biicu the 
cne££UI*Bt list 1 b ML. Otherwise, TR™^ i-B rppLidd only to the base, 

Iti LV,e case sf MAH or at arbitrary function, * r-licel*. la it*d« to see lE 



any of The ar^nvintH poi*j],. jr thtiy do. then an el Tort is node ta 

rerrove their by applying TaJiKS to the- arjjynrnt 5 and then. eorruHrti.it? the 
result back ta ronul fern. The tried of ron? ia «*t i; a 

flas, for Um MAh u r arbitrary fbniifon mi bmp re ss ion ul Hu mpauded 
by differentiation., ami thLB need nat "be i -ep-HHt.ud if the spue fti.iiiiij.jpn 
is enitDon.tcL-c(3 tp h i«vtl within the a ul*;; press Ion, If th® arsun.en ts 
do not have polo* at tern, clue dll HrAnt Latina step La epplind to the 
subexpression emu* tlie atoir dtnietura I:.h:h t* e n temovKd Iran it by 
AI'iftKW'F, 

Tmok up the csyressIon tret, the c.nef fieLapt lists ate gluon 
to iunct£ drift HSHoclatcd with [lift rmia reninectLue it tfa« particular node, 
FIS oflpds control to TKKKl, TTJ*1 adds earraspendla^ rnefflcier.EE ulUft 
EFl^ until tip* of the two coe-illclent lists is cxIlailaiaH , rhe retraining 
cocff [.ei-sns* uf the ether List at* then taken aa le, PBB sends control 
to VRNKSp If either ■ij'..,.nro;i! lint ia ML, all eoeffirinnts arc zere Oil 
that List hp the result it 3ITL. Otherwise, the ai'BMwnt* are potsad to 
7HJOf22I3 In a special lorn bft*t iiInsLiatcdi (l> O' 0 a 0 a^) 

fb 3 h 2 ^ V 

Hie luj.iliur *f teadCng, zarat in the first list is on*. less chan the mabtt 
ar ooflfHeieotn in the aeeond Elat, and the en*i rf L-c Lents in thm l£rit 
lLst hove hue rSverved. TR90C22Z2 ren'ives the seres rn:ir the first 
list, one by one, before renouiitg d>s-rh i-cro it tends both liats to 
rPf)K3 r which genatates one coeltlcioitL in the answer, This fco*f£ioient 
lD ■“ *£ trtais scneraLud h f ™ltLplyLna Ly fcMcjJ e£ ilFRD catraftpdnil £p Z 

toruil In the a bo™ ILslu, This IRKK2222: p-tonun* in teniinatcd by ri Flodt 
**11 t-;i ISKKJ anet: all jeros hauz buu.n reaxjved. 





R?r rWk, thaeu ire typ possible oalLa.. If tbs fcapcnsait i£ po*iLi'/* J 
SHl-itf* :« tilled, and rMIfl iu then. js-cd to- rer^i* wailing D'l from the 
c «if([cLeiit lint which SKTUa prndjens. SKW. tairau four aeaunenti, eb* 
toe Effort list, the raiiImjir. peuae on this list, ft>* nrataiiii power 
nssidHi: In clae result, arid tM) sjtponeut tu -wti i ch ttii aciics reprewntHdi 
by the so* rile Lent list is to b* mined. Lf the so*, file Lent lLat cbnttlM 
cwfEiciaarfl j L tie^ntiw prwe-ir#, Eke 5EtPhlH.2 le cal led ! ctTicryinc, SHJ r ft'K3 
is. called, The operation rtf SRpLIW uill be described I Lest. The piitp^sdi 
vi tills JivnorLoB tn co R,sr.erat« Eh* coefficients of the desisted tenra in 
the nultirttnlal expansion,, without gone rating the entsiT* expansion.. For 
each ts™ f SSFVR3 initiates a till ca 2RFM&1. The doetea-d coefficient 
could- !w wfitcen ns a hjh of all produces of the cgaifUlaata of the 


base MHfiiei which have the fun* 





■..lees + i 2 . , , + C n - b, the esp-Onert., *od f L 1 + 2-ij , r , n- i Q - *» 
Ck* desired pmtr. Thui desired cnefEicient id, hey ever, in. fact , w*iEt*fl 
uLch the abuve Him factored on. the b^' 1 " 1 ? thktD In eke diet to dairy order. 

The coefflotertE is built up in tbt« manner by on ekchdms* at calls by 
Sipwttl and SHIVS! 1-. EHiWKl has p argi.Mincs the needed power f V, the 
nopbap or coefficients yet to be used H„ che pmr»r R, Lfoleb the neat 


ceeftlelent tn the dietlonary order can be ua*d td generate. the paw#** 

V, of this coefficient In che base series, She sniolram power, 52, la cha 
hane series, and tha list, A , of iwwmLnlnp. coef Eiclente, SP-C^Hl recurs 

R. io ataEted oir ac che alurmm v^lud wlsich will allow 


mi the irgsiraaeit P. 


ft-ytHifiti'jii of a lh nij it is- chan, Increased by 1 until in wbleh 

CJ1 “ rsii-re the » to ml base eoeFf[ctancs l«u].L be used,, ar until 
P-<tfl>*V<Sl*(M-(if-13> tihiL-.li wtates chai IE the reiraEp.inK N-('H*IJ 
P<*-*r 3 were Ail u*+d on the lowest coefficient 5 - 2 . cha total power 
fc*twrntad would *tlll be S raat* r chan the 5 required. The tan* TtlfH 
los- each value of i ir; added with EPLS. Pjnh of thesa tarn* is 
creacaJ b/ a c-nLl to S*FWlllU SRf«m chocks to are If cl» qo e ffteteot 
liitj A, has only ow tr-urc ntfahur. m thia twjr it eicaca* the dcElrad 
“““ {c«e£> /KJ; otherwise, tf <;ona civic cs- chEa tern, hut niiltiplies. it 
by the tan. craatnd by giving the renaming inefficient lS»t ta SEPUR], 
* lQn * with, ih* renaming timber of pouars needed, P-RV, the rcuaidir.* 
ficlenta iTwilabte, H-S, and the lowwMt ™lue of R which yon e* n 
start with na. t> hA*{0, Mm* (2-TTj]* Hi, expression P-2fc4«‘ fi-V> is 
bast viewed «, (J-J1V-J-tM-E*(V-2J 3 P-R'J, a, E ive D about,, i, the limber 
of p, W rs saEll needed. (M-R)*(V-2j is th* nnier of powers which would 
t« produced If none of clic nest cocfficiant were used, Ihe diffarence 
i* the rwnher si pnvers which must he lL**d tm the tut** cataH iciant, for 
lia! " ! 1 cceef Eiclant on the oast, rather ctvftn. the ana after nestc, will 
inrreeac the gene raced power by one. 

ERFaajd liin etn □ rt;iLjB.iii h.. ei is the rtaxinuii pawar needed, I i* the 
lli| t£ P^fciva MOefficicnta, r is chc lEat of nc S arEv* coefficianta ia 
aatendniB order, 52 is tho EineeaC nepatEoi* coefficient snd Si is th, 
h. ghost positive ooairi±ian.t. S Is the Hiponeac lo which the baa« seriea 
Ss raised. HRfflU uses four pri^r-an mriahles; J r 0, h, -and P. ■]%« 
resuEt is built up an If and la a huh of taent Ear each coafficiemc, lbs 
currene confident m j, which ia indexed dot. the Lcn«sc which can he 


uode -jp us H, the seeded, For each tbIv* of J„ a coaflietent is 

bui iLt up- wisLch Le a diua of terms, Each of thed* cbtoss ia Of a 

product o£ negative hihI positive c™ Ffieicnca- such Chat Che wn of the 
opuern 1* J, and the W*fc«i of t^ffLtLcoc! n !r Ttc v*a be 

ELaa-SLfiwil by the mn**r, ft, o£ neiBfcLvit coef £ici*n.Ls and thu inkier, P, 
o£ negHtive powers vhUl they coutiLn, HLEUR BtMffftQu all p<.^LMe 
values aE H and P which Will prod n<s* thfl S^ea J; U *bc* calls SElFWSl 
for each p«t¥ of valors or M and P, orvae to produce flw noEackve p#Tt 
□ C the cOefFluient, and 4Ati ta prodnch ibe positive P“t-r * le pdU-itlve 
and neEpitl«« parts are fih*a niltljllfcd together with TPRB. The valu*a 
of H and P «p# generated P-e Eollows. N id stir ted oiF »c 0 i£ J ip 
positive h or so that M*J< &2 if J L" »*S«ive. N M tben inGf*M«C*J 
until M > -J. The manicsE of this relation Ls as to 11 ok-*. Si^ce 

the highu-dt value of naM-Cive hnss cOd-Eftclcnt is h W negative 
eottfLcleotd out ereatn ftt least H nuiaclve pwtrd. The rasiw briber 
or positive powers utiith con he Eenei*t*d with the F-misiinlnE S-15 
c^alCicients IL» SlHa-KJ ► hat J ot these ird needed fur Che rests Lt. to 
tMt aan be natcMsd against negative -anr-s * lu£ thLs aatfcer 

Ti.idt he Ercater Fhan oi equ*l to H. 3Hw» for each ft-pdible ttsnbut of 
negative ciieff L-eLancs t turns for corresponding poB-sfhl * negative powers 
ait genet* ted. The mirth** oC negative powers ia ijlvan by P, vhC-eh La 
started art at the nlrUiOJii of =H*S2 3 tho m>*t nig.iiive jinr =an naifcc , 
anil the oosc negative you. can rtsarb wLch erat-lf* pos-itive 

powers. P is then decresHistbd until it id less thar> H or until it >■* 
less than -J, which swane that Lf J ia ™g.ecivE, mt wftoujh M&atfv* 
powers to preduce it *L11 be generate, Each tOnpLatcd coeifitianr Ls 


lai 


rru 1 tip-1 Led by S! . 

BctunOng to -XEBK9, If clui eupmueut of PHS it nesntlve, than . call 
t" VKFQChJ is g.f™q, IHMOiJ invert* the seri-cs livhi nil by s a* fn r a 
positive eapoppnt Tjy a call ta lHwtt, istKh fit-et checks for a null 
acricE vl.iuh w*jLd indicate. division by ecra ia c-ulle-d for; in this ob.ec 
it notifies this user, Orbc tvia*, it sec* up I „ which doea Av 

inversion, TKl'Wfl builds up the ihiki, tarn by t?rn, on Et*. First 
aruim-cnt U. It recurs on its l*st arsdnens N Ml oil is a tern counter, 
incrcncDtad (ran L up to tha timber of cool Tit J ante -on the List 1 ), nf 
tha scries to be inverted. For each vs Luc ol K n tern conpueed bv 
VMUKti 2 is added t* W. This ter* I* ■ — tines die sum <i£ tbr produet 
Of corresponding terns of M and If, 

Ecru ruins “iwe asaic to TRKKPj 1TC and DRV aend control to TRJW.93 , 

Smce only fha h« where the integral or derluptJu* do not Envoi ly* the 
variable o| expansion ia he.idled., rai^Si jaas Ihmusli the magFicieut 
list putt Lug tue integral or derive Live s true tyre and □rRUiditn fin each 
coefficient, Urn only retaining cages for TEbOCy are HAM and an arbitrary 
feme Lion; th*y are handled In the rauc Tanner. The arfiuircAie er fl treated 
as explained on the d^n/ncar-d pass; und then, the eap cession In sterularg 
fnrn la passed te I'JtWtSi inr aspens(bn by differentiation. It it at this 
point ch.at i ,ia check ls rude ca h«h If the Aubuxpreagipsi uesder ecuis a deration 
ia contained in e larger one whicU =..^r a L bo be expanded by d if Cerent ip tlon, 
in «bich case cha axpraeiion is return'd undifferentiated hy TFOOiVl, 
Dthaiulaa, 'IftJiESS calls TRHK.J3 to expend the expresaien by dj Fferentiaciots. 
TSKKlli uses DIJ73 to repeeiedly dJ Fferen tiace tha duprea-sion, uliich =t 
Ifcupe on progreu variable U. eclora Uoli differentiar £o n * term of the 


expxrtdiDn Lb set lip by suhatLtutLTiy. £*pa tor the vprLible, at exsan? ir>r 
in tf.* exp re mum V, uil-is T3KK131. TfTiElj-1 aLh-BtitrUna tcro fur the 
variable of eipanB-iO'rt, exccpc that If it conea to a DOT AubexpreBaipn 
it trsiiLiZB an EVL l#v»i+ 

Ttiii conplct^S the exp inna ti^ri of THJIK. 


Ghiptis:* v[j 

IJASJH CCHMWP FUNCTIONS OF A COMPLEX VARIAiJ Li; 

jntfCdO-Otinr, 

--n.YUTUi 0t the Hutmvv described ill lh«l preceding «K»Jrt*r JiltjUji: 
tilt CurnparLBOIl □J aJ^h chic eKpiessLtjii. for equivalency. The mupt ’-•yin 

in made by itaeli sod ins the expHuUmn and compa tLr-, K th-o reBuitJj^ h« v b 
wlv Bumtafi. Thr formiiLat ra-qmircd for the hub codLng a-obcir,* wA the 
:.jic"whiob apply them w^rn described U Lk« last chapter. Tine 
maa,aBHM.ii:al COTiiidAiDitijnH underlying than* formulas will non- be described, 
Thu elementary foiwrtloiiB of a complex variable ar* those wbLeJi <= B ji 
be eipr*„ed by the foOIWlns recursive teh«me. Any temple* constant 
sit vaj-Laila will be call-d on exp reoakin , a f u and v art unprcis Iona, 

th *° y - ^ W . ^ u and i , The txitftujmetrlc arnl hyper- 

buSiir Ei.mirtionfl may bn wapreased ekpUcilip, Becauaa of the delLiiLn K 
ralalionB o1 the compL** field and th* iri jorametrie identities. than, BIe 
inlrndteLy many raprc sb lou fur * R p §l ven JumiLea,. Two SApr,,,^! ^t]] 
be said m be . gujvalient L[ thoy represent th« same function. 

ErciitLn* ±rrhern CB fair expression totm V m iarm use the darininj relation* 
* U -' n « with, joiill additional catwIiUuns to put caoh Hxpresaion, In, a canrcniea! 
f-nriTi It the canonical forma or iw? expression* are identical, they uniat 
represent the H*me fonctU*.. This method La certaLn drawburha Fiffli. 
P-iHing the ttpr-nx,™ In a canonical form tag,.i res the companion hi many 
aubpaita al tb« tucpieasLon with «*ch oihej?- in paiti talar, the commutative 

l$9 








Law requiTH*. dial the term* Ln sums Mid prediLClr to* Second, 

iLLaeovecy ih(t two expressness are equivalent requires a »mp*ri«i» of 
■every aubpact <if ooc -with the eorrttpondinp eubparc o£ the olher, Third, 
th,A protole.cn of i-Htlueing all equivulcul express lone to one canramobL form in 
recursively unsoLv-jibUi [T> and the Hasting schemes fail In many caeee, 

Thia -chapter enpluxcs a probabiliecie approach. Suppose FO} gfCfi) 
(F and G u.ro eLementary hmedaul, these F|±l - n hax, ac moetj a 

eotinie.hU: number -ad solutions. while the umfle* numbs <f* »« 'jDco-jnM*l<=. 
Th.erele.ri, the probability cliat F(a) - C(») - 0 lor a poLm r- ahoaen at 
random it D. Thus, Lt be possible oa w*t jor equivalence of 

exprexe LeaiS by compa'clr*!; clieir vaLu.ee frt a j-ruidMimly e-cleeba.3 paint, Il¬ 
ia possible la got some s.pp.rOe.i,mation to L^ta tact with the arithmetic 

ot a c^srijiu-tc £. 

One cru.-th.fld would bn ca substitute * random EloM-Lru; ptilmt number for 
each dcourrenee d i each di*U*et variable Mid tlieu evaluate the eesiulting 
.expi-Ese-Lon uMnft floating peine aeifhmetLc. ThLa method is iitYiitcd by 
ov,irJiuw and roundoff error. For exampLe, if a i» a /Looting point. nutu.bee 
cjiohh:.-. at random from, a ILal distribution. thee with pre.habi.5ity one hall 
X 1 j, L,,rj.ee or smaller than all the fin St La ft point Enmnbart,: Lt doee net 
appear pneriblu to find v- n.l« for mapping w Z bach into the floating point 
numb-ere inch that the r.»d« numbers of ^uivaJenl exprHej.lu,ii wLLI be very 
rv*J*rLy the same. This ovecilow in djJILcult to avuUl hyi rentrictirg, the 

V 

iTuElal dialro of floatLiift point nuinbari since sxprcaaioiM of the f^rm n 
An- aLLu-wtd. Furth*etBore, Lf tew cnjircs-slciiis, n sml / are of different 
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■urricT.j. of magnitude, chan, bfiiuuHr of roLMuaeff error, .a 4- y may evaluate 
tni ■Hji'htir * « y< T'hi* ad a p*rticulail.y jej-iriu? disadvantage A ince if La 
Likely t.hat an expression will be compared. with nub parti at scxeLf, The 
H.Lmii problems a.-jiv with a floating, polar approximation to th* complex 
numbers. 

Another *t ratify, which »* invc sc i gan. here, is lit uis K finite Held, 
instead of the Lniiiriiij field oE real, numbers. 

Finite f'ieJda and Lhi- F.yr.r.ent Aritlmu.-i:,f 

a. FLnlte FLi-IcIh 

TbH •.ism of fleeting poini numbers Ln the eodi: number acJtem« It 
iiieiitHd he cause (lie sum dr prurinot oE two floating pOmi mombtej Ls miL 
ndftneeariiy a floating jiolna number. This jimhl^hm i« avoided if a finite 
f5e]k B F, i.K need, since the fLaL:l t; a n be chosen si'ciaH enough bo that m’.'i :ry 
element c#n he represented by a iicjrnputer number. The tank la to nhe*.^ 
F Lbat expressions which s -to equivalent In tbn qompLcx numbers otb 

also equivalent in it. J hat is, -we need a hon'Lai'riurphigrn Emm tiie u:-utti jviex: 
nurnlmre onto F. ft'e mow develop « field whfeh m*ets this requires™ m 
Jn iniLjiy, bui not all, csiai. 

An abelian gra j;i G is « eel of elements with an ope ratine x. acid nn 
ident ity element e *uth that: 

1. a i G„ h l C then a x b c fj 
Z. a q G ikon «!'*!■ a 

3. a t fj chun ^ a" 1 <• <j t = h ' 3 a - e 




1?2 


4 , it G r '& P C L'ii: ii ab ■ ba 

A finite Hold F lb » riailw aet of elements -with ay. operation + luidt ? 
which the elem-ntt o[ F farm » uroup with identity (V [the AddLtbve group], 

And. an operation ‘ under ■winch the aLamemta of F' - F -3 foam a group 
wLtla identity 1 [the multiplicative group], la addition the reiatLons 

a 5, lb +■ o) = a k b +< a'c and a'D □ 0 

bald i 

if m fltid n. arc integers sod p La a prune integer t*tri c * 1m i- o) rnotl p 
jnetna tnat c aq.M»Lfl tins lenuinlir of |m ♦ srij.'n. MuIlItiLLl Atlcn mod p is 
defined similarly- Ic CBJl be vcnflHH chat the Integers* iss* thau a prime 
fsir:n a finite field under the operations Addition and cnultipliontion. mod p. 

Th* Additive InswrM at 1, -1 ia seem Is- bn ji- L a luce p . S + 1 = 0 mod p. 

b, TSh Hl-wtiiejv: 1 

]ji -he ciJjnpiest ELeld there La an, element, i sm-ati that L'L “• -l, «' 
hucIl an eLement it alao required In F- To see ho* ikia ecotilcts the 
chute.* of p one needs the tact Eound in the references that ilm msihiplicafive 
^ TC i H p vi ot a finite field la cyclic. This icioaua that there “ 111 element ft 
lcailp.il i (uerater] in S" aiuth that every uLerntat Lit F * l if s"in.e power of (* . 

In j*eL, F- can be wrtttsn I. O., a 1 , . ?‘ Z and «*-' =U «lnce p i* 

a pnrr.ii Lt 5* odd and so ie an iniH^ei. ytp’ll/S * -L *Lncc / l 

and - L. If *var t-h«n * = ^ L „ an intent r auch thsi if 

i . i 2 = _|_ Note that sith-ur M r or ran be chosen as L And !he other 

becomes -1- We have thus shown, that 1' wild hav* m element i if a=al only 
LI p LB of tlw Id mi 4-q l 1, 



C. Tin: FvQODe iLt A ri threetl i. 


,n Mw wmbtta. nn, ml t ht bmv e to Um for the tqrivalnac. ^ 

two £jprH,non a *urh » a^ 1 atid „ v . u, whtri the tipon.nt nritl^rtLo L* 

p-eH,.:. Im ed Ln th* dorr-pie* BHItafcern. However. "Lnce the tn U U ;p l L eattv, 
s ff °^ 5p fl frmip within, l* i3 elem.nt than F, v + L moxt be 

campato'i rrod r P - ]). Sino* hi nonvotphdnm dot. not ettlai l^tn-rer. tb* 
and imJtijdi native j™,, o( f, ft, eapon*™ operation* cannot 
l«i perfortnad ip it. ThLi failure ot ft* finLre [i«2d evaluatL.:., to ho recursive 
in the expoiM.it direction L k * aci-toiLe limitation. Fu rthei-jcio re, a ire* 

P - i Li aot * prime tb* *np»nent opKi-Htions will not him a field. 

P'orijcirfLrly, mar iy tiaprwa aiona tcicminteiid Ln trulyeL* lUv. ra ft tT . „i mp ], 

exponents and co mudi nan he *nv*<j by evaluating the e* pn-mint a Ln llu, E 
arithriniLi-r which w£ nn-*- Hetllie. 

Let the We .lament* of E be the iiibittn >** tlL»n p - 1. Addition 
and -maLtiplleatLim *re mud ip - ]], it ti e* B y to see th*t ail elemenlr 

Jl4v * fln aidltlvli inverse. Nn ,ven mteu.ur.s have a imlttplicitJv* inverse, 
fiiiwtTCP,, £Ox fchjp TV4Hlld L:i i-il y; 

1 ‘ a ■ f! r (| * = 1 ’ (j , m tl 

Or 

2 * f* >■ (2 ■ *)"' -Z - q r raj . I 

whLelt is B contradiction- el nee L h* H no divisor, Ln the intern, n w . take 
q prim*. then the odd integer* other thin q have a multiplicative 
a* a cobaoqwsnce ol Lbt Euler theorem (see Ref.. Albert, p. i7\: 




Let (m) bn the mimbnf ot Integer* g a neb that 0 < B i sm and 

B it prime ts> *ti. Then 
hi 

for v vcvy a relittMtiy prim-" w m. 

•ybH fajl-ure od the «ven Integer* to have a mubtipJScattve inverse mean® 
that \i ‘ Z f 4> ^-wLli net evaluate to a. *t theref-nr* adjoin to tf> K basic 
iiiement* of E the element ^ . where l t, = i- Clo^ng ^ nnier rn»ft 5 plication 
«S addition would require thai all the eL.rr.titB oi the fbem b^ J fb an 
integer itu than p - 1 and h edd) bo Ln E. many <?«« «* ** 

covered if we allow only element® a *r - 


d. So.ii2.rc Rikiu ari F 

,£ ibauld Kvaluate in be the square root of o ld F, htrwever, only 
on® hall the elHneniH Ln & have a square inert, these aie tin <t«n jwe« 
o£ the iHtnbr, Gd , of r 1 . Sine* frg r V Lr *™ n lor even n a™* r 
only i, eltiie elemtnts could hr.™ a square root cooipmJabl* by raLitrsR th* 
element to some pe*«, that a* h<f assLgnmg *obm integer t* *. . How,™ 
a mettwrl oE iindLng .the roots of this smaller ret can tie found, as wail !hi 
ahown. r.s=E. S.e., tfi»» osristB a ?. such that if u = O ttiH-n ufc. ' ftP*. 

[f p is oi the form 4q *■ % the pi since flnfo + U - Zn. m-oH Ng + 2} Loi 
n < q one Ei™ls fa i|jl l q + 1 = iXl . n + 1 is dwrulore the pm^r vaLue Par £ . 
The ruqdiensBH ih*L y be nd tho f*rm -iq t 3 in unfortunately i™ conflict 
wjih the earlier requirement tlial p be oi the form 4q - 1. By choosing 
p = 8i^' * S ■ 6 i£q' tl) ^1 out obtains hy a n-imiJs-r argument th* aquare root 


ni Ij'B nf the fcSemeDt® with = q H +■ L. 
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Truti 1 1 u H-.KI-TIC id l : iLi ti !■! 

— 1 '‘- 1 - : ■ i"< the uhllhI rnajlETie-fc 1 • 


i i r. ^ = 




tilth St 



; " *■ * e B 4- n - e 

' J “ £ coat. fl = ---- 

wh * rM 4 J5 an el Hjne-nt at F yrt to be ehosen. Nnt« that L 2 if -1 Ld the 
* ui tirade baL tbt. doti not arLte i™ trtin* aQ d nj ih„ 

alwv * function*, For Lila e : 


ain”u 


+ fOI^tl 


-i9 




) 1- < 


,iy 


-i* 


. c l £i J I - 10 ^ - el fl . 4 ~ IU H,tO + at! iS. fl nfl + L -is a 


-M 

■ 4 


+ 


: 

4 


= 3 

Cf ein <S] i« to njqaaJ cc* (» /i Oh then it L* n^ceaurv th*t a lw - -l fln d 

If * «* k * ha7* a tqtaare root it moet be an , T fln pt wu of * : 
takLK.g 4 = ef e-fi-H obtain a Jtir p - 6q ■ *5.; 

ip 

u = -J 

c , 2 ' lLlr _ * i 


,-lft 














iss 

2r,j n * w + 2J mod L0 h p * 4) 

.Utt - (Jq r *■ 1} IT,pl t 3) lS 

FOI *rf el.oLce Cf 51 . t La determined, pjn^LdL,^ tqiuit^n (1> CUb 
be *rtved tor th* eJem cnt it - Sera* Lect 1™ will i bow tlwi trt B ODU.Tn«L rlc 
col millions iTiH-f Lnvolve io.ua o4 * ^reit-er than J, Huppm-e - !■ IKh3 ' 

Dun «i* tp«* 1 e, ■>“ •*"*** '™*' T,ut dDC * " *“■ tl! * 0ttM,r 

iiquan- ri.Kit cl e. That -of d.H.a not have * aejuare r^t La a canreqiKBt E 

u r the c We of -1» ft *= fi* C““I™" 1 * i '" i 1 

tLmee * —*t be h Tu^aquar*. Fjom thi» one can eel 

, z " 1 

thiil it e La to h*■¥■ a a^th rteat, It imi*t he chonen of tbe £orra ^ 

Hat* tt,*t rhe choidl of n divide the electa rf F' bttween the 5, KD aod 
powers of c. 

Reining to i>.c B oliatwn d edition [D for the «u* * ’ 1- w “ flee **"t ns 
...b firiAT) u.jJotjon iH poa Bible. F*r Ml impLLea that if = 2>m ^ Eq -' ^ 

+ L2C| r *■ ]}■ 2n r + 1 m«at be taken prime m order to reduce the number o! 

«1h nusuta Which map in** the unit * Urgent Ln the K anthemMlc. The-retoie. 
2q' + ] must divide eLthee iatTi, but LhLs La not Adaptable. Suppose iq." - L 
divide* -TT , th-.Ti Ln the T, arLthematic A-e =0. Sixte either An or +L Le 
* hLfthJy pr^ibLe element, thLS reUtieie a* nj*<£ apt able- Once aacun, a 
patch cart be incited •+that e*" /a *ili i moet [eeqoent *»«- 

When an element La eKprm-niLated in Lht F arltln.mbtSCj npmiti *ra 

rnmle. U the haae Is e ind L v dhridea the exponent, then Le 

ri.mpeted. m La chosen amnll enmijjh at that e=nill muIsip^a of Lt viLL 


be Lena than th* prime p- 


1■ S-jrum jj ry Ot the F.:: n i rr 111 .1 


I ■ p of the Carat flc] 1 e 5, 

5 ■ gq 1 i j jjaLuLi: 

Ma-uhlri p Re all gat-on - - h~ i nd lltg a. Prill: r 
The Tt-'"'ll li-l uerit k nf section 3] am: 
l- p - £q' +■ 1 
£- 2q‘ 1- '£ prime 

Another requlrainr pi 

I I p less titan IV i ihi* Largest inarh-ine iDtegtu^ 

Thi-s allows additi-™ without overflow, The multlpJippidvfl inverse or «n 
element linFin found by noiii,* that a' J = a*' 2 . To raise- ant ulemeiH a 
to any pHwvr ineftto- by rmiULji.y^ it by il*e]f, creating th.« number* 
b i = then express the power as a binary number and *dd -up the 

appropriate b L . Thin leads to the 1-equLri.irneii.t: 

d- p ■ 2 »!■■*■■ l<l he ejtpressLbLe u a few powers uf g, 

To find a firiine fur Lhe ?0'f-1 (he fi ■ I In wjng pioeedurH was followed: 
t. Jjier Liiiujip v5ih n a 2 2 ^ rest if p - |6n * S3 La prime by 
dividing by every odd aumbtr up to V~ 

Si Teet il do + 3 in prime. 

i. Find a genuratur rf. , ot F 1 . [If a i-s not a 

iteneratoi then a 2 =] or a d ■lofi r =ler a iT =1. 
ft-niee a to that fit four power s by the echetne above, 1 
Alinuut If £ of the eJen: mi e are jt*c rsipr* so nne La 
■:|-ji-hLy X-Ulixsd.. 








l"hli pr-SCEchTi. rc-ii ii!5 4G in - 
p * 6, 5S 1 ?. 'll'?, 3T3 
a; ■ 13, 5M, DTT 
i - =•, 5£5, 73 fc, IT3 
Some T-sampLi; Problem s 

Tbh irJjofuimetTy identiiy peotlerniH vtgtv aulected from -s i6xtlio*Jc <a). 
TbE schvtnfc produced the nun hash number E*r both aides in all bui tbt 
jas<. Tbs identities -arc; 

1 . si.Il 3 £ LH.T 1 >: 4 MS X - ESC 75 


2. 

]s 3 in x Tifi: 4 ces y)VciH v = 2 *tn x 


i. 

esc ^ x 4- CBt^ l41=i/ iSb^M. 


4. 

cos 7 ? tot x 4 ain. x •“ c*M x- 


5. 

(] - ain. »h (sec x + tub xj - cos x. 


6. 

Bln - ■eos k) ■ tan i/Ihci x - 1 | 


7, 

j 4 Z , Z 

cac K "C<.it ? = etc X, “3- C-tffl % 


■H, 

[b1«l sj(aec x 4 } 4 (sib * f\ see a 

- LJ ) = 2 car X 


cg*k B 4 iLa fc x - I - j sin x cos^x 


bij. 

V [h-hs: x -Lh' Laec x ttII - (3 - css 

al i 1 a in. K. 

Tl.e 

□roba^iil’iLy <ol J£*ror 



EnLi nLirL-jc, ol th* prriiiiibLJjiy ot enor IS di-IC Jeiilt. The sveriii;^ 
prnUkbllUy of erjor (ter certain sub-seLsi ur nx.ji;rE Bsirai® nil] isHffur from that 
■ui ill expression*- Ho staii.s1i.es it. available on the uujiresslcm* which 
wi LX be LblC O'jnilEieri in |iri.LC,Lce. 
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Ic Is (joaaitil* Llmt two expressions wbLioh represent the stm« /unci Lon. 
will receive different eodlti numb-era bicaate iten« opponent opet-iLbun 4 pm 
jiu( prcaerve the *uuiv ft | BJu:r ,. ilady o[ action [I should makii ^Jeai jodct 
what clrcunucanc-es lIilh will happen. 

in tli£ JlHJplifn::s,tir;ji program ilmiE-j-iljed in the Chapter Vi , expressions 
with the same eodi: number are coBHliW+id etjidvnDen*. Tboteforej an 
accidental iiLULi:n nf nwi^e-q divalent -exgix-niiBi-nna lb vtity s-e triple, 11 we- 
eoiLld Ahow that the operation* In the E and F arlthm-sej-s snapped their hibEh 
nT *l«.m*ini» uniformly back tutu tfiemaelvea, tlitn the probability m a 
ntHicli between, two expi-exei-ona- eu Luc Led at xarul-nm from. tl:e iot uf h.(.J 
ejtpre sb toon s would bn 1/p-, Unfortunately. ihia ia noL the ciii. [ r> the F 
u.it'hrnetLo the ojK.-j-i[dcir.H u-f multiplication and addition and. thshr inwprses 
du anilely this criteria*, Lainkinj; it tfte cycli-i: group F 1- , howa.v«r„ une 
at:u>. that ra.La big any element In F except a hiul-iph: pfx to all pwtn will 
produce «Uber I/d , L/Z, ot all ibn elements oi F. Thus eapaaentlaticm 
tdmJH w mvp the elements into iL-w tih powers oS a generator and so bxiexeooi? 
the pruhabtlity of random mateli. 

Tjhe Mine bunching ocuurM in the E aritlihiiiLc. The dJ atrihbtLun of 
■ itmaib after a operational cum only be louitd using * rather c oih P Jii,.*u H 
two dimeh«-Lratal oonvuiuii wn, The (Lit nL-n-.i ::-m after one o pc-/-alien shown 

in Figure _ indLcar-e clixt fnr moderately *. i.-in |: 1 1 ::h l,*--i exponents Ch+: 
probability ot i/mr should remain in control, 


iul t-i (l| 


2 GO 


addi tauu 


-—■ “ — niultipii ctutiw ni 


di sic-n 



mot divis divisible 
abLe by 4 by 4 


Distribution of elements in E ar»» «no apc*a.tton. WLtbin each 
GlASgiltaatloa. the elements a.re qj-rdbr«l in. th.it hprEnal ^nariner. 


Fi-fi’-iif-t t 


















Chanter Vi [I 


fHE LAUQUAGE OF MATHEMATIC^ U tfJiPKhSMQMS 

"^he intsod iiclton traced rhfl" raiAn-conrjpiirii j yySribie-Hi-s can srii-g 
stiuiji flu effective jireaieiji. s-a-lving team by assLfcnJjig in n-,an-irid computer 
l!icih« parts oi a pnsblenii which they are bear iultnl W solve, Eacl. S* 
much be tie i Hah Hm atliHi at certain Jobsj thu » far* i the two together 
ean do The pto-Wern better than tliliat Alans k if t he coat of brcrtVingj :he 
prubLKan up Lb not too hLfch. TM leiek aseigrijtie-.ci >r-.ay r>.H-,jlt in enhc* 
parallel or s-enal operation of mao and ciHnjiertiir. In a parallel optrutir-n, 
*Hrli has canttnious icrem Lp ail Important <Utu generdted by Hue orhyr, 
whale aa a aerial ijpur^LL™, tala escc liarig*:a occur only at iLgnificapt p M nta 
in the problem. S:: :ru iimrs, a task in a iseilsl operation could be per form'd 
by either man ot ioupiti'i; the one which ha* performed tlut .pntvfou' step 
o;cep has the Ml*vinL insormarlnn Jo* the tuk, The saving* in asndiog 
the task co cl.c bnsL pnrtner must be griznL enough to covet thy tost pi a 
pe-.s-ji.bLc data esihaui^H, In ibis cast, tht cool nf iJata exchange '■ critical 
lo lKh balance betwean n-jji nnrrl nnachlne. ThS* wyuid not be an il nui-st 
tanks rouid SHIJV bt p-.:rLi':r:nr' :i hy r.jie or the ocliu r. 

The aaived peoLLnins p-res Muted in Cbapur [[ m^-usre sataae lunut 
Opt:rilUwi with, rmicb data eaejiimjsLc, [t is. thereto™, important to investigate 
the potHlhiilities for nnasi-maeruiw. con-.mun:*atitoi in nnn-nuinertcal analysis. 

A lnn.gein.ge cons-Lata el a arcriHs <j£ statement* ftiilnwing certain GynCiLlr 
ri^Lsfl which the eofchniiuiEoHiits map Late their n-s pe cl tvtr models uf ch» world. 


Ml 






Olttn, the Language be divided into a cenieal jurt, following m rmtfiu-r 
HmiiU aet oj well dwfln^rl ruled„ together with # wu:cLlu o( succee-djnsiT 
cnrnpUv engcplLon* to them rule# and methods for roeitinucd discourse, 

In thry ease al hand, the pai* La the set of rnitbistuitljoal expression* 

used in, luijyais. These wepros along will h-s invsetl^^ted In tills chapter 
und the following two ehspimi- 

Tnt available Input-tnitps# dcvacca far tne lsngnit|f<: art the typewriter 
*nd Lhu ihauLav. Either * i m h -d i me m Iona I or -a two-rlicnuniijotiaL 
m.Htli'. ijiatirai expression Hyntax. iin be used with lKh iy|iwLiter ttr the 
display- The use af g vn>* dijiiOnalMtal sync-ax for typewriter Ibpiit is 
disrusHKil in chapter X. Chapter IK describes a two- dimmaaiunal syntax 
ior die pixy *otjutt. A (w dime imicinat sycitax for the typewrites ij. discussed 
by Eilererj hewtvui, Lie has not stated Any uacliil gene ral ideas> TJi* 
PFuLl.-iihiij Involved in ofm# true ting a two dimem Kiuna L input syntax tor the 
display win bit cansLie red in ChS-ple-r XI- 
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SYNTAX AND Dl&frLAY OF MATHEMATICAL EXPRESSIONS 

i Min ir ii: |]qci 

This chapter dn^cribee a. J-tSF rucn wliLch computeo the pictorial 
representation <,I * inatheittaticiJ iircpres-saon iicsti-i a Lisp S-MprtfljiSnn 

ot' the- ^tpriiHjfLpn, Since the Lmheu^c oi i-jiutlnimHiins coniaijis 
a number ot b peed.at LdHiH, the ce.m H utiiin n will be introduced with, a 
sum nary at the VvAuUh produced. by each part ot (he y«i a r n iri and. the S wnr:i! 
principles (oltewed. 

Eeea.dse ol cKk possible jit el many trajiafiHtnatli&ne and LdeatSUeji, 

A nn-stfiematical expression cast be up resented in many nnuivaieK ferui*,. 

F-v-r instance a (b+c| could be represented as ab i ae. In certain, contest# 
the picture ol one uf (.beer lornr-s may b, ea®i.er to read Lh*D tiie plctuxui 
uf (ho others. Tut instance a ■ n. ■o a .i K .l|C be pi Lie t-xnd tu a + (.L - *1. 

° n the D<J '“ h *“ , +p at several eauivalent Ln-.urnol ferns eon.plicated 

the writing ot routine* needed to tranufnrm nsathemaLicaL exp Teuton*. 

Fij rtbu rraoro , die rrpet con.veiil.ejic. LniurnaL torsi might he difficult to reed, 
fn Ljis Eirsl pass nT the pecfjra eoiiipilrr ibe internal farm is transtojuned 
inth an equivalent Imm inhich is- cany l<i read. In udditieei, parentbesuH 
atu Added. The LL£F impress non i*»mLti RE from (Mi um p 3E5 has the 
fun-n el a trie ol *u.l» t *preBSlaiii. Eacb node of the tr«* La a matheiaiat iual 
&P* rati mi and the branches irons that node aie the arguruent s o( that 
dp* ration. At-thu and at the tranche* are the Individual variables nn-H 
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Tj,e [(Sim oE ihii tree i- p-niaerved tbixns ghoul th* 

lem&iniiu; stupi oi the pLcim* e-ampllation, F°r auunple, the cuprH^Lfe.. 
a m £ . $ +• u has til* tree - 

critical ope ratauni are leproseni-Hd in "pLct tires" by ny=nbi>La 
placed in up.-rial arrangernfotH. A classification. the rcgkre4ent«ti«i»A 
wUL be given Liut. The sMuitiOB i* complicated ny the tact that 
fioraieilmes the Hitvie symbols and po*i.ELoiLal notations *ire used la dilferwrat 
l uniL-u'iaLjoijs to represent dLiferent operation*. TIl* second 

p*xsi eJ tlus picture oimipiLur rewrite* the ipturnal tree in tHrtni of these 

,- r n i j n Symbols and pissiliOjiS. The ayTTihr-jL H it 11 'J pOSIliene o-rfi -::*P r'_: J i-'ld. 

in term! uf a set of a nee La I r.ncns- Then* farn-.a aye shown in Fiau-e* I 
£li rough Figure 11. ffc* compiler starts at the bus* of the internal tre« and 
worita out to |he nn*Js ot the h-ran-chua. rewriting lKh ixi.o at each node, 

TUa rewriting in*mducc* addition*) nodes Into the Internal tree, but thcas 
n,.«. ,Lodes are mA-tkad so that * ho old structure Lb preserved. The display 
ees siring fnwn a siode and ite h-ranph*:* Ls called a pigLnrc part . Stm* 111 ™ 
IIl* form of a pj-eture pari depends oa the ddmensinnA -j f It e arguments., 

Id this Eh* second and third pass must be appLied to ttie aTgTirn«**Ji 

hef-nru the ACCQbd piss r*.i» be appLLed lothis Purl¬ 
in the third pass each, picture part la InacrLbed in s- r-HetartgLe . 

The com pale r Blent* at the ends of the fa THn-ehen o£ the intei-xml teee and 
works toward the ha*u r The eorr.piLer ri tjse inscribes each Lr-dividuaL 
cimatfi.nl. find yariabLe in * reeling!*. detlned by ilB -wLilth., heLght h sod 






fkpth, A iiLm.eiiiLiMi.eiJ rserunj^Le i* then chosen in tm-n fur e-mh lai K er 
picture part; i.e. opt■‘g.tar with arguments. The ilim^neions o[ eaeh 
rectangle dejjmid un its ^wn operator and fin the dimension:! wf the** 
rectangles .-s social cd with the at-guinems of the pLclure pari, in addilLon, 
eempflfce the relative positions sif the arguments o[ uich piaure part with 
THjtpvct *» the lower Sate hand career of its cLrciirnaeribed rectangle. 

Once the enti.ru expression bas been JLiiuumLnn-rd. Lt can be posLtiorvsd 
pn the oeclUo*cape fses, The tinaL pass of th.u enrnpiLer then sends tu the 
display the nam-s, aLi.-n, and ppsiUeit ot eauJi ttymbuL These syijiluj]* 
are interspersed with non-displaying Lett *nri right pseudo*parental:se*. 

These pi e ndo - ps. r-HnLhw s group the pLetur* symbols into a C srh.-1: -:i: pijh- 
expressions id-.:nLu ,il with the internal treat structure obtained (rtun |mhs 
one oi the pletuee compiler. T hun, a Light-pun rgfgrgn.ee to a pluture symbol 
cen_ !>■.■ IJemliJ'-iL with tin- h r-iaJJea L subea,prui.rjtir m the pictuj u lm- which 

contains J~ I ar.:l w:l:. l.-.i: :■ irj f i] cond-lnr XJiiP >. ,il • .•••: ,. i !• - •:: I. II I -I - ||._- ant,* mu 1 

tree j This annluix it possible easily to du h ignute mathematically 
ronajotaglid. piutnre-parts as ar^mtientu far other operations. 

Tr.tnhrin.^.1 i-i ns fa .-'acilLtate ■■ d-nti:■ Inter pretation 

A method is needed tar referencing meanLitgiul Hubert? ol the LIEF 
Hfiurre expression hy pointing with a Tight pejL la Kyrnhnl* in the riJaplayed 
picture expiessie=i. Thuei before the pdebur-s is compiLed, the soilt-mr. 
expression is transfenmed using marliemsitiuri,! relation* into a le_-m which 
rr.sk- h ft easy to establish a one—fa-one mapping bstws-en auopaits o£ the 
pi erii re expresoLoji sr.:i mjitliematlrally me a* l □glut snhpart* oi the id-SP 








source expression. Then, in uddiUon. ca t he picture eynibuLe. (lie 
compiler nraiE* the display a. sr*iua ft lett and n^bi Tumuila-jiaeofttheoes 
whic h parxu tbt picture crnn>ro]n =nstu a tite idenE-Lcal ™ith tpn? ti-cu roimti 
by Hip. l-rimalomsed. aoort* cKpnjHiiLUii. When, the liR.hu pur. Ls pOl3f±cd a) 
a p-ui-in- k yi ilL-j I, the nmallest pi stun,: « iib • exjtre Hion whit* eoucaliM It 
be intensified and tins coricspHidinR LtSP expreasioo may u1*»•*■ 1*« rislereaced. 
The au-jri. e Mspreii tSoii is tnna Conned la order to brinp it »ntu a hatter 
pictorial form, f-u-r jfiitance, the order of the product is reversa,:! ao tint 



Although the picture cnmpilur is powerful enough to handle nwsi all 
of the notations which arise in mattiSKoatii: s, simplu con-.pll*r rules have 
only been wrii*«n for the mathematical fcxpreesloua tinted bolowp 'which 
iilae jLi the solution. *1 non'linear di f £er$btlal equations. Thwue w>qi re talon* 
ata represented by USF S-eiprea awaa. lit brief, S^exprcaaienH a« 
defined rec ora Lvrly ae tti LLewe . Any numb*r nr Hiring ot alphanumeric 
rharaetevs; Is an S-expreweiun. One or more S-uxjiMtjeaLons »epar*ied by 
e p&dfci and suxrounded hy parenthesea La an 5-nxsircaaian. Individ nx] monbeea 
and alphanumeric Hiringa are caLLed stcirna. [j-idlvLdual variable« ami 
Constanta in the matlMinatlcal esiprasaLixui ait represented by atoms. 

Tilt riiatlwmatLcat HifH-rJLora are repreaenLad by J>-expres sion* c-iiniilatiug 
tt tke operator numi:, ic a arguments in mint (jveitordier, a-n.'H cHl- atom M1J-. 
Nil- denote* the null S -ex-prs sxiun ; It is replaced hr irmporary results 
during, th* transformation oE expri-HHioua and repre*en(H the property list 
ot the mathematical operator. The individual mathematical nieraorj 




C'JT Tttiti J' Ln brie prop Jim iTi: 

<* s th* operatorm on mke any numtHir n-r arsumentB. Ln bh? 
uliviflus manne-t.) 
i PLS A B C NIL.) m A 4 B + C 

2, (PtiD ABC e A ■ B J C 

3 , (ART I J a I 

.T 

■*- (PWX A J3 NIL} = A^ 

5, [DA V ABLE KKIL] = liHE. T. 

fc. (ITG- D A H C TJ|L.[ = CdU 

> A 

C 

T. [EMA BCJJKILI = > D 

A :: B 

1C = D 

s. [E»labcbe uel) i ilIa-b 

9, |JiAM ABC NIL] a C . „ 

A, Li 

L0. <t- A BHILJ 3 PfA.Bli 

1L. (NAM A 0: [F C D NI L[ NIL} i f . \C, D[ 

A r U 

U. CFTL A NIL) 9 A! 

33. TABS A WCL.I -| A | 

’A 3i#r* A, B, C r D a raj E ar# -l i tilrdry bxjiph E-S-icn B r [ Ami J u ri> 

LnLn|jfi TiS-i -ftHid! I jh Aiay HViPTILC symbol h'l-G-t r»in:-|: hi ac ar. Dji-ij rntn [■« 

-X ip r*piEttntctl tijr (PRD -1 X H1L) an.l I ig nrpiEsented h T (PWA X -1 NIL}. 
If i?nu of the faeLiirp nf * mm. or pjadincb i 4 s number, Li Id bjft M!n tJh* Lett 
moii l iix^uinent. 
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Thu rixit: iomplfr J 1 UH* dLtJorms ihe fnl1ni«in|i ttaiiifC'XTTTat-lOniH: 

(PL-5 A NIL-1 -*■ A 
(PPD A NTL1 A 

IP1 F, K A 12 NI L) -* [Pl-5 A Id Tv NIL) 
rpriV 5 L (F 5 NlLINIL) -Jr |DHV L I {F 5 NIL] MU 
,Jf |JfEG a N1 L I 
(PftD -l A NIL) (NFC A NIL) 

IFRD -2 A NID^IL'ECUFKU i A ML] NIL] 

[Pirn A (EtTM A E C D MU ENILf-* {FRD A E I5UT.1 AUCD NELJNIL) 
(PM* A (DHL fl NIL) € MI-1 —9 |PFU A C {DEL- FI NIL) NIL) 

(PRP A {FWR !i -J NJ.LJN3L) -*r [DVD A IS NIL) 

(PPP A [PWR li (PR.P - I C TJIL|N1L)MiL) —> | DVD A (PWJl B C NILjNlL) 
{FAB HU (FUNCTION FAD ML) 

[PJID A c TG ABC D NIL) E NIL) Hi. | PRD A E |1TD A li C D N]L)NSL[ 

[FRT 1 -2 MIL} H {NEC {FRT I Z MIL]NIL) 

X —s |ATOM y. MU 

(NAM n T [F A fl NILJMU —> {FUNCTION (NAM XVI- KlL] A B MU 
Wnf-n: X i:, 1 liuniijtr, X La i AUTut-Er or VCI n»l>lK symbol, ami S "* * m>n- 

fl(.:i:nb :: fcubcjipre SAinn,. 

In s-dilttiou to thov* irAns (ormatior.v ( l«w* L» of po.rdat}iii«*» o»« 

1D0-R rUnil. FO? butane (PRO A |FLS B C NIUNILI H*- {PRD A (PAHENjFl/ 
R C N]L)N]L)ML-1. Ni> |U t-LJitlH at !- STO Timid irAllud. tlw argum*n-t# Oi 
FUNCTION, FAREN, AB5, EVLat NAM. A hLt.k LB,aaigo alwny* n:, c ,t,vuL 
the »#ed for purimtlics c j . fa addition, the Lntegrsl-ie" irld a-umnwilon 


i 


jymbrils stand in place of Tiar^nLl-^sc B ap« rB tDii an Lhair leic inii 4i 
crd.n.!(-ciideAraI Function is pkj-mLhr sited II jt riLSud tn w ^owm. 
□cliHraiBE. jikxirnLheses ire placed around tm nr; jmem <kT «n operator a 
Lh« main »f«rAbir o( the has Jow^r precedent, Preceilmice 

ii dptBsmiiied Itam the Xnllvwinj; Mat: PAREN, Nam, = , FUNCTION, 
l-TL. PWFt, TRT. FRD, UVD. ]TC, DltV r MEG, SUM. 

Op.irktris aepa^ujd by - Mw tq.nl preeed.,n.r<7, 

Thf eKpraenicm rcstiLUnu r„ni these trKnsforisiitiemi is saved ia Lhr 
Lr.trrna.L tree for the liter analysis of light pr n referent Tot triple. 



1F,QN 1 ATQM v NIL! IPLSiPWR (ATOM K NJL|i (ATOM ?. ML INI LI 

(DVD (ATOM A MI 1.1 [ATOM B NIL) NaLIMILlMiL). It h*s the ti-ee 



Tran sCoi -iidtj-inr I:: h'a clliiaii, Syntactic Cur,rime I ion 

To a very L W r S e extend. mwthe metical n.:Ln«ior, becomes, 1Zl n, L - mind 
01 0l * iwUvMuai, * model oi the Attract ea n r tp ts he La m^nipalacMg. 
lor instibCi, consider the ep*rHtirai ot e in-yds eg text™ from both rides 
efa.it equation, oe from Lh.r numerator end dctioixiinntar dT in indicated 
•ilvnij-en, fr the opurimoji of hrSrt K i n g a term lit the other ride o( an elution 
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„t the opBTkttu of maMlJi iDultavltetfticai. Thtralow, th* nation °iui» 

h*™ properties wldih mah* ft oasy fo 

Liuct ot gen-i-aHty Le thus Lnti-odoc ad in the cm re" of making TrmLhaiziaticaii 

□ Otari™ uiUr to rs*d- Differs,,: mj±h«iiAtiC*l operator* •*»!* be 
CKpeea-entr.U h-y different sort* of notation and ttrt mathematical operator 
with the hi E bnit precedent shouLdh* represented hy the most compact 
form, For --ample, cgmpajfe the equivalent Bocl*#* expreoefoeui 
n f A U B) V C) U pm) J and A + B + C 4 DE. Furthermore, «rften 
** operation Lb applied to complex ar fi «iHient Sj it * 1 , 0 aid be pjealbLc to 
via-mliBO it m the same manner » u*«t It ie appUad to simple oneiK For 
instance, \U* introductL™ of parentheses nurthcr cuah fence*. Ailoo-i 
IA 4 B)C to Ii-k visiLaiised Lathe sane" manner as DC, with the 0 p*raUao 
express ed »„ aoocateriBtioT,. Someiint** * cImdr* of Nice » w** to aid 
in -ie .u h«r> B i complex argument as a ninjl* colt. Ac a final ertnapi*. 
consider the cboac* of / to repeeaent the. d-rfoatlt-e whs* it L a to h„ 
though! of as an ope.rat ion of high precedence, hut the cho-i-e* of iL for 
the iLerlvativ* when Ltd properties as * ratio are fo-he oaed, 

Although It 1* difficult to niak» rtrid clasHficatiom, it Le useful to 
dderiTiiuLah eev*n ilLacLnrt pictorial forms uaed in mathematical niAition. 

As at*Li':l above, th* more compact iormo are often, used opeiatscac of 
hi E hcr precedence with the reception !i>sn £«m:es and «i« change* paroett 
the use Of riKnptCXarEUmCutS In (he abmplci forma; Hie rhanjac alien-' 
fi?xj'r'i l to bfl.W Wfc^t |WE coiwilffc- 



The farme in rough, nrde 

r of tine ires p inj jij-e-e.- diinLMH, ndth some 

■ll' X. at. i n 

1, 

pfn# i>r each aie: 

m.ipr t-sub 

°fl * ** 

■ s 

z. 

eor.i:e,ten-stioD ■mth 




virisbJe site fence 

En-fst, y): X ;l 

Us fej 

3. 

nytnhola and a cpiraiititi 

eymboLs 

C n l " +: n at *. i i xn 

2X; XYZ 


f. 

Si i mil me pyiJlbdl 

i+b ^ + 

—— ; l Jtdi 

: 21' * 

5. 

hybrid 

* Jo 

_£f 

2 


6. 

C OjiOatK ii.i 1 r,nr cyitil 

J liJ y 

-f=f ; a. t b + c 

i AfiB i A ■ 0- ’ C 

T. 

LilELjl M yznbiilp 

title 

li^Ll 

X 


Since the itmH mechani*nr.fl r *ucli a* concatenation, irg used in mar* 
£c«iTi we of these a a van. ferine* we wiLL iU*<;q*s the atmpler un«; first, 
n. Con catenation 

A rewtLtc ri d 1 11 cni*y be eiasocbiiteJ witJi any operator. Fits- eKa.mpJe, 
if cono ate nation L& u.a«ri lo represent ntiiitipti cation then the.™ rniijht be a 
ruin: 

| PAD A 3 Xlbl -Si (COHCAT A B NlLfi 

The computaefen iji simplified If cample nation » Cftn*iil«re4 to he a binary 
operator. Et in therefore neenuHuryt to have Eacu.rai.vn rules such a*. 

[FKE X] Xj N3L>~-Jr CCONCAT X } ICONCAT Xj [COM CAT 


X IL- I N]L ? NIL)HI 1x5. 
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TIda ruLe. l<nw« V HV, make a a rnulltipJi: 3 e±v-e= 1 structure out a ij/igit level 
CMUClurc and ilm« d-eatyoya the form »r the Internal Irro m-Wh it needed 
to payee the eynnhuis lee the die pity To nunovt thLa difficulty an 
ic*idLc*itor La- put on tfcie property lint oE criu CONLIA.T Eorm to ahru'w L hit 
it La not to he eon" ULered a node in the Lnta-rniL ti-ce when the yyrnbaU ai-e 
atrat to the display by paaa Lour. A p*.u"do~Iam, DELIHITj in inLi-adcceo 
to correepcnd to the aid FAD operator, The flliajte of DELIMIT io jus l 
the shape oE its »rgurtie*t. The ru.Lu abov'u ilien. b-Ecomaa; 

(HRD Ji L - -- X jl N[U-» {DEUMITECQNCA j- ICONCAT - — 

4 CON CAT X d „ l X q (TJHDELIMIT) 1 — [DMDELIMIT) ) {OJJHEUhuTMMlIJ 
b. tloiscateimtion with variable aiagfencu a-yrubdls amt Hegaratvir. H-yenbolH . 

In. Hue example MX. Tf). the siae oE thu uiimma does not depend ,xn 
the aiusw of the n jjun-.uat*. X And. Y so It can be handed, liy the form CQNC-AT. 

On. the othnr Timid. the sire oE the p» nWiihea e a depaoda on the dUneualuio oi 
the «neLnseii expreasiSri mid to it is necaaa*ry to latrcsducE a jjKrunthetis 
form, Tli* vela Ear E irii-!i::-i - l*s 

IFLYlC-TlOH X k X 2 - -- MIL]-+EDELIMIT4GONCA.T X^PARERiCONCAT 

X ; {COMCAT(ATOM , jUKDELEMITl |-4COW CAT4 ATOM . (UNDSUMIT)) 

ICNDELSMITE ) (UNDE LIMIT) 1 [DNDEjLiMiT) ) 1UWDELLMIT] i 

(UNDEJLJMJT) ) NIL). 

The a Lee of the- [uiruntheo** la cIkjo.hu during the dlmeneinn p»“"- They 
are *:unHick:rod to be symbol* inti-educed by tbu PAKEX fei-.m P rather tnun 
ananiriiu af the Coijii. Tho dimension, pasn also toll* the FALLEN operatm- 
the depth uf l he parenttienea contained. In. Lie argument- Tine FALLEN 
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optL-ate.* tW, choose* psLrxoth-jsen, br^ckutB, or biacH,, accoedimly, 

For example | the cnnijiLlit r-WDU Ld produc:* j 1 ' [fi ■ Jbtdj] ii L 

the tiai of trariseiidtntiiL functidu*. ik« partuthe h«h are .-misted li tin: 
argucni'nl La a variable, a product oJ twn variable.., or a divixinn, 

£■ BlFidLaj; Jjym h ij] 

° f tu " 4 ® L:; - e ch “t* •= a 5»octJt*:ri «dth a hlniijj a-yrnhc.]. One mL fc hi 
60 Jn * l * e ♦h* '*» nge re-eurm-ve; howeu-ur, Lt take* unly a lew 

aL * L t3l “"See= Id inakH Lhe range of *i*e* too Urj,, The turret systeia 
uses characters wldeh differ In sLih h r n (actor of two and l„ thjp -case jnnre 
lhah to,. aiae cha,^* ■„ Lmsatliiactot r . FoitiLni,twly h expr**piaca occurring 
id praetSe* would unLy require i»»r« than cue -it* cbangu ir the racu»ive 
rule Wits Lr- fc r uacd. The -second pa tv carileH din iiu with it HB it goe* 
oot th*. branch** ot th« IhIciuiL trae; in rewrite rule Jot the naUuotuical 
operator of any node el the tree may apeoify that certain branches from 
that hodN ace to be rewritten using th„ smaller ul M , In order to presumt 
ihe rewrite idle., th* smaller ai** hs-s beer, indicated by a L on the ^written 
C ^'“ ,WM P*°P*&T liot. lie irtu*] fact, the B j« » ±*v r d on a push*™ 

(L*l where It can h e retrieved by the third p*a B . Am x^mpLe eJ * r „] e 
involve a «L» charge be Lhe idle ior lutes rals wh„ T e the eitpr^nion* for 
the liiuiti are rewritten using the Hmditr jlix: 

((TO KJ I ATOM A NILf (ATOM B H JL) XJ XlLJ-> 

(I TO [CONCAT [ATOM D (UNDELIMIT) 1 X) fUNDE LIMIT) | 

(ATOM A (S) ) I ATOM Li (]] i X2NILJ. 
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d. gi.i[x:radb 

Tliia ri-at-stfor. Lfi UB«1 for aapCibentistfop dud for Butowcraptjilg- '.hf 
pla^rd.Mit of fo a prO^Pty of the particular variald* op (iunctbrn 

narn^- TIlc luhrcrLpt* can be pfeeul an any of tha Lc-dL 1 cn-rnera. ac t/hat 
there kih: 15 posiahLr a (jatLa L ith.-pii! rsactsta . Tu avoid uanii! 15-diatlftct 
bet BirnUae oue rafori,. dull irfiimimii have 'Seen Latreduced. They are 
treated a* picture partu liavLn.g serf d5Ba±Mi<nifl. WhfltA the reovvitsnfc paas 
•dincovere « VAH operator La picks ap * auHHerip*-p]RC*i«M.t.:Llst winwiated 
vriili live m»hln At tocctien in qiw*huii. lbLH Lb h Hat foe form 

|5g xj, _xn), wher* each Xi Lb al tbc symbol* w£ r KW f SE r kLY. 

Tlsc 1th *rintuei»t p! NAM is then pOicBd at comer XL, Two or me*« 

HLxjoment* at Lhc same corner a!?c sepai-amti by totumn, PLacemend ci£ 

ariwmatd e moBt aiart at the MS comer end recced cwinfot-dlockwiee. 

H'liBn the ie'bBcri pc-jiLacemepr-liit so CKh»u*i4d. the rero&Lnfoi irpnmmtA ate 

pUced at: the 5E comer, For tumph Lf K Ui the nvbacrijpt.pla C B™M>LLBt 
tPfW SWJ then. 

[NAM XL X2 XI JC+ (ATOM H MIL) KIL-f [SUTEKSim NIC- XI 
(COW CAT KZ (CQMCAT I ATOM , LUNDEUMIT) > Xl 1ITNPE LIMIT > j 
fl L'NPELtxaT) 1 X* [ATOM 13 NJU M5Lh. 

]f a subscripted variable iL*mt La rai-ied to a jicwer th* unbent The 

HE jsoflltlpn LI there itciwME AubecKrt*- The re writ* rule wn 
SL r PF:ELALIB aiid (ho npuratar PWR1JT which prcB-urvet the pnjjinaL tree by 
ramovfug *ha mxpcuunt fomtlie SUPEILSUB Level 'feting tlx dira(m*lon pace 
iuid a so ns L' foe it* second or^ouient. 
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Fnr example: 

(PWK [NAM XL XZ NILS 15 NIL (PWRUP IStlFEJtSUB XJ NIIj NIL. 

Jtl XI NIT.)?!]L NIL). 

NiAh ih.u this combination o/ LhvkIa must be handled. carefully ii out dca-ires 
l: > 1l!, e -a Fcheme whe-it dupLiest* oubexpres a loti a an.: rewritten and dimeae-i-nre-H 
paly mace. 

e. CuniMten a'in n with, LnJL*. iiymlxiIn 

This form has twd possible eiutiaJ eeprt:ai:Eit.i.Ljnni?, If it Is too wide 
fisi one hoi, then aon-i* n-f the arguments lxei Li: placed on addKJanaL ISruH. 

In «rde? ra «hMk» the correct form tL-c argutnicnlti muet he revt-ritcin and 
dimensioned arid the jurnilehle line width mu it bn Ins^n. The -•■ 

»oi symbols sre eoqceLeriMnd horizontally untiL a Lino is filled. Successive 
lines are then concat^nat Hd vertically, 

3n (he- case- A - - A l'-.i- connecting symbol f s*r be emitted. 

Similarly one might want u write A* B r bJt AIEfCj, omitting the ¥ 
when the paientliest-a remove the ambiguity. On ibn ether hand, when the 
expression is continued on th-n next Hn-e one would still writ#: 

■g-fRi-C) . This problem as resolved lay waienciating with each 

connecting symbol lists of those operators which rnu.se it to he auppr-HiHijd. 
Ttiei-e la a llet of th,o.se operators which mispress H Inn the ]«[t, Hn d a 
liac dT those operators whleh suppress at from tine right, ]p aidltLDn 
taera,i i-s a. list o£ Ope rater h which re place the '. I.' ti ' 1 1 r ! : n q symbol Whin. S naaw 
Sinn is started. Butbrm tm argument as rewritten « n d d intend Lamed Its main 
operator u ehe^had against the above Lie la *n that the couiteeting Symbol may 
lie oiilIllv.H Lf necessary. 



Tin? ii:l« onerator lakes a* ar^umsjitjp sn tatp-ressboiii and its name. 

TJie ii«!nt iii rawiittem, dimensioned,. and pi>»..iiiortbd. out the left edge of 
iTib the expression must thun Jit into the remaining space 

g. Ht ' 11 r ‘ d 

Serr.c ■v'peT^irirH irK aimplf combinatlono of itii others. 

In cone lu sion, rewriting La coat railed by the ■iYiila>ls jcpai:ic, the 
Lypr ljC operator, and the me# and typr. nt it* argument]*, The form in 
dependent «i tiie 4ilane only ii line width La applied u a const mini 
Uiruei.t-ions 

Tiie dLmcDflLwh pas s -start h mc the endi o£ the blanches of tl-sj ini*cnii 
hres amd wpries towards the Hass- Al thu ends ot the branches are the 
imdlvidu&l variable names. Theae am either die iumm oX special charset* 
such as fl. cir a sequence of characters i« br displayed by the character 
generator. Thu nknui eX special characters *fn mavksd wLth a Dan. 
and hare tbtlf dimensions ai satiated with th*an. TM width, ef sequences 
of gens raLsd eliaracte r* must tie computu.il using their sise and the fact that 
in Lhu SAL language used for display ¥ mid ■ are mapped into chartrL?. 
f'sauj-sto.t case shifts and f In ilhl.lL at. a quote character, and a-lms thu 
fact thst H«mu gear rated, c.naractere sm uun-suacing. 

F'iv« bJLi iau :■ jfaLoit I line I ion s mus 1 ! be u-rLtc^n Ju r each Cornu. fliBrs SI'S 
functions for the wLdiJi, height, depth, ayinboLc, and. arguments Tim 
eompiLi:r uses tlit-se flutetLauB to put th* dimuuaionA of each picture part 
an ibs propsr«.y bat. The three function* for the wldth r JitLgTit, and depth 




Ht 

have a ilit *1 ih* dtmenaion.nd argument* of the form 4* input. They 
UBfl fimrtion* co r-Lricv* the iliinsnaLons fr«n ibe p tCt p*rty Uats 

of the ic‘| £ n merits Thu poeLtioni. *1 i n argtimejit *r aymboJ i* nose I fled 
by the cuerdinates of tb* lower toIt hand toi/,tr or the retita B Je carti&aip,, 

It. Tim function ten ih* irjynituLH hoe as vato-p an S-tspra^oioB of tb* 
j^, s , rajq A Y, — Ax a AY n ] where*^ . AK t is th* potion of tba i tl: 
******** with Jii P ,i?L to the JotMirr loft hud wrncr at the clrcu.nn.crlbad 
lectiiij]* The titnctien for Ihe aymbols baa as .>utpot an, S-eapresiLoiL 

ot the tomn | A X L Ay, NAME^ w t ..-ix,, £>Y n HAM3 n * Q 1 

w-heie the I th symbol wWeh La added to flit display by Lhls form h L m name 
NAME-. sikh 5 |, width W;, and reJativ* position A.Xj At s . Thf function* 
tor the cyrhbol* and a ^.uiri-miH have a a input the width, height, and depth, 
as weLL a* 4 List of the ditnunsionod argnmenta. Tim DotnputetUm of tb c 
dimensions nnd rnlatfu-e pus it-Lons by Liidopandcnc runitLons breeka dom 
wheo xymbols noth.,, parental uh must be chosem, as it Li. not desirable, 
to repeat thLs choice for eacl, of the five functions. To actor this problem 
a mechanism L* set up by which the width function, wh.ch la cumuicd first, 

■van caznnupdate its choice to 1 he other*, 

ifjeh of the forms uij erectly ib ch H system, La pictured in iha: following 
figures.. Dotted Linas. h*ve been dr*wn to iiiilcato how the arguments and 
cento? iin K H Hr e placed, [1 might bt weLi to note that the buma™ „y* ia 
tdlfSKlVfi Cu CVCn tl^iC :'■: r 1.1 I !>■*-« I fTLI 3 u Li ynrn m nl E-. 
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Figure 3! bJVL 
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Figure 4; SvM 
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Figure 'Ji UVD 



Figure 10: ITG 



Figure 11: ABB 
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O utput r .o Eiiu nijj.p La.Y 

Tins USP picture con.piLNj- program jj.h in Project MAC time sharing, 
Afiijr an £*?»«£ h i«n 'las been d ism-nator.ed, tin: compiler output* * 

■U*s L-n pit ion oL the picture to be Hi u played ovet Uuc datapho.ne to P&P-t USP. 
Tin, picture i* displayed on the PDP-4 ncc^t imine the SAL ind MACRU5AL. 
Jaaquaats. R-lcH. expres elon picture Is set np n a sla c ft MACEjOSAL 
wject with ihr. pLctu.ro tree marked by heft and right piu,.do- P aretithe H m 
llic compiler atavc* at the base of Lhu i m and go** out the hmnnhus. takLn* 
till;in in le/t lo J-ljlu prder. Tim compiler send? each aymltul to the display 
ii? it id criCOiinLered. If two Hnoceenlvt symbols are uot adjacent, Oikh 
the coittpil-ur link? tliem w!lH a non- display jag roJatjve vector. Whenever 
the c-isripi ler enconiaterji * new node: of Lhe LnlertiaL tree it hot Lou -h :he last 
1 S' 4rlljl11 B « rt wl*k a Left pseudo - ptmntlien i ■. Af L r r the con, P i In r ha s 
[inched thin j.o.1k end alL branch..* exterKbrij (rum it the norma ponding right 
pseude-parenthesi* ft eent. Tkin information ft a,fto sent to the da sit tii 
that the pactum An he re can a true Led without being reconripiftij- 



F-jc.tn'-EiLc 


The [G-ILmvlnfl Jlgure \v * pj.otograpti <H i#4 <11 1 pin fed w^*mmiaan. 

The- HiKitet exprpeBisin Cor £1 js - 
(EautPWAINAH OIK. OMEGA HlLlNlLkfA NfL'l 
| PLStPTllT! PKI> 1 *HPWK PL -3 HU- 1 N 1 L 3 

tPRJ>[*LOG OMEGA NIL} £FWR|FLS (Al NlLj -1 rtlLWILflCTL) 

(P EL.DI.PRD l *A OMkXJA (PWR P] -L HIL} (PWRLtLOG OMEGA H3L) (PRO -1 ,A 
HI lj MI LI HI 1-0 

UTO fT 0 P¥ (PR,D(NAM KTHETA *T HILJNILJ 

[KAM<PlOi *A -] HJLj |M|PRP OMEGA fT HILlpaUNlLlNlL3WLjHlLIMlMNIL} 

TK« nource exprex * tof El if 

<Q(SUM IV | PRD 1M(PWR i -1 NIWJHU 
(PLS -z mil) |pnn|ABSi.NAM<Pi-A (’■' i NlLJP jrn-iNii..) 
i|Pfi.D(P LSHPROjPU- 1N1PEID -I IV HllONllO 
■;pl^LJ3AM(PL5 2k(PRD -1 JVMlLJ.IiNUOFNlL] 

I PRD .HNAM(FL5 tw;pRO -1 >'•' MlLhJ NTUF MlLlKELliNILl 
jf[L| LILAMIPW- *N£PH.D -3 tv NILS -2 H1L3P NIUNtL} 

(fDOC^PL^ IV 1 HILjNlLl <HAM[PLE tV 1 NIT-.} 

THETA T«U EPWRjIPLA *V L NIL>-i JOLl 

(PWR<Pli t^CPRO -1 *V KLLI-KLU-L N[L|HLLMrON13..]HlJ-3 








Con.: J'.is i pji 


OrbM nrr i>r prog.ra.Dt c«np]e.jrity :* iI-.i: extent and predictability 
ol tbc combinations of iniir jmiikUbi parts of the input data w'hi<;h limit he 
mud* in order to determine the flow uf program control, in this r*Hp«ct 
the display nf RiALhaniacjea! expires sions immj i* 1U m id way in difficulty 
betwe an the display t*T l«*» of Erigllah text and the display «J nrbittkr jf 
gr&|DliA. In the display of Eng l ml-. llki, tlie data, is organized in •» *trLi*e, 
the 'inly global property required sa u rharACtee count. Hyphenation 
decisdOD* v** billed otn the word at the end Of the Hue. Qh the oilier hand, 
the display of r r.i pi-.* eccvew fa require the uinniluiicaini posit innir.g a! 
levers] nod**,. ^nii nifglijc require a character ut|>ebra. or an iterative approach. 
In the dispLay o: irisihcjuatieal expressions■ deciAiOnH Lilt be made at each 
node of the expr-gH h ion tree, based on Information yollKOtcid front above and. 
below The central Importance uf this ti-pu HtmiLui-c: mates LlSP a 
conweniflciL Uiisy.uilg;* the- program! 



Chapter K 

llvear iKFUT OF MATFJEMA tecta:. s;ypki^dj[ONs 


R - w ■ Floyd describee *;n Algorithm fat pir-eiing:-a Laiig.uigi wath a 
[iraefcdgnc* Flnyd defines in operator a eam™*r ,h , De with 

wi productions aunUiimTiK adjacent nun-n, rmiaa L symbol*. ft precedence 
jjr4tiuiLar is then an operator jtumniT Ln which given Lwo order cd terminal 
ayrnho]*, tme cither appears befo™, tt (he tisne, or alte r the *ahor h 

in t|] eerie* of ftdductwm* leading tg *. gtring in die Urg im R » The 
productions shown an Figure l wiLl, with three exempt inns, p w*i» L hi. 
desired input utnjiga as a subnet uf all the stiira R £ which they F cd Htf , 

With (he tunpiion of M, whLcfc Hbu^ds foe any digit, arid L, which a Lands 
tor any letter el the alphabet, the Inters arc the non-terminal aymbol-s, 

The LrsttLaL non-tonninal symbol j± V, The produntipn.s LCi. 12, 2^ ^ n i 42 
all xepzesent elaase-s of production* formed by taking arty nuinlmr gf S's 
sr F'i, ae pitted by coounei. 

Tn verify chat c 3 iuh« productions Idrrn :■ prec tde m*:*- grammar, the L.i!:IH 
BhowD ID l ijuire J j* formed. Fdr any two terminal -symbols Tj and T £f 
T L l* ? , < , cur = T 2p if it appeary hefore, after. *r *1 (he same ti.™ », 

Tg 3 d a »«ini of production* lundi-ng to a string a£ t^rmLiiaL cliir^gterEi 
i-ndl id which Tj i™l are at scmih: paint id the oeri«H, either adjacent or 
#<tp» r4ted. only by ncn-te rmmaL cliirmnni-s. Floyd K iv*e a systematic w* y pf 
eheekin, E 4 proposed set of produclLous for these rehatUnno . Jn Figure 2 it 
can be aten lIkm* epiy one si tb«se relations bc.hHs for each ordered pair oi 

22S 





tu rmLnaL sycnWJ--, mid so the ■p-r»duutLoiit do form * precedence jrsmmu mid 
H n> rjC i|. Loimc-d by chua-e production" ca» he parsed .wing Floyd's algorithm. 

These production* pj-aduce string-s Which dirier from c.Tik sii'Lnjjs to be 
Input in 1 1 - ri i ways, and iv Ik* ioj«-t strings mu« b* preprocessor [tl 
the input m range, the anary inimji Is written tiri “h-titc as the binsry une, 
the preprousenoi' rccofjniaeK it ty the immed i-iie-hItt yi ecedin.g lu^t- pw-recithesis 
and ctangs*- it t* theta. La order m conform *itH prediction* iO and4k amaWHy, 
the -iL'JOte!, -rtiieb precede a lutt parenthesis are cbaujfsd to douhl« H <^a r 
!*, with produicti-aais J, T r -]J,4i and 24. Finailly the string N typed ■*£• 

the PTiP-t 1e changed to HIM by the PDP-t. a* Sc picks up cW iuheicpTeasion 
address Lningi-r 2J tram displayed expression B. 

To thi' niraLiig algorithm anuit be added ■* dee-erlptLon af how meaning 
ii .lEEigncd to the pursed expression- A* the Input strang la parsed, tie m-jei- 
tormina! Eyinhoi on the Left side of each prediction diswwed. -Lb repres»nL«d 
by the U5F impression whirh la the meaning u( that produclitxi. -For 
example X t y would be identified n* m Lnutanru of production 13 and 
ranged to (PL3 X T)■ The steps in pu.raLng X 4 G k D wouJd be: 

X t C * H 
X r {PFin C O) 

(PLS X (PR.D t Dj ), 

Thu [unction which forma the LISP n^pstasSan ;i!*nrinU:iJ with each pnarfiie. 

is found «a Live property list ol the left most terminal symbol ot the 
right side of <h«e production. Some lime a, tbs wmi terminal symbol La 
left - most in ayueral prodiicti-nnii, bat the puodwetioo Ln which the eyinLoJ hr* 


can men bu u mincc from tko utter term'Ml aymlwLs In u,« piroductLon 
oi tint mu] pucuter oE symbol* in it, Proiluctinne 33 through 41 are 

tewd for separately. aa i^i a fmvrtUw. win noi have to te placed on tke 
propdrEy list o£ end. letter and dtgLt. Th, method ot iSaiinLr .5 meMij a , K to 
u ' iaK production! ii *]*£-different. lur they must lie transformed Loto L[ 5 P 
aconiH .sod numbers. Correspond Lb£ t* the meaning ia*- Kn .meitts art tha 
rule*: 

L -* (ATOM L| 

N hc (ATOM N] 

L(ATO.M..,J -* (ATOM L_1 

H (Atom. ,, > (ATOM h.>. 

Thun, a post, prate*., jng June lion La applied to Hut Uni] parsed e^Ti* a Lon 
and Use fukupnimag siar:i,. B with ATOM iru replaced by cine U3P Atom 
or iiuilHt made Jronn tbt characters In th* subexpression. The :tmiidi, g 
incar,Lr.u assignments an? shown in Fi B .jrs 3. 

A (low ehacc i.f FLoyd's parsLn K algorithm ia *h™n in FL^nri 4 ThLs 
chapcei wi.lt te concluded i*itb a description M th* LLSF H rd B Tam to perform 
tbLa aLfldtLchrn, The top Ldvi.l, function jTFAKSE accepts ch™ li,i uj n Lf *jt 
symbol* , whach ls lo order, rev*rftad it, and .jives it t 0 AFAftSEl 

Jot- the preprocessing Dtcp, APAftSE chen parses this pxe^ttcessed scrJn B . 
,jhJj HK ma FROG variable* 0, V, P. J4. rat » for temporary result,. TJ 
lh the lisa »r symbol* to b« purged. The ana war i 5 built up hi P. NIL La 
u*..d m r the leEt i»H rijjhf end terminal eymbn-L. In brief, termini] 
oil P ini combined into phrases, L.t. non-forminal symtel*, and these 


phrasea sth uotnblned with other terminal Hyristols into lars** phrases 
until tltere in only euie jHtrasu, the MiiiLt, bstw**n the two terminal MIL'a. 

Tbu ririt ttep is tn put the right tuiriniiiiL NS L on P- Then, tne n-ust symbol,, 
R„ i, mliin from the input list U. WW IT i* empty, CM. left tennin*l NIL 
ia n. Th+: nujti step is Li> Le-ii dm th-s list til phrases und terminal 
symbol* on 9. c*U.inf the teimjpuL uyitiboL endcr «, P a ide raid on 5 . *aU 1 one 
La found wHlIi higher prtcadeitce than IX, This means that 3 belongs to “■ 
non-terminal j.kimst which riune down after the phrase cpn«uju«ig K. CtmLruL 
in tenl to B. where alL termini] aymboka in this phrase which have equal 
precedence with 5, and the in,Hjrvanlog: phraseu nr* determined. These 
aymboLa and phr^s are placed on V. where they *±t combiner into a phrase 
bf * lyuuetSon asetwidtfcd with S, This phrase rapUwta Its (art* P 
th« ce.i.-iparlson i>r symbols on P with Ft is rtsimnl. Hi la not pruater than 
H, ihen a chock is made to see if It La KtL, in which case the prut eta La 
cPJtiplete. If R if ..ot NIL, then H it added to P ir,d control gen* to A. 
wh*re a new input, symbol Ft Lb ***** and the old n becomes S, frir^* it is now 
it tho front of P. WMn ttiLa proct'XH La [Lcitslitc, tho finJl phrase is operated 
tm by AFAELSEZ which ^oicihlnes Ihe ATOM pkraaes inLu UtiF atoms n-nd 
nuifibeis. rt+:i l r i fit ion of APAKiEZ wlU be grossed until Hi* Ihnsctfcma which 
crHatc the phrases Have been dosuribed. As stu.t«il above, a fuiyntiOA j* 
wssoeiated with uac:li turminal symboL. rtumher-H, POINT 1 h and tLtnj-alt uao 
ths function PFNS, If the nuinW o* lbceraL has *m> pfn-ase immediately to 
itt rigL: r fhenih-t; structure [ATOM M|i be ci-ssLed hy FFN i. Otherwise 
the ciltraao will be of this form wsnS the new symbol is added to 5c, 

LN iJATOM X . ^i bs^b«us* (ATOM N X ■ - ■ ■ 5-, IvSohi of tlte other 


npurutpiMt u«« the fundlon. UJ'l'M wblcH cra^c h bin-sr f prefix structure 
frum ji "hiTinry infix'? d«. (X, op, bivumm (rip JJ y(. The Exceptioeie 

a-ro IX NK ¥1 which becomaa |PL5 X |PRD -1 YJ ), IX L15K. ¥. z, ... RBKJ 
which become* (HAM 7 Z . . .X). and L-P. For LP there are- thr** cAwh, 
(LP THETA X) becomes (PHD -1 XI- ( (ATOM ,.. ] LP x, V. .. .BP) 
hecomo-s ( (ATOM— | X T ...|. Fi-nully,. th* subscripted fuhetl 
( (NAM ... FI LP X, 7 .. . HP| beebinn* (NAM . . (F X V Thu 

[undjun PTSII is used to remove the esMiau in two, and the Imi-eHon 
PFNa in □Hi'd tn remove the comma! in -eae-H Lhru-r, placing the Itutction 
*-trusturr at the end. as the NAM Lady, 

In ctmclualwi, APAJLSEZ will 1 >h described. APAKSX2 IuiAk for the 
structures (ATOM A , , , J whach It changes into a LISP number if Che first 
cliapaecce A i h .in integer m a LLSP atom il A in & literal Lateral atom! 
ara for rani d by FFNfc which uses the LISP chare-r ter handling tuitecidnn, 
hTramhiirH are Eornied by PFNJ, tha nurrbsr is bud It tip at the [irHi nmmbii 
y-T ike list -of digits, the eveemd rnrmher 'being caanbihed wiLb j,t all 

digits have been used ur iiiitil POINT os reached, indicating that the n urn. bet 
is floating point. The digit* to the right ot POINT am combined Into a 
floating point inaction by PFN+l sad thea added to iW iRtegor part. 
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Chapter XI 

TWO DIMEN5EUMAL INPUT or MAT H EM ATI CAL r.XP^ESSLU^lS 

inlht pi-H«cJbi S chapter, a matlwiiJitieSLl expression raprmsemled in 
]j*i structure form, was changed into * text toaik style eapr-Hiioii through 
tliK application of a series oi ruins. First, the i^ts oi “pjEn^nli war 
re»xranged end prefix operators lidlx ope x»bir«. Then, l H* 

exprssoi on was expressed lie berms *af twu riLi lien sione I F:i mni _ i ] :l ’ ■ r I 
the exact *i=t»< a,id position cfLj.efle forms juJ their corrorpendliift symbol* 
wu lietcrmimi^, in this ohajd-nr, a method hr wbLch this prmei eonkl 
bo railed will bo xnyfce sted, Cor-dilLons under which the s:ze tnid poem™ 
aS Individual symbol* c-ae be used to p*.rae an array nr symbols will bo given, 
ttljjrar i-j) bar developed a special lypeweltei which allows the carri*Rts 
to be Bp 5 .c 1 . 1 d up and dm™ *a well as left and right. CJinr*it«P*B typed on 
ilLtn machin* u« placed in h. two dLmeneinnaL aeeay m nieiwory. 

Kierer hs»s an aLgarLthm for crihslaiinjg thi» array Lnto « LLrinat string. Er 
■rouLd ( iL h .i l>l possible tii g line rate characters on the display lace, Teiilftnin 
I.L> bee dattioasirated * program which xiuiofhlies md-.viiLn.-l band prlrAsd 
characters. Tbi* program could ha used to re corui it a string of printed 
rh.i ranters by a h jmmLng that all mrp slapping atrebaH tem a single rlmraoter. 
Tim -jiOgrom would remain several itrakea behind the user, assuming iliac 
tiu character ha* nitre than say fi^o scrokes and th*l all oi the ^trubu-a [or 

j, ^jv oi*l charade x re iiiade In sequence. tl-lnraclurM ceosLnlLrig o- 

Himionnected ps rtH wiLl be parsed tn tK 5]ici in the pariri-n* dn«r«n, 
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When the clara.i:i«r is- racagnl**d h Li will hi cl p!j,cc-d by a standard 
chorunrr an i»n* ot sewoeaL ainndard iL&hji and moved intc. the. ncattiHt ceil 
ot an icr* T oa the dlipLay face. The uijr can erase jintS correct in,y fjiljs 
character*, The order in which the ehiraclrre aro E inern*ed can h ? 
nvid >L h an he ana hie >i i :l in para In*. The character* *r* positlonr-H in 
i matrix Cm the display race tor two re**™*, FciiLtduriB such as aF mast 
be Uitojrprotwi! eltliet- a H AB or A*. the uaer can correct d EaLsc Sat, ^relation 
heioie pirring basins, furthermore. if characters ax* flowed to ha-.,; any 
■coordiuaLeji n r . ibe scope face, then the parsing program is given redundant 
jiitor.!.iti:in, The parsing program woyld have to eumjider many eWr-scter 
paiitidnH 4i s eqalyale.Lt. Thi* means that it dues .lot h*v 5 the jiouaibility 
of Terminating a string hy fiiidLag no character in a E iy* D position. 

Tho first step iu purring La to Uvt cw*. dimensional. or ray of 

charHctera ULtti a <hnr din-ieioaional string. To dn this, LiJorrTSH.tLon about ihs 
relative Potions of the eiiaxacter-s moat h* used. KLne H adjacent ehirHcterd 
are often grouped tngatfa*', it is eCOciant to a art the characters Ltd* fl two 
dtrn.naiciMl array. Kterer uses an array with Cm a ceil lor ovary posaLbLe 
typewriter position, Another possibility la tou.se a Hat OLmctare ax ray, 
with t.he coordinates oi each ehar-aefcor as ita properties. This -would 
**** ■*" * taT *K* if KLerei'a Atray is nearly nmpty. To g.t the characters 
m il. .l one d i ox an i i orsi 1 string,. It i« necessary t;> map group* «E charaeior« 
with it given vertical relationship into a glve.L hiiriaontit] rcLuiionehLp. 

For Jj.atan.ru, the chariot, x* comprising the cf a dtvLsion will 

“"“ r before thy character* «snparkalrtg thv dmomLiiator, KLerei ider,Lis"ia» 


ih-cae groan?- df rhitMteis in -KjipSfCflataiii ^ncitiidliLg. ■ubscript,. (nijieTsc.ii.pt, 
jij,d binding SyrnTsol forma fey impL*Lng mmi cdoatTiintO'. > u-^t, [he 
HyaiiboLs which 1 in in a gLven e,vei *-Lth lespsot itf i binding symbol ait 
tftktt, to cQiinpTi.ii■ a» argument <H tliit nymbol, For ewunple, tbs symbol* 
in tho iLiuner-stor at a division rnuft He aver tbs division bar. SH-iiOrtd, the 
alkm-sd jitBijriQh ot sciput symbols m dunamlncd so ihni a tof> In bothsm, 
left to Tight, a-ean will encoimini; cite BYizihnls in a conaonios-l order, so 
that every bindir-ij symbol ran l>s Toui:d toeEoro th* symbols in i Lj * a.-rB'-iinents, 
finally, auperscxip&w *™i subscripts tuiiat occur in * *i*s» position with 
sen peel tn the ba«sc, and bioar on ths only, so that the bast: wall lib 

3 canned tirai by the left to eight a can, 

Thtiwt: iit not vary severe constraints i bat it »-ini]i3 be possifete u eeiax 
i*H4 

them so ibit the cose d ctmhi tie handled. To do (hie, that 

the forms bin be ordorsdi 

CONCAT 

supsye, 

LVCONCA.T 

VCQNCAT 

uindinc symbol 

TtTLE 

In adiltLori, Lhe. binding. symbe-La can be partially ordered. For = f 

lwo iLvtsuoFi bars occupy ch K same boriEnraaL apace. th" lur.(jer dotninsius 
Lhc smaller Once this le a«c,mpH.h*ii th« -*nc dlmsnsi.mi] string is termed. 
FLrit, all symbpla related by CONtAT art tevfed ud replead by a. etimi wlih 
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ccsiresponding -jii-Hii:i :iti and dunensioas. Tbe position arid dijnrnsions aye 
found from the deiimefon of the COftCAT Innn ui the last chipt**. Ne:rt P 
.■ljI SUPSUB'b aye formed in the a a me way, |f no SUPB^jjia art: found 
thi -n ail LVCOMeAT'a formed. However, if some SlrHSUB'a «ri found, 
then CONCAT 1 '* are considered Again, Jit chit hnannosr, each, higher LmvhJ 
re-xen in wnsideied. When binding symtsoJs are eun siderad, tire for bn f nr 
eai-h lowest' ranking otcivibtitr in, each group of otiLsred binding. ayn-ibulH is 
cmvatructed. TAfo pnKr k* is contLnjed until nil the symbols IiAvh been 
converted into en« linear string. Any tonn which cast he tinfined tor list 
prevfouii chapter ran be Heated in this manner. Df eciiirse size mutt b>- 
v**4 fo distinguish A*[rail, Context deptmiW hmn, however, mnrHri 

be handled. F&y e.iunple, Ln j the a and b vn U H not bo pecoguixuii to 
he it, I he V wONl. AT rr laiLon-sliLp ujiJcs a thy vtrt icil ee^iaeatsiir. wsp near 
that apecLCied. L ra Lfaw Last chapter. HBrnTtir, thLs reJacidnahip ip jjnpJied 
by tlie Jui-gti pprenlhesea. 

Ah HtaLpd, the above eariLnu «ohe me could be ipci n- Insillcient, a foe* 
eoitie forma mi|M he e entitle red several tLnte.B before they were eombiiiKti. 

3r hIm.ii I :■ oe possible,, Iiow-kh-hc-j to cen.stdes’ the u^pre psion in a syttttntHiic 
way„ reLLux'.Ln k the tree alruciurK in most rases. 

Chfoc rliH vKprppsaon has been ■converted to a Jj=iekL- Hiring, It can ho 
paracd by th« algorithm given Mrlwr for the typewriter, 

Edbtcrt Andersen at Harvard ii working on barb a fo-rmsl deSiiilrioci uf tfie 
two dimenaictnul syntax and a panting pcheine. He In* independently 
anggestKii idsas slmLlai to tbam. in this chapter -which lie hopes to carry imic;h 


JatfCJiCrr. 





Oha pLn r X II 


THE SYSTEM PROGRAMS 

Thre# aysi4;fc"ri jir^gra.Tri-s cciaifiti iictedL as a hy yiii fiit* tjfic- mayhem: atUfll 

iai-i ..H.i i-nTy• Tamu ShA.rLiL^ LJ-SP^ tbfl PDP-i LJSP dataphoni^ LLn^, »u--J th,* 
PDF-6 USP display Lftn£v^g£- The dew topmisiif at these system* mc|uUcd 
. 1/11 additional rapnmiitufii of jtidgrajnnHnft ''ffisri and their us© in Lhi: ILraished 

L l suits in 0 /VTnu luilii [n doth dpnci 1 iiaid * ptcd. ! *i».* jet.irK i tht: 

ile ee nation oi then* Systems In the fnlluwing claaptejs will hit i,pr*educed by 
a dfocueflicn oftliu purpose t hey mtw in «>* research and gums at the 
[actors which g«m«d Die n™? de^einna, large end small, rhq(uie«i for their 
tiitiati u'ltior,. 

[a brief, the purpiiitt of pragr-smminu mitaec.lL Lb to investigate: the 
Btru-Gfure and bthavior of crafty!** ayatemB, J-egiiLtpatt eejuIlB of this 
sen pa rch h-t-s wtrltLiit program h which deiTinirstratg the rcaLi nation of 
eertaLn LvvoIh <rt tueliuology in a given area, or program concepts which 
h*vi; been found uieeful fur system deecri !*!■»■ oi- tor prog ram n:ir. K certain 

In practice, *li« development of wnciting programs hag iihtsi ji.tip.td 
largely on whether auTficUht high oslihcK atlorr,. properly or S *ni*cd. could 
he expended, r-fcLjhfcj 1 than on the dimeevuty of major idsd a-r System program* 
aLlw wra rki: rii In related area* t« help taeh oilier hy working together to 
develop .a system which will be need, by ail. Wuckiug alone rcnvli-s not 
only Ln the duplication of effort in writing programs to pnrfuj-m certain basis 



ftmctiona. hut n: nulla. in a myriad of program* which «re cwnpliitdLy 
Ld.compaia.blie l^rB^c of mimcMua trivial dlitaranceHh Voimn^ry 
collabu ration. rail,- be initiated by writing, a dydLuin prr'jrim and offering 
3 ' tn tli* public, If thLa La don*, then it ii rta-toinary ip j] vt: t}, ¥ public 
w.nat it wHtii.r. IMS M bbrno oral by the acceptance ot thuija systems to i!.i(hj, 
Tbf. potonltal mcri u f linne-sharbig brbP had goaLa aicnilar to the writer. 

Tko syitaiu had <. n ly cno obfactiomUle new feature, ibr method uf writing 
jllM « wh i]e providing many new couvetiicrirH*. Several pi.npLe contxlb-uM 
additional tmpypvtjn^nLe and alter twa yearn Moaea and FemchaL rcwruie 
Lt cd-Tinpleteiy lo Eoxm *n excellent ay* Lem which wai u*«d in thU thuuix. 
Throe peopLc havi u«*d tfie dalaphbiu. program; Hasy fejt the LISP ay* lh=t> 
cunh up too math »iu.ee la tlie PDP-fc. no they expended tbnoideTable a Uteri 
Id provide a new environment Sou.- the program and thm never dLd anyth! nj; 
with it. Tbe-jt aav** R«t around to improving She reLLaiiili*y of ike data- 
l^nvi* program, which wpuld have HerieJiiL..d (he author. Occasional jcial- 
function ot the dauphnpe program rudi.red acceptance by potential eaeMl 
ttnerif. Acedia™* <rf the diap!ay Language at Froj*cl MAC among ik« more 
recreat:oh.al programmern wad min rded when a vi: wnn of PllP-i EJ^p 
WLtb many in.il! Improvement* n,.,pn reeded the vir 4 ™ in which ih« din play 
iaiiguagu nit originally j:nbiidr)nd, Mot enciogli c»re van taken =n clearly 
delineating Ihe *tepa rnquired to move tbn embedded langnagM io * new 
vureuw.. A Leo, Htimt of the couvaptinrvn, although uhuI'i.I , were too 
cont rove t a LaL. Cranuiderable LnteredL Khk been she wn by owners ot other 
PDP'b machined,, who would ILht H.imn liieplay iaciLLLy Also, the 





■ itIh: 1 .:! i i:Ol . ■: miiliiMSi ... LISP I"'. .. f. T- . 

System program*. eao. alto Iw *p nUL te the individual programmer. 
Important research programs can lb>“ a long Urn.! I* euntir'act. This 
InjiHi pragiTOninris tu plan Jar mo™ chat. they can sccemplfstti to d-? work 
yrtidsih has an. irwoTTKut emphasis in th* li gtit oE the s LAtr -a! the art when 
c-Tik work is finishrcd, a.Ld to In-!* Urna Hiorving from on*: machine to 
mniher. If a pres rammer builds * systeiii ping ram a* h* t uilds hie 
basic Txmtiaca. then lie i* Usa LLktily to =nkkL tl^ careless h.I«=:lsLo,le which 
Ic-avo him LnllejEtfsie with T+^pict to the shews dLICieiaLtLes. Thu Import an* 
thing Ls mil co undertake moth more work, because yoc ax* buiWir-g * 
ny-alrm, bu» to <1* what you do in a (own suitable for a .public ays**™. 

System prgjrturi arc also useful 1ft the d tar every and eornm.unicai.iua 
of important concepts, to his recent Teltelmun deaerlbce the 

PILOT AVMiesn, which Isis ’-he programmer nttur the effect of bis pxoeedurcs 
b y LnserlinR method* for handling apecLal cases which arise as the program 
ia died. ]n handLiiig each cues Mpiraeelyj the programmex »»(* h,: 
eaeufill, or be will neglect to saaeoh lox a general t:on«C|* which -will 
appropriately describe aLL of Lhy catci aod which Lin be comnninicsmd 10 
others. A programming language is a good method ot Eommunlcoung the 
many uestga idea* needed to treat a new problem area. 


(~llaL jlElC X XI H 

FD“-6 LISP JH-pur-OUTpiOT FOR T3-LE DATaPHOHE 


TfcLa Cliifrtir di: u:: j-LLn-:a till- TOP- & LISP ll’.le rfcLCC With thru rnul.in.'H 

Wl'ilC I: i r_: I r ind riruHivrH (ihkT^cItli over tile d ardpluCine . 

The (JatipliLmu usih rjLLwH in se^ueRiC* break made:. requ-eitipf; H-ervice 
tMk naLllia eenrad. ]L murt b» turned on and off with Iht USP function dp ; 
lidwiiviii-, 'rrliL-n it im njrulingi :nput end owtput to a a el l;«.n:lli-rl in L'he same 
m-3.nr.hr as to tlie teletype:, pipor utpe render t a.rad paper tape punch. The 
d&taphone Lb controlled by the tone eg! eKSEiirt-Bru: 

A Write en i^ml* phene 

C Du mil -write wi da I a phone. 

D EU'ad from dataphoEie. 

F- Do not rood it am ilaeijibari*, 

flunLnhl i-hs-raHers oaji be typed Croce tine teletype or ese-cured with, tine 
function cellar. Since CTtS 1 1 micati: a lim i linger than f ;!. characters , 
a carriage retem La Lraeeriud m-hiT.iiu^T 72 oharaclcco Lave b jen e-utpraL 
to the dataphone eEcie-e Him Uhl earri.ago return. 1C the uaee acndH the 
ASCII character ll ihrcnagli the dutaphane program. It will be ra-.ni «« the 
CT-SS ^u3l eJiEtriciu r , iLm.LlM.Hy ASCII It in interpreted ae the c^T 5@ interrupt 
oh"ra.cter. There ere aeveral L>1£P Iwvetjone written Ln machine Il:i|>il.^, 
which uacliil fo-r eataphone pMgrartiEnsng.: 

dp fa.[ ft x 30- "MIL, the -dacaphurau Lm Li:mi--H off; 

otherwise Lt n turned on arid LraLtLaliged. 
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dp<i (xh 


Tba value aJ dpd (x} La a flap Dor 
characters Ln :he dale phene input bufferr 
IE * Li NIL, dpa returns MIL if lbs re tn» 

nn ::r.H.r.iL 11: T j . Otherwise, Walls J j'l I jl 
n:i3ni - tTrivK. Vl'kdE) charaetera Bl'C 

received this frartidn returns a list ed 
the made of the cliar-scfe rw an-H lb«i piiinbu.r 
ed cba.raet.tri. The mode La a numbtr 

dll Li; T:ninLi:l li y the Ji: : I il u L‘. Characters 

*ml Em:n CTBS in. die tame manner as to 
a niLTrri.il cun-Huiu ill"-.: aii HjytiCU mode L. 

ttyd i Y EtetusBi the surnb-vr <?f oh^riirLiira Ln the 

teletype Lnput buffer or NIL m J ttWTu pri* 
none. 

urki | x ) EukiEm lI-.i: Luv,et cait ASCII c haraerer 

X as a conirril uNtrln-ltr. 

To establish, c omnium ou*h™ with CTKIj, turn on. the da la phono h^ 
u ;-i-f:L:iLliiL£ dp ("I") . T hen. BXeriitO t:L.n .h f 1 And type S io.lov. ed by a a pace. 
The. Li:Lh:Ly|Ht tic baw be used as a CTSS rrjnmtl", Suvnen.1 itatful feature* 
of the LISP fucier.Lons eta a , duwrite,, *nd dprirad art described below. 

| J£P i Kjiniir.tune tor these function* sr( Id Ibn «nil »r the etiaptci 1 . 







dprcad I J 


Thli IlU'i£ 11DB 'A'ilL[i niiIiL Ibu fk : :i r. [‘i:jt 


Jl'Olil r: I d.L~.JL {jIl£=ii1 _ El Chen print* the 
chaiacteis uB tbe ttietyps due try uhn, 

Jf it rectivea $•, it Jj'.-i 3i'j[ ji rl ill Lhi h , 

t"jt ma Ierid evaluate a the S -e^p/taaLan 
which fallows, 

dpwnte ix.iy) dpwiLte taken nye Fonn« □( input. 1£ 

T it M]L ii |xwt i*-i- Ji^junnsu that jt js 
ij, ]ixl nt atoms and sends aver the data- 
nhnnM Lhu riha.T4cteiff in Lie PN AMJiiS a! 
these atijirip. <*31 h a apace between 

each PNaMS. UtLej wLii i: it x i■ n iI. h k 
as. ib •L?--ea|j3‘bi» m kin., 

etas I !■ rtca allow* the yaer to upbeat* thy 

PDF -6 □:■ a -*1 "i !ir-Li COnSOju . Tinajsf .f re t 
w.otfca; La::*] and s*nd, ctea is initially 
in local mod*. In [JiLa. mode it accept* 

Li * dipt?end Lou* Ju I- uiujf] ImiL v.'Dii: he s ir>I 
tile a Lrijjle atom LT-oxprimaicipu .i. 5TOF', 

■J.i: J L. Ll It Linda £ It i; j'• :i in.V:i s.tH mode. 
If it Linda S'l'OF it turminaLi-H returning. NEL. 
If it Linda L Lt send* uvur the •ila.c.f.phiir.r the 

I '■'■' !i Lii^j ni iibiij Whi-i.:h . Tr typed 11'JS.l, 






2 « 

l>n.t hE<nym i r. tii-Lti.] iiiCHlt. 

[n n+imL riLjd'j St said.* character* one 
I: y cinii whLit witEL Li ng -"J" I -■> lild h . 

/. rftyriH i l Lei I:i■: ■ 11 m:idL . If it :-i 
# Lt f-endfl- the cvaLuati-asi nf tjin 5- 
iiuptriiis-ieiL which jfaLLawo arrd then type-* 
J. 


|DEF E-JBT ( |CTKS (LAMROA. NIL (PROG (U V> A (COKE | (TTYD NIL) (CKJ 
FMi ) ( [DPD NIL) (DPREAD) ) ] |GU A) E ISETQ U (BEAD) 1 [TERPRI] IRON'D 
1 (EQUAL- U [QUOTE SI I (CO C) I ( ( EQUAL U (QUOTE STCPl ) (RETURN NIL) ) 
i [EQUAL U (QUOTE L) ) (FRUGi |DFWR]TE (RFIADl T) (DPWEUTE (READ) 

IT ) 3 (T (PRINT [EVAL [j NIL) 1 ) '} E [TE.RPHJI [CO AJ C [OQND ( ( PHD MIL) 
SPREAD) I ( (T V YD NIL) (GQ E| J ) ICO Cl r) (SETQ U IREADUH) | rcoxn 
( IEJQuae u a ) (CO El [ ( (EQUAL U #) (GO U| ) ) (CCHAE (QUOTE A) i 
(CCHAR. (QUOTE W] ) (PK1KJ U[ (CCHAR (QUOTE Cf > (CCHjLR (QUOTE V[ J 
(GO C) O (UPWWTE |F:VAL (BEAU) (UDR AUST1 i T1 IPRENL (GQ C) ] ) ) ) 
EXPR) 


(DEFLtST | (DPWRJTE I LAMBDA (X T J (PROG (U) (CCHAR (QUOTE A) 1 | CCHAR 
(QUOTE W) ) (CGND (V (CO CJ ] [ (RETQ U X[ A (COND | (NULL U| [ CO B ) ] I 
IPR3N3 (CAR in J (PRIN1 BLANK) (UUTQ U |CDR IJ J 1 |GQ A| C (PRINT X) 

B (TERPRI) (CUHAR (QUOTE G) J (CCSlAR (QUOTE V) | [RETURN NIL1 1 ))1 
EXFR) 

I0EFLI5T ( (DP.REAJJ (LAMBDA N[L (PROG (U V) (SETQ U |DPU T) ) (CCHAR 
(QUOTE D| | A ISETQ g (CADR U] ) B (COND ( (ZEHOP Uj (GO Cl)) (SETQ V 
IR EADCCJl [ (COWD ( |EQUAL V S] [CO 15) J 1 (PJUNt V) SE:Gl U IPLUS U 
6tTIM-1,Tt TIi[ ) (CO El D (T E RP RJ) (EVAL (KEADh NEL) C (CCHAR (QUOTE E) ) 
(RETURN NIL) 1 I ) 3 EXFRI 


Chapter XJV 

FDP-t Lli? IWPllT -OUTPUT FOR THF- nj5PL,AY 

A 5yJiCt:m tOz DLfl |jlB y L.1I1C iiap <■■ Cmnslructinr. 

Th* system p«Hrii3i'H a linKuafee macroaaL Jor the pwrrtioii »( 
oici'crc |ml'|« called objects - An abject cae, be any cwnblDatim rf point* t 
lines and. characters. An object i« jcne rated by calling. the fane (ion 
maceosiil IKAMF; PEgCRlPTianJ described in the second seciwn. Th« 
most common way to describe »n nbjv:td si to caiabilih a act pos at. 'L he 
set point is cs-tab-Lashs-d i.iti Li r i ng FARAfrli: L-OC *c*, aod LOCX et^i« - 

merits. The exact fcn-n-.U *1 those slalcsrnen.ts Ls discussed, h-skiur. An 
object d.eac iiptioo is teimans-ied with a STOP statement. Jl NAMh lh T, 
lKi: carecni rLcscnptiop will he lopportfl-Hil to the description o£ the last 
ntijm t t encrated. J'liB first example, du-ru guaorttce i Large object LP 

Lhi K in.ir.ri.-i: r_ 

Thm Tii l r OOmjli LiliLOatCfl With. 4 display lh rmijh M, Light pCc'i. At the 
light pen ewtss-pj- w-r rum, tlni uu fecit, it* t rajs clary cun be used Lr. many 
dlCtezent ways. For *>xsm-pli: p it may ho used to determine s point. * **(- 
lit poinlMi or a Line. Or if a etibpai-i til the display ha* beep dclined *h #n 
object, the tra>sotary maybe eimpLy interpreted as a pointer to lhi* nfcj.m:t 
or a point op the object. Th« L.1SP (undtiona. embedded in tbs display LsnK.u*n 
laciliinte acquiring chw data needed to piste these difforviit U:vKin cl 

intn rnx-HL.Ltaun.. 

Oiim ID •! I.J Ll ii'iTiS I 1 he Ughi X i#:n tO ilut-C: tTrAfejE: "wljL'D it IEP M&r 

the screen and pot jrnst bein<E mtivnd into jilo. 0 , 0 . This La coined by uie |n s the 

SH 


a 
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Width a r tkC IldlA j£ View « Oil aca AS nMltlirtd by a kjjijj. CSOSu. 

J'I.U> width dccKitii as the pan, a pprcac lisa the sitetn ai.d a center dot 
Ls displayed whenever the field ol vLew is lea e - Mar. a certain prescribable 
■trait. This pen distance is available to LISP. 

Tb: A]ipauai I: u[ []|C: u::I. to as: ::h |■_ L " La l ,:r.a i:: t: ri .1 wL^iai iLtinU. JuHt 
her** t'Ljan LkH -pen rrriiu.L l-!:■ In*: hr fore Inn n ^ n:>!ir«r. to " prdg rii m v^tLr'IiI+i. 

Its m-oat recent ptwili-on nritliin. ihia distance is recorded.; in addition, bo 
are the Las; 5- such posilLma, cachet Least a prescribed distance from the 
preceding one. This represents a crude way cl gradually :oj gottici^ the 
details ol the past. Lt Is also paa.aLb.Lc is jet tlic current e oar dilutes ul tlic 
! ;-.: n . atltaLri a USE LI aLl Objects currently Suilli by tkC ’ I1 , l.'s - 11 :: r L I- '! I--II 
iko pi'.n hki’h in ijL-»hi:L wi Lk a I: .L r r. 11 i :-t 1: ■ r Lk-.-i ,n jj i ■.' I ■ r. r.um+:, or V:i req.ni re 
•Ull ubjiluL Lit jn-iivii wi-Lpi tki: p+:r,- 

Th+i fiHinpli t’jr.::L i :in . iknL-h ih x . LliiP in n-iiLinr. iiK'ing ""vcral of the"" 
ruaCu r n k . The hjnCCid=i ■_f: r a nil tbu[ Jiie tCi ilLdpLty lavu. dillujept laghl 

i:. I l[.i r.. 1C L! iL light |I: La held Liu Ur OrtC Of those "u uLLOilh , Lliu L ru-i'ld r.g 

cross will be centered about the point where the pen is seen. The piroirarn 
Lntcrpidcs potiLltiLji at these buttons to mean Ij draw a line. 1] move a line, 

LiS delete a line, Cj s-uip|M-ess tlic cross acid _I retuxii, conta-ol to the tetdyjiLL- 
To draw- lin«« iptwh ihti Fithi huLLnpo a m-w linn will ih«n hr Hrswn whenever 
lh+i pen LnavHH th« itr«Mi ■•nd thnn return". Tki" prose"" i" i"Frn,Lnnb"d 
whenever the pen returns near one uf the lijjiit bnl tona. Additional LISP 
fuDotitdiB could be wriLt^ii Lrj mptnd akuirh into H p fort on-. Hir niiHj t-o 8K.F-TCH PAI>, 



□ It-rij !-■ 11 W3JSt B 1L- u 'll in I j LI in li y. L i Li:- Ik.: dsaciLny .*■ rlriin :i n H i t: hn r rq H 
'rfrhLeh. SlT 2 til he *jh iii-,1 an I :■ n >: L r IL i: L hi ^ 3rf.rjj.jiT i.:ni>!K , The T M : r, p\i i n IT. i j^ht "be 

ii set of Ml-ortf 'which arc Is be pare-cd law ft sentence! nr they might he 
ja set of circuit c Lumen* s or rin.iis.lG symbol*. in SKLTCH PAD tills is 

dine by JJiilLililiiL.: the type Ol !'in:i Or 111 teiCai ariuviiiy the- lifht Jieai mu Liu L 
Lr.i: |SlfUnete» Ot the Imm, the end peiuC S Lit * line Hi^mrnl ler jnstuiuiu, 
can be abetrJkietiMl Iren the trajectory. Alta rnulvaLy, uni: cun 1:1 ibnriet 
Ixnh the type iii.J 4he yarara.eici.’s Ironi the trajectory. 3'lie catample progi am 
argna nee ■ a method developed Ly 'refteiman which eaabdef the user to 
teach tlic machine to replace a tLEijjLe line by a known ram. A lane Is a 

ibrgle movement ^however ceiTijale*.!' mi die surface eJ Ike display without 
LL£tan|£ tki: |n . Tki: LifiEP i! -H I-:L r I :i: r _n rH i n I■:In lr nni r n L Cist h!-:i rir.jj p r i :■ p+: rLi i H 

:IT LI: T ; f:i n:i H Eaci bp. r H I :■ j; r] 7 ;M:l, 

The imroinu of very large displayed exp re b stons, anch as LISP 
S-expressions, tor onnipU, can be difficult for people. Furthermore,, 
there may be alternative parsing.!. People can tie aided, by intensifying, 
usiCai replies', grammatical subexpressions or s iib -.ohjeets contaLnlng 
re.tr rn:m:i:il i ejjrraczitK u r lay ji r ::vai-ir.p aduLtauraa L d i Hjihiy h rnuft-Tl ingEiat]/ mlatr.i! 
|rfi the: fa r n 1 11 i H |: 1 .1 y. There rr.Ly.ht lae ri:L k’_h cl vluwx iaf u.n : 1 hj 111: E. 1: r 3L k . h H riL 

qbj* cIm , Purlhor dHiialnpinml tfl iVir tytlam itf n«p.dtfd in till* *ry*i 

El a h the Link . 1 : the nmgrjenmi:! Ls:- :i r jj-iarv, Tr rf. priiyrrfrr urd riiilai. ::iai! 

In such a way that the moal needed inputs to a machine will have short 
representations and the most needed computation! will be efficient The 
eei mini rati? id a] aspects Jire such that this mint hr done Lhi-ni.iyh * series or 
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lewis of rnrxfpi!, Ar. Lmiportar.it pclM Ls That it La mic pjaHiiil* t-n ?nmpi«c 
hr re Jew I as a lira*. The moat cseiuj ooii^up:* -t a. jLyhr level o r Jy 
become clear with the exploration ol lilg.Lur IvvuIh. Th-n «xpl<i ration of 
hLglte r levels wIcLo-jl iailerisi^JLati: I'-.inL- K-pL.-. n.H, h-'i'*'evr t. impoaaitil-y 

tedious. It ia impojwutt in an £x.]t*riKi«titn| eLtwitLon to save a system whata 
one ean maki'i tJiin.g«c* in .n-py desired depth, and piovLic fa r die Lrj-itguLar 
U.T-jw'.'h and ifloTBatii ration of the data base. 

Ir, ih« present display ay item, taupe rliuestutLon will p-n;ibH.'itLy jmdsicate 
that new statements for macL'oaa] art «e«Lii3 p ur [jhai eariain objects occur 
so oEtea that more programming tlTot: <■■»■■ |<| w«U spent in jeii-crating 
them efficiently. i'o provide J:tr dire-:; yi 3 h h j bililie-nacroaaL has been 
prog ra.ncnn.Fd as a syniaLEj c cK.iLiib.un. i.-i" lKh hcppb ^qpfrnbLy L ja.|j l- . j nL . 
dw .1 i h a LESF function which >: i ■:■ a l■_■ g iibj<ri_iw Tram IIkl^ ipj; cicI-bI numbers-. it 
ih :l-HHiT 3 hi>rl tn detail in pari JJ Frouj&ioci hi* al*i> lni«n made for the 
AdiliLimn -ss-r machine Ung/jage subroutines v/kicli tha uLJh re h they 

Avis :l i h iid. Fta db* imore^ the ay item. La tirgajiSxiid hu ejihl rp Bt-s to merits 

Tii*I'd be mad* about features of the display Lu.-i^hjl^k, which *t* not needed. 

By embedding tiiea-e display Ji-ciJitiLw in LISP i>ne makes available a 
wealth C'l me chan i aasa which, have pruu+sd isH-Hfql m eho analysis and gcncrici-an 
oL language and Ln Ike dirv^luai:!uriE uf jeyHiHrnji which can be incrcas-crd 
incrementally in ■^oi.-iplcx.Lry- 
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The use oi LSSP in tbs* ha a ewe- distinct disadvantages. First, 

in la not possible to- Interrupt tbc U8P it inj paint tii time and 

ismraedUitcly employ its lull power. H mjiy L-- in- tha midst oE garbage 
eollecttootL, Garbage collection, with ibis cnrr+mt vmtiioh eJ PUP-h LISP 
requires a not]cable time. 5e:-:ir:l, i'h. ilica Lyjiuu are toa limited. It In 
not convenient to set up the type os' Mh| stri^um used in SKETCH FAUj but 
this eat] be approximated. A- * h ri-ima prOb-Lenri in tlio JaiablLlly to set aside 
bLocbcs o-J regLsIesa to cents.iQ -display InHeruixiLe-iis and in store InJormatlsri 
ab-j-jt JJ a;jit pen actions. 

To get around these proWsirie a fix ml bnTEer of ’01 it wired has been 
mi aaido for description of tke displ-ny. AH fimnnunleitiin between LJtil- 
and ili-c display goes through this brffe-r, This buffo* contains two kinds 
of data structures; els play lists snd hrndH rH. One header La associated 
with eaeti display tlst r which is te list of half eonemanda Eor the display. 

The he ad era hub Id down, ii oit. the lop of the huff a r ami the display Lists hoLSd. 

I.EI:■ from the bottom. 

During display an Interrupt rcmtlns cyrlsH ■.h.rou.jjh a din patch table. 
piHjiMLeliua eau occur (a a pen trs-cb rmiiiim, a rontiec which, displays the 
cnntuniH ::f the display butter, a line drawing rOutima, and a routine which 

Lii rrr i n» r .::ji Liiix di ilV . 

TI’jD fWll iTflck rni.iLini - -:l i k Ti-it-Y-w A t u h ^ W -Si 'Jc -J-C L Lbi:d C-StIIeTi Id 

a crude effort to giv-n lsic rattftiuc u=iOiig:i dLaplay tim* t-ach cycle-, it a^ c-hLLhcI 
between; dip play 1 qac-K sabj^ci in tbu di&ulZLy buller. L"ac oi the c&oc * 



TIik :'jr:riAl u£ Slit j=i [jii^ 4in]>liy biitTur l .r. M, H irsl'invjtf' 


A - ON-OFF Mt 


E i Tracking Cross iump bLL 


c: Muv ■: ■.vLlL- 1 pun j.l 


NAMi {FrinJtar I n H p 

Atom? 

* (display last letaglti 

p-ljaiEOa. to uljr[ 

of display List 


- 1 

Pwri hiL diutH'nC’S 

Pen hit count 

bebf add seas. 

ABC 

M .i ut rKL-Hnt Y 

Most recent X 

Y 

X 

Y 

X 

r 

K 

Y 

X. 

r 

X 

FiRure 1 

Header Parmat 


Finch display 3i-st 1ms 3 name which is hap! as (he 3arat ward, ol Lta 
header* IVhen an abject- is referenced by a LJSP function,. Che headers are 

searched for one with the nanit meat toned. 

The liueFiu.pt pi egia&i eye Lee through the head ere. Ct picks up ■■ 
pointer for a SUfO 3n*truct3oQ (soisi the sight ballot thu HKUtinci wurd -:i3 
each hoader. Thin BLKO ia tc-rmlmted. by -a £rrt>P SnitrucrtEQa at cht umi i>I 














uiih dJ6^]ay Jiit. JL the subr addree* is not Qj then the putar -Hi tM* 
idJj-ijiii wail be executed when 4he STOP in reached 

It tli£ IL^.ki pen la seen. during djsplay o: somt display Li si, control 
u-joi Inuried lately -o an Lute e rupt prof rami. 3sv« ral conditionsL t run cmne * 
caii oc :w wlttiLn this prog ram. The Interrupt program fir-st re-da-splnya 
lI i: dlnpLay jj« an a check against light pen noLde. it the pen Ls Been a 
MCMd time the pen c fob s movable bit is o hse kod ■ Li tfii-s bit ie a 1 t he 
pi»i tFaelKliig ctobs id o entered about the point n'her! the light pen *w aeen 
■i:id the »e« dJ tilt dispLay list is displayed. Otherwinej a check is made 
to see it the center of the pen ctd-sb lb within a BpecLfied minimum rialonce 
at the point Been. 11 mat, the display hat lb continued nd.th.lhe light pen 
TvicnabLtd. lithe pen id clone enough, the eoardmaie* of the point -seen 
*r* die ted in the lihli word. at the header. The Last live words af the header 
LOniaiiL tlte cMNUiutea el points seen by the pen in the past. Each of three 
hintoj-y |:oliub Id at least a spccill to distance from the preceding one. 

TMb distance is in the left half of the third word of the header, When, a 
new poLnt Ls seen, it La added to the history paints if it is Ear enough sway 
from the one most recently Biased or if I he re ore nane. The number of 
Idatory poLntc In kept Ld the right half of the third word of the header, TMo 
■■Mi i.bi:r cmzi bu Bet to sero by LtSP. Whenever there arc more than five 
luBtoiy poi.ii.iu the oldest one Ls Lost. After the point seen, had been 
appropriately stored, a chock i* mode to Bee if the object ehimld move with 

the pen . If flit r :h ahI, ., 7i I :inE,I. r [u [hr ■: I! m 1 :]:L'|T IlBL :h L r u ti ri_ L L L...: I Id Lku 


pen track routine, The die ploy liot ie then finioWH. 
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BaspJay LLaia Ate put into the buftei by the aa] lir K un.jja., If a Llh? 

'« to bf drawn with the pen. A am p-nzil for the Line La crtai«d with (he 
Umfittase-. It* ilLap-Jiy ]i*t it cdmi incremented by the Line ■Hrp.wdn^ 
rout in* i This- jim. j,:.i nt ii* t«rm mated when the pm letves the screen. 
Disp l ay 5fei>etjen.e 

micreoil JxjY] nQ»£M*Hj iiihurpr^ts its argumwic t and 

then. calls aal on the result. X La the 
JLjiC .xr|j.i:ni<n1 [or Sal. f La a d-TCH t: riptioh. 
uf a die play list far a a L . Y in a Li.pl ef 
lists., each nf wMth ie « micro, The 
first word of each is *n atom -which 

ha s 'ar.de C the prapH rty MAC ROSA L a 
tunctiort ol am; & rjjijinen<, maoiotaL 

acts tliia L'ani:t.i:ir, 5n d applies it TP thrt 
leovaliidai *i th« macro list. Tlie reanlc 
of this Itihctien is a list tetr -saL oe^i nmnu 
and ctiilinu in mode L ThLa Llat i.* prefaced 
by two hatu||4irK which give reepcetavu ly 
the midc that Ike display will end %ip Ln 
srd the mode Lu which it rr,iiHt hefLiii if 
iL ie to ioteipret ttiLa ILet o-d-t rect-ly, 
maciosal ippuraLh lLmi successive macro 
fixpAos io-ne P asing. the p-re rn.i",Tij 2 ; integers 
t=i '■•"reate the proper iJnh.Ln|,| <ii modes. 






TW, ful]DW:Bg. macro word form-uin 
are in lN-: Ay-Atena: 

(PARAMETER jHiTuiriiiCili scale inteos il yl 
Normally IIia firdi : *.l iii *1 set >">i nt ( 
this Bhriuinmft a farameter vrord. 

[1 |. j -1 \■-i'i : ii -sc-p^i ur Lciten-Aity as NIL,, 
the oorrsspordjns E3«ili3 erf the parameter 
ward )i not enabled. 

[LdUY LlJ 

Ci-caces a jtfjn-diBp3n.ifiii.jj V point word 
which acts the a cope- Y codr^Lnaoe to n. 

Thii Jh cioirtially the sr-cniid abatement to 
y mut paiiiJT. 

i|[joc:k nl 

Ci Litc-H a iKin-disp^H.yi^E ^ pojcit word 
which bbu the a tope X rmraiuu to M. 
Thin i-h coimally the third anil liut aiatc- 
merit in a. a (it poatat. 

(5TOP1 

Cj-hi:h,lah a paxaraete.r word with Atop 
enabledi ThiA is jioi-nmally the Huai 
a Latte an cut Lei a. display la At, 


5. frsTOFJ 

Crp-atoa a para.inctcL' vtoxd with Hipp 

Cn^bL^d -1!';;! a I L l 11; - Ii.lL [h*: tit-Ii vi i;iy5 ward 

hj* 4 b^takii jt blL. Thfl i.ih(j ]STQP ia 
iMXpja.Ltai:i] Jji edit li 11 Hr ri i-:.iTl ell" E-3 1 Which 
toLlows . 

6. (LOCTCJ ji] 

•L"xi:h.[uh 1 displaying Y point ’bold wLii h 
■*t* tiiu Y cp-a-rdLiMilea to a tuid 

dJB-j]iiya 4 poinlr 

7. (LOCKD n) 

C»oai-f # 4 das-pLaying X p-otist wunH Which 
attv the disphty X coordlJiatc: to n and 
rlisptay-s a paint. 

S, \UNE X. Y 3 — X h 

Croalat- a. ac-^uc;ridt of r.:m-d i h pli-vpin^ 
lina aegmentB Jiom vtitot wunli, Tho 
dip play ntiit* ic rlio ]iat p:i i-nt displayed o? 
ae( by L.OCX, [jOCIV. Each incr-ameiu tna 
BU„ X = 3£. f ; -X L j Y = v x t J ,Y S . 

9, iUMEJ> Xj T n ] 

Crtllltl j. Em: Liki: EEhJTy, but dLapii'j'fl 
it. 


20 . [LONGUME X 1 Y t X £ Vj.) 

CiCitfS a iion'diiplavirip, vector 
1 -jjitjL'iL.L weird. A. LLnB piL) be dnf-wn fri^n 

:hu curiilEit |J.S [jLa ;,* COdL'CLMC?* I'd Ihw 'trigl¬ 
ot the display. J'he elope ef iK-w line ii 
IVj - - Jtj). 

LL. ILOMGLINED Xj Tfj X, Y a ) 

Creates a Hue- Like LONCL1NE, Vi.it 

■ I i h-iLii v i. it. 

I2r (CHAR X L -- — XJ 

C ni.uLs-.H i :ii„ji2.Ly -ji chaiacteT iria.de 
i'i r:! -which ilt-i: Cir- J-hiAMbr'C C l tlLfc atoms 
Xj, K» H|:iL+iji are inaartcd bu:wdu» the 
PJI AM-I'x, 

X Le 11' ■: rtirr.K :i i Ll:;: ■■ I - . £j L a y ii.SC ID j e 
crlM4d or T. IS X is T, then this last is 
■h p-iHurii'.:! i-.i ike last oil£ created, it the 
prGYWUH 2 «iL tshieJ h in STOP (itlUOOg), the 
STOP iH Tcmijved. II it -caia ill 13TOP 

(-tC'SQMQjJ.. it net i>ply r. ■no'iti chi a but 

aesoe tlw b reflfcpui In l (4D00CD^) jti the 
jireviouis hall woL'i. 1' is a de script ico of 
die ]tf■ to be created. There are iwn fn-rcna 
fen- LHh III lime,II Li Ol V CO t'l t IpimdLrjR 1 \> tWO 


I'd'J L. I a: _■ tin: An u-t:mk-Ly function BAl. 

Tkt JujiLisurv i v. i n-i L; u Lly In mode- L 
In, molly L hJ [ removes LtBCB Ol ACrlrr.*, (.tjl'ij 
fll « r i 171-f , i roui ¥_ Eldi iCOr'n ii h mi IT]be - 
or la hrLHjod to one on the dotted jiAlr jin l 
7.. Fut wet parr ol lists aaL forms one 

di"pl*y hall word last ruction by sli-iftLn^ 
clna numbir-s oil the second LLsl thu number 
Of t|KCll:<4 by the i.airn:h::onrUnp 

number on the Hist LLat. Whusi st enc tranter-* 
NIL on ¥ r It £Qcs into jEii,irS? 2, la mode 
d idkec hjiilL r:i i. r nraa-DUme TLC-si 

■atoms one at a tame Cr::;ri V. Fiteli number 
is -a dia-pLay haLE w-Mril. ]f s, mra-numerical 
atom. Ld e hC. O dll C£rCd , .I!! . I: :V: .1 y t thcs 

previous ftumlsit lu ss-s if it pula the dlapLky 
into Lac sememe os sb* raster mode. Ef Lu 
character n-.ixlri, saj assemble* the PiiAM E 
ol the Atom .lh churooters. H Lu Lhcsum sut 

mOclr t s*] ||tt9 1 lilt Ol £ilU VtOi -.1 - uEF the 

atom'* prupe rty list wata the indlcatur SCHAR. 
■It .1 hH i-.irI:Ee-* these as Laertnsri jntnis half 
•wnsda. CorH*cu*ive noa-nujiiertokL atom* 

Ate ut u mil l-Hri trapsther Lra ttsc Game mo do . 
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More FujlcUrarm 

Whan ,d.l finds NlL r it returne Mi »nnrL« L. 

MimIh l i it move f.estidJe and mode i i* 

inu r i: eoounazBtofll. MIL in not a L.|inl 

:ibji' L.l iiJL i'i .'j _ 


Ip the dewcri.pi.Li>n bulow ■£ atandn Cor (ho rin™« ot *n c-hjeci with a sot 
pjjrit. W stands [m ij|i- n^nf el an ohjeot with or wiiimiii a not point. 


nx EsJ 

R«:urjtn the current x. ceKdinAtv ot H. 

u V 1*1 

R-nU.i rnw the cur rant y coordinate of 2. 

SIUV [_S j 

Muknlijuut S roJLovr the Light pen, whcn"VKr 

3 sees it 31.- Luma lj. 

hUILl'ClY 

Negated srav. Rshirnn S. 

H XvilL!. i_- ' . , V _J 

[Bcrenients the net paint eoardLiuus of & 

by X, Y. Returns S. 

nc|rl[ J 

CLHJira the display buffer. Returns MEL.. 

sdU Lw] 

DUfluMia object * irom the display 

an: r-HI.U rr.u I*- . 

ptrk L.Xi’O 

Starts thu pun tracMog crons at X h Y +<tiH 

retu rr.u NTL-. 

pjiitrJi L 1 

Atpps the i:i k pixy oE the pea track crone- 

Eot'-irnr NIL.. 

px L ] 

R-ul iirun the s coordinate of the pen- 

Vf L ^ 

Rstnln* fhji y coordinate of the pun- 
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p5chp [ ] 

Returns HE L. ir Lhe pen ia Ear .Ei-ncn [jin acre-six 

srn [ j 

Stairta lK.: Hajcplav buLJd up In, the buffer. 

|ji:<|>l.i.y will Continue until lunrD t j In 

called. 

surun [ ~i 

•Steps din Hie play and ratufri" Nib, 

'-1 

>• 

JL 

ft 

I 

Tu i:h« this command, utm m^cjoaaL to Bet 

jhcJr l j»' 3 

up .4 UHL ptnilt at the Cur nvnl p-en: pOeLtiOIS 

NjLL:: o.ijd by-a zero LciigLh rs]ati*o line and 

[■* rrruraced with JSTOT 1 . Then, call p.jjw. 

[ncrrmeals cf ka[ft *t Lent X and tulu Y 

mil. b* added tu ths* ohjecl nritLL the pn 

lle-avea the Returns biEL,. 

Cieart the pn:r. h p-p roach lutcory pinM of 

Pi. !>i 

abject W inti; resurns W. 

K-ccutrLA i. liiji cii th.e pcji j.ciprujr>i hiatury 

phci ltt r x] 

SOllllu Jiir rabjrticf W. 

•Sett te Ll-.r minimum Jiuc^nrn between pen 

a|^in:i.i£-h history points Cut object V. 

phcs ! ,xj 

X a .111 int-agei between a s.™! 1024, 

Seta [tu X the nr-Linre iui 1 d j:, l.i between pen 

approach biatnry paint* which u assumed hr 

newly rrenled objects. 



pllC.3 [?L ] 


Kant |_'|V 


B-Supy [Wi r iiT, 


i?i*h [ H 

e*cl (w ; y] 
pUw faff] 


ptcll»L 3 

TiiuiCehW L j 

pip Lwj 


punjp 


M 


2 SO 

faci a ill-X ■‘he m^iEnuui U i QtntiC e on the 
*ci«en at v/bicli jie n. -ear. ace an object- 

X La an lnt-ese T :i» lwol-il U and. -1-0. 

Seta to ¥ the uhntiBr at «*J“t W. Returna 
W . W Lb an intufiB r LirtvKan. U irad V, 

Copies object WL »pd nAott the copy W2. 
Returns VI 

Recufus a list of all ofejadta cuficntly being 
jicLiL by the pen. 

Seta the scale of object Vf cu Y. Returns W. 
Y i> ini. Lntegei bc-t'^'oerv 0 and 3. 

Returns the aame of tbs IltbC ebjeec o4h.tr 
Lhii■■ W seen by the pen- 

VkitH lentil the pe-n Lb n-Vhr lhii Bento and 

t*Pe II t+iCli riet MIL. 

Wait* vnUt the pea »» not iwar i-h* aureen 

and iKn-n return* NC L. 

If I he LrieMr.jj C'B05 5 ] E not fntleiwsnu. the ptfl 

and pjs> been exe-ouic-H, when 

the pen, nnes object V, the tra^hi-m -et-oss 
■*-ILL be etniesfed a boot th» pnint uf Vf teen. 
Re Cut Its v*p'. 

Negate a pjp-and itLorni NIL. 


pi ; -i L J 

UtrurKS the niin« of {-he mo te tiEnnt object 

to be 5-COji by I'hp pen or NIL. if mine have- 

pohc 1 j 

h*«i» «"*r. wince Mftc wad * scented!. 

■K«rw Lhe Last abject a-cun by she pen ro p|]]_. 

fluS-uroH WLL-. 

jLLill [aj 

Returns a Use oJ th-n coordinates ol Om unit 

S-SL.il r iW;Yj 

point 5 ai the Jim- w esmem s which rr-.i>.i up 

object S. 

Cau.sea the nut-routine beginning at Eec^taon Y 

S JOE tw ] 

ie he executed «ich time object W i« displayed. 

JntrnallLca a KubHKpreasjott or afaja^t Yf which 

is indicated by Live light pen. S^boxpreeBiiHia 

are m allied Lr. th-H object by pcuude parantheacs 

wbLch irH not displayed. A pAead-o- Left 

|dn::i ia inditfltfld bv the pu,TArTieter Aetd 

bOUUOl^ and a pseudo right jwn-n by the 

sadd [_W j 

parauLCtHr word frDO£UZ d . 

B 

CouhCk the number of pimnj^ le/t paren.fi 

tu Lh« int^CinltLcd t jbpirL is-f W 


(FJUNDEF L'SJftP MV EXPOND I 

JJJKVIJ37 i ' DI5F (LAMJJDA (HI (PAOC, |U V)(M ACEWtfA l * (QUOTE DtSF) 

{QUOTE ( (PARAMETER I 2S S) [LOCY l|> (LOCX lb lUpSD 3 A 0 0} 

jlSTOPl ) i | (SETCl U I EXPAND H NIL| I A [COME f (h'ULL I RET£TSUi Nil) ( ( 

[MACRDSAL J' iRjflT (COND * (EQUAL (t-AR V) (QUOTE U\ | (QUOTE (LfKED 

(I (EQUAL [CAR U) (QUOTE D( ( (QUOTE (LIMED OOP TT7 T77TT7T74|- | ) 

| |KQtj AL (CAR Uj (DUCTS i (QUOTE ILCh'ED 0 0 777TT7tm74 0) ( | 

(1 [QUOTE | LLKLvU '7 D1 »] i I I IQUOTE |]E"QP1 5 } j- (SETQ Q (CDfi UJ ( 

(QO A) j ( (1 EXPRI 

[DEFUiT <(MV [Lambda pci (cumd i ( i Q X- (quote ui ) Canon 0) ( 

( I.EaJ X (QUOTE D( ( (QUOTE U} ( ( |EQ X (QUOTE L] J (QUOTE H( > 

(T (QUOTE L( ) ) ! ( I EXFRI 


(PAIN DEE EXP-ArfO( 

(DEFSJ5T I (EXPAND (LAMBDA (N EXP) (PRQQ (1BCD [ ( (S*TQ EXP 
(QUOTE {(f R D »m START (COWD ( ( P.EAOP N) (RETURN F.?(P | ] 5 (SETQ N 
|FLU3 N - I GY 1 LOOP ISETQ A I CAR EXP( 1 (EETO EXP (00*1 EXP) J fiETQH 
(CAR EXP] ) (SETQ EXP [ODH EXP1 ] (SETq C (CAR EXP) ) (AETQ E 
IMCQNC £ (LIST E) A (iiv A A R C 0 IWVtillCC (MV R) L- EDI)) 

(COND I EXP (GO LUOPI 1 ) (SETQ EXF E? [SIN ' Q F! Nl L} |CO START} ( I ) ) 

EX PA] 


K) 


[PRjNDEy Sketch) 

[DEFUST I I3K.KTCH (LAMED* (N Xl (PKQQ (U W] (COM[J IK (QQ A) ) ) [PJp 
| DUTTON (QC/OT'E 4} N f. | (FT P (BUTTOH (QUOTE D[ ‘■(I*. |T0dM ) 

(■FTP (BUTTON (QUOTE Mj ITi-B) | |E' 3 TTY>M (QUOTE F) L',>(IHj. 

1 PJP (&UTTQM (QUOTE R) J )?0 I A (POHC) (SET* * (POHW NEL[ [ 

-■ (COHO C (MGMbEK W (QUOTE (D 1,1) 5 > |(JQ. C) ( | IEQUAL W (QUOTE S[ | 
(QO □) ) [ [EQUAL W (QUOTE B) ) (OO H) ) J (EQUAL Vf (QUOTE PI | (QO ]|) 
i I EQUAL V (QUOTE M) ) (CO E) ) ( [EQUAL U (QUCTTi; Uj ) [EDLT W|) ) 

ICO A[ C (SDLT U[ ISETQ U W) (6UTT0NQN W| (SE-TQ W (PLHW V) J, (CQ JiJ 
L [SMV W| (FfTNTCHW) (SDNMV Vi (CO A| Li (SULT U| (BUTTQNON A) 

(JETQ U Yf[ B (PUMTCIHWj (PTOhW [(COND | (CftKATEEF (FT [ lb((H (GO Al ] [ 
(LINEDRaW (QEN5YM| M )) (COP) H I5DLT U) (RETURN HI LI [ (-5DL7 U) 
iSEiuq u W) (BUTTObow vf) cfuhtb,ki (GO ai i ) j [ expr) 


(FSJNDEF LlflEPftAW BUTTON HUTTONCN EUTTQNDWLl 

(DEFUST ( (LINEDkAW (LAMBDA (IUUE QUALITY SCALE) (PMOO NlLjFTCEW) 
OAL MME (APPEND (QUOTE ( (g) (g) (( 4| ] ) (QOUS IUST JJ]U SCALE) 

(CONS |LMT *1 (APPEND (CONS (UST IFLU3 2Ep«W (PYH I (COHS 

[QUOTE |p)[ [UST (UST I PLUS II Sfltff (PXl ) ) ) ) ] (QUOTE ( (g) (^ g t S flf 

l#[ I Y H ] 3 ) HIQ) CPLDW QUALITY SCALE) (RETWELM NAME) ) ) }) EXFRj 


(DEFUST ( (SUT LOM (LAMBDA CHAMP X If) (SXVINC (SAL NAME (QUOTE r | 




ts i«!> i«s 1 ^41141 (ti i*; Ui+*w) (ti (j#b*l*i ibhj 

fl^Bt] (B.I litlSl*) Ifll rM**t*l 1*1 lit**) I I NtL> Xl))M ilXFUh 


(OEFLJHT ( | BUTTONOffl 11 .AMRIjA (KAME | (JILT ! ON ON L NAME (£J( NAME:f |3Y 
N.1ME ] ) ) )}EKPR1 

10ETUS.T I (BUTTOWCENJ (LAMB1JA. 1NAME X T) (Sj<TiKi. |BAL> NAMZ lOyO'f'E 
1 (tl (I) (« 13 4LU) It) (EiMWl IB) LL14B*B) It) (VfWl&T 1*1 
riB(fl> I ) rttL,} X^IH EXPF) 


(PRJNDEF ARGIL'S 2AAXSTRING MAKAT RI Ml". I MAK,5thLNG Z 
MAKE T RING J( 

DEFUST ( (ARGUS | LAMBDA M 3 I.- (PROG (i." V R Q MERGELlST NflJ (SfcTQ U 
(UMRuh aW KitJOtE AEGUSl Z II ) (FUNTGHT*'3 (SETS} V (MAKS Tit [NO 
tSLLNE U1 1 1 (SETQ R (MAFZ V AFREE5 IQUOTE GETC) 5 J (MAPj; AWElGhcS R 
[FUNCTION (iAMbDA I^LOODT UST| IMAP LIST (FUNCTION | LAM f-i.'JA 
[CANDIDATE] (SF3TQ MERGE LIST (MERGE J MERGE LIST) ) h \ 133 j IOGND 
( | N IJ L L MERGE UST) (©O A} j ) (SETQ Nti I.CDAR MERGE LIST] 3 [3 ETQ Q 
(CAj'.R MERGE LIST) ) (MAP MERGE UST (FUNCTION MERGER ) A (SDLT Uf 
[MACHGEAL (QUOTE LAST) ILJST (QCWE PARAMETER 3 J 3 J J (UST 
(QUOTE LOGY) AVMIN > |UST (QUOTE LOOM *XMIN> I1JET |UOND \ |CE7 Q 
(QUOTE SCP-IAR3 J (QUOTE SCHAR1 | (T0QUOTB CHAR) > ( (COND | INULL QJ 
(QUOTE >] 3 (T Q| J J (QUOTE (3TDP| | 3 3 (QQWD ( IHGT (EQUAL AMODE 

(Quote train) i i (return qs> i ] (print R3 (setq ij (RF-aih ) (uCnd 
1 (NOT (EQUAL O UJ 3 ICO- A) > | |CSETQ xW [LIGHTS (MAP<j AWEICKTS R 
1 FUNCTION (LAMBDA (X T( |COND | (MEMBER U Y| (PLUS X L> 1 (T K > ] 3 J H 
R (OSETQ ATREIld (MAp£, V AtKlIES (QUOTE PUTCJ 3 3 (RETURN 111 3 3 3 ! EXPA) 

IUEFLJST ( IMAKS7RJNG |LAMBDA (LINE) (PROG (U V MIN MAN VJ V ZJ 
IMAKffTfiJClQl (EYERTOTHE-R LLNEI ,1 (CS-ETQ AXMJN M)N( *MAKSTfUNGZ 
IEVER VQTliPp, ICUH LINE) ) ) ICSETD AY MIN MLN| (RETURN U) hill fcXPK) 

IDEFLIST r WAHSTWtUGL I LAMBDA IXI (CON'D ) (GREATER P (CAR X| V2| 

| LIST NIL IMAKSTfiJNga X NIL) ) 3 [T (LIST (MaK&TRJNISJ X N3L3 NIL| 1 3 J ) I 
LXPFQ 

(DEFUST ( (AtAKSTRirfGZ (LAMBDA (X) [PROG NIL (SETQ MINI CAR A) ) 

(SETQ MAX l'CA|( XI | (MAP X (QUOTE MINMJLXI | (SETQ V (QUQTlEJJT (PLUS 
MAX (MINUS MSN3 i 3) | (SETQ V) (PLUS MIN V) j (SETQ VZ (PLUS V) 

(QUOTIENT Y &| | ) (SETQ U |*PPEpl|> (MAKST RING! Xj U) I |SETQ Vi (PLUS 
Vi VI I (SETQ VZ (PLUS VZ Y| 3 (5ETQ U (ApPRND (MAKSTRING L X3 U> | 

(RETURN NIL-1 ) ) ) ( EXPRh 

(DEFUST ( (MAKSTRINGJ I LAMBDA IX LEFT | |CQND | [NULL XI )) ( ICR 
(AND LEFT IGREATEAP (CAR X) YZ) ) (AND (NOT LEFT) (GB EATEKP VJ 
(CAR XJ 3 | | (PLU:? 3 (MAKH'ftJHG3 (CDRXI (NULL LEFT| 1 3 3 (T MAKSTI■::p-5i:T 
(CDS X3 LEFT3 3 H 'I ) FXPft) 


(FRINDEF MAP MAFBSUMl RVERYOTFER MEN MAX MERGE I 
| MERGES GETC fvTCI 

IDiridST I (MAP (LAM&Ba. (X PN| (GONE | |NUL X| N[L) IT (CONS (FN 
(CAR X| 1 <MAP (CDR X|FN]|||H] EXFRI 

(DEFMST | | MAF'£ | LAMBDA IX, t ON I ICOND t IMULL K| MIL) (T ICONS 
|PM (CAR XI (CAL? Y) ) |MAF2 (CDB XI ICDR V| FN) ) ) | I I ) EXPR.] 

IDE F Mii T ( |£SU LJI I LAMBDA. (X) (PLUS bH TL^ATfe-TJi X) | || EXFR| 

(DEFU3T ( (EVERYQT3-IER (LAMBDA IXI (COHB I (OR (MULL (CDR X) ) 

[NULL (CD DR X| | j (LIST (CAR X| ) I (T (CONS ICAR X) [EVEHYOTKEE 
(CEDE X| | J ) | M I EXFR'j 

(DEFLLST ( (MINMAX (LAMBDA |X] (COND ( (GREATERF A MAXl (SET* MAX XI ) 

( IOKEAtKRP MIN XI (&E IQ MiN X| \ (T BiLL.| ) ) ) ) SXPB) 

(DE F LIST ( (MERGE! (LAMBDA (LEST) (CORD ( (GREATERF |CDR M£7| NO) 

(PROGl ISETO HO |EOR M57| 1 (SETC J (CAR L[ET) | |||T N[L| |] ) ) EX PE) 

(DEFUST ( (MERGE! I LAMBDA (MERGE MAT) (GDND ( (NULL MERGE LUST | 

(LIST (COISS CANDIDATE WEIGHT) ) I I |E*CAL CANDIDATE (CAAft MERGEUSTl ) 
(CONS ICONS CANDIDATE I PLUS WRIGHT I CDAfL MERGECIET] ) ) (CDR 
MERGEUETI j ) (T (CONS (CAR MKRGEIJ3T) (MERGE! (CDR MLEGELLET | I ) )|| I 
) EXPR) 

(DEFCJET ( (CETC (LAMBDA (PST RING TREE) (COND ( (NULL FSTJUNCI TEE El 
( (NULL TREE) (COrJD ( (ZEROF PST3UNC1 (MAT (LIST Ul | I (T (CONS MIL 
(PUTC (SUP I PflTEJNG] NIL! I ) 3 I ( I ZEROF FSTEUWC) (L' CiV 11 ( (MEMBER U 
(CAR TREE! | TREE! |T (EFLACA TREE (CONS U ICAR TREE) 3 3 I H 
(T (CONS ICAR TREE) fFUTC ($UJM FSTRJNC) (CDR TREE! I 1 3 ) I II ] EXFRI 
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